%  ' 


THE  UNIVERSITY  OF  NEW  SOUTH  WALES 


P.O.  BOX  1  ■  KENSINGTON  •  NEW  SOUTH  WALES  •  AUSTRALIA  •  2033 
TELEX  A  A  26054  •  FACSIMILE:  (02)  662  6445  •  TELEPHONE  (02)  607  2222 

EXTN  2056 

PLEASE  QUOTE 


M.L.  Banner 
Associate  Professor 
School  of  Mathematics 


19  March  1993 

Defense  Technical  Information  Center 

Building  5,  Cameron  Station 

Alexandria 

Virginia  22314 

USA 


Dear  Sir, 


Please  find  enclosed  a  copy  of  the  proceedings  of  the  IUTAM  Breaking  Waves  Symposium, 
in  compliance  with  the  terms  of  ONR  contract  N00014-91-J-1538. 

On  behalf  of  Professor  Roger  Grimshaw  and  myself,  I  wish  to  thank  ONR  most  sincerely 
for  their  generous  support  towards  the  successful  staging  of  this  important  international 
symposium. 


Yours  sincerely, 


Mike  Banner 
Secretary 

IUTAM  Breaking  Waves  Symposium 


International  Union  ofTheoretical 
and  Applied  Mechanics 


93 


M.L.  Banner,  R.H.J.Grimshaw  (Eds.) 

Breaking  Waves 

IUTAM  Symposium  Sydney,  Australia  1991 


Springer-Verlag 

Berlin  Heidelberg  New  York 

London  Paris  Tokyo 

Hong  Kong  Barcelona  Budapest 


4  19  172 


Prof.  Michael  L.  Banner 
Prof.  Roger  H.  J.  Grimshaw 

School  of  Mathematics 
University  of  New  South  Wales 
Kensington,  New  South  Wales 
Australia 


ISBN  3-540-55944-2  Springer-Verlag  Berlin  Heidelberg  NewYork 
ISBN  0-387-55944-2  Springer-Verlag  NewYork  Berlin  Heidelberg 

Library  of  Congress  Cataloging-in-publication  Data 
Breaking  waves  :  IUTAM  symposium.  Sydney,  Australia.  1991  / 

M  L  Banner,  R  HJ.  Grimshaw  (eds). 

At  head  of  title:  International  Union  of  Theoretical  and  Applied  Mechanics 

Papers  from  the  Symposium  on  Breaking  Waves,  held  at  the  University  of  New  South  Wales 

July  15-19,1991 

IS8N  3-540-55944-2  (Berlin  .  acid-free).-  ISBN  0-387-55944-2  (NewYork  :  acid-free) 

1  Wave-motion,  Theory  of-Congresses 

I  Banner,  M  L. (Michael  L).  II.  Grimshaw,  R.H.J. (Roger  H.J)  III  International  Union  of 
Theoretical  and  Applied  Mechanics. 

QA927B74  1992  532'  0593-dc20  92-30806 

This  work  is  subject  to  copyright.  All  rights  are  reserved,  whether  the  whole  or  part  of  the 
material  is  concerned,  specifically  the  rights  of  translation,  reprinting,  reuse  of  illustrations, 
recitation,  broadcasting,  reproduction  on  microfilm  or  in  other  ways,  and  storage  in  data 
banks.  Duplication  of  this  publication  or  parts  thereof  is  permitted  only  under  the  provisions 
of  the  German  Copyright  Lawof  September9. 1965,in  its  current  version.and  permission  for 
use  must  always  be  obtained  from  Springer-Verlag  Violations  are  liable  for  prosecution  act 
under  the  German  Copyright  Law. 

£:  Springer-Verlag,  Berlin  Heidelberg  1992 
Printed  in  Germany 

The  use  of  general  descriptive  names,  registered  names,  trademarks,  etc  in  this  publication 
does  not  imply,  even  in  the  absence  of  a  specific  statement,  that  such  names  are  exempt 
from  the  relevant  protective  laws  and  regulations  and  therefore  free  for  general  use 

Typesetting:  Camera  ready  by  authors 

Printing:  Mercedes-Druck,  Berlin,  Binding  Luderitz  &  Bauer,  Berlin 
61/3020-5  4  3  2  1  0  -  Printed  on  acid-free  paper 


Scientific  Committee 


R.  Grimshaw  (Australia)  (Chair) 
ML.  Banner  (Australia)  (Secretary) 
J.A.  Battjes  (The  Netherlands) 

M.A.  Donelan  (Canada) 

Sir  James  Lighthill  (UK) 

MS.  Longuet-Higgins  (USA) 

W.K.  Melville  (USA) 

D.H.  Peregrine  (UK) 

O.M.  Phillips  (USA) 

LA.  Svendsen  (USA) 

Y.  Toba  (Japan) 


Local  Organizing  Committee 

Professor  Roger  Grimshaw  (Chair) 
Professor  Michael  Banner  (Secretary) 
Dr  Peter  Blennerhassett  (Treasurer) 
Dr  Ian  Jones 

Professor  David  Wilkinson 


Sponsors 

Australian  Mathematical  Society 

Applied  Mathematics  Division,  Australian  Mathematical  Society 
International  Union  of  Theoretical  and  Applied  Mechanics 
Institute  of  Engineers  Australia 
U.S.  Office  of  Naval  Research 
University  of  New  South  Wales 


Vo. 


*40$ 


iMtMlwKT 

Rfxi  mki 
mxc  fa 
UmwowwA 

JvwUfUftUMt. 


r 


pi»mbuuog/ 


Availability  MtL 
.  | Avail  »bS/6F 

(Mat 


M.%.  ’ 


Preface 


Wave  breaking  is  a  commonly  occurring  phenomena  associated  with  wave  motion  in 
fluids,  often  inducing  significant  effects  which  are  of  fundamental  and  technological 
importance,  A  famili.u  illustration  is  provided  with  white-capping  and  microbreaking 
of  the  wind-driven  ocean  surface  waves,  which  is  believed  to  play  an  important  part  in 
the  transfers  of  momentum,  mass  and  heat  across  the  air-sea  interface,  as  well  as  in  the 
production  of  underwater  ambient  noise  and  augmented  microwave  backscatter.  The 
enhanced  hydrodynamic  forces  associated  with  the  breaking  of  the  more  energetic  ocean 
wave  components  constitute  a  significant  challenge  in  ocean  engineering,  coastal 
engineering  and  naval  architecture.  Other  less  conspicuous  but  equally  important 
manifestations  are  the  breaking  of  internal  waves  and  the  filamentation  of  vorticity 
interfaces. 

Despite  recent  theoretical  and  observational  progress  towards  a  more  complete 
understanding  of  wave  breaking,  mathematical  descriptions  of  its  onset  and 
consequences  are  presently  lacking.  The  aim  of  this  Symposium  was  to  bring  together 
theoretical  and  observational  expertise,  with  the  goal  of  determining  the  current  state  of 
knowledge  of  wave  breaking  and  providing  a  stimulus  to  future  research. 

The  Symposium  focused  on  water  waves  of  all  scales  from  capillary  waves  to  ocean 
swell,  but  also  considered  internal  waves  and  the  filamentation  of  vorticity  interfaces. 
Specific  topics  included  were: 

Fundamental  theoretical  studies;  wave  instabilities;  routes  to  breaking. 

Models  of  wave  breaking. 

Field  observations,  including  statistical  information. 

Laboratory  studies. 

Shoaling  waves,  breaking  waves  on  currents,  breaking  induced  by  the  motion  of 
a  ship. 

Consequences  of  wave  breaking  for  oceanic  studies,  microwave  remote  sensing, 
role  of  breaking  in  air-sea  fluxes,  wind-wave  prediction  models;  acoustics  of 
wave  breaking;  bubble  formation. 

Wave  breaking  in  industrial  applications,  wave  forces  on  structures. 

The  Symposium  on  Breaking  Waves  was  proposed  to  the  General  Assembly  of  the 
International  Union  of  Theoretical  and  Applied  Mechanics  (IUTAM)  at  Grenoble  in  1988, 
and  it  was  decided  it  would  be  held  in  1991  in  Sydney.  The  Symposium  was  held  on 
the  campus  of  the  University  of  New  South  Wales  from  July  15-19, 1991.  There  were  63 
participants  horn  15  countries,  and  45  contributed  papers,  covering  fundamental 
theoretical  studies,  wave  breaking  models,  field  and  laboratory  observations,  and 
industrial  and  scientific  consequences.  Through  these  contributions  and  the  extensive 
informal  discussions,  we  believe  the  Symposium  achieved  its  objectives  of  establishing 
the  current  state  of  knowledge  of  wave  breaking,  and  providing  a  stimulus  for  future 
research. 
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The  scientific  programme  was  formulated  by  the  Scientific  Committee,  and  we  thank  its 
members  for  their  invaluable  advice.  All  local  arrangements  were  carried  out  by  the 
Local  Organising  Committee  and  we  thank  them,  and  many  others  in  the  School  of 
Mathematics  at  the  University  of  New  South  Wales  who  contributed  to  the  smooth 
running  of  the  Symposium.  Financial  support  was  generously  provided  by  IUTAM,  the 
U.S.  Office  of  Naval  Research,  the  Institution  of  Engineers  Australia  (National 
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Summary 

The  evolving  technology  of  remote  sensing  and  the  increasing  interest  in  the  distribution 
of  anthropogenic  gases  have,  in  recent  years,  focused  attention  on  the  ocean  surface.  In 
particular,  the  complex  process  of  wave  breaking  has  a  wide  range  of  consequences 
for  remote  sensing,  momentum,  heat  and  mass  transfer  and  oceanic  acoustics.  In  this 
paper  we  consider  some  of  the  more  important  effects  of  wave  breaking  that  have  recently 
been  subjected  to  intensive  observational  scrutiny.  These  include:  changes  in  microwave 
reflectivity;  stress  and  gas  transfer  enhancement;  formation  of  bubble  clouds  and  sound 
generation;  dissipation  of  surface  waves. 


Introduction 

It  is  well  recognized  that  at  moderate  and  high  winds  the  sea  surface  is  aerodynamically 
rough.  What  is  less  certain  is  the  relative  contribution  of  various  scales  (wavelengths)  to 
the  roughness.  The  success  of  Charnock’s  formula  in  describing  the  roughness  length  in 
open  ocean  conditions  suggests  that  the  small  waves  (severed  times  the  peak  wavenum¬ 
ber)  are  the  principal  stress  receptors.  This  indeed  appears  to  be  so  when  the  sea  state 
is  well-developed  (wave  age  ~  1 ).  Underdeveloped  waves,  on  the  other  hand,  produce 
relatively  high  drag  coefficients  and  these  appear  to  be  related  to  the  relative  speed  of 
the  peak  waves  with  respect  to  the  wind  speed  (Kitaigorodskii,  1970;  Donelan,  1990).  In 
fact,  at  short  fetch,  the  waves  at  the  spectral  peak  are  strongly  forced  and  a  significant 
part  of  the  total  momentum  transfer  is  absorbed  by  the  waves  near  the  peak  (Figure  1). 

In  fully  rough  flow  the  momentum  transfer  across  the  interface  is  due  to  form  drag,  i.e., 
differential  pressure  on  upwind  versus  downwind  slopes.  All  the  momentum  transferred 
in  this  way  enters  the  wave  field  initially,  but  only  a  fraction  remains  as  wave  momen¬ 
tum  —  at  full  development  the  fraction  is  identically  zero.  Deductions  from  fetch-limited 
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Fig.  1.  A  laboratory  wave  spectrum  5,,(/)  (broken  line)  and  associated  pressure-elevation  quadrature  spectrum 
(solid  line).  The  quadrature  spectrum  has  been  adjusted  by  the  exponential  decay  to  yield  the  momentum 
transfer  to  the  waves.  Further  normalization  by  pU 1  yields  the  spectrum  of  contributions  to  the  drag  coefficient. 

growth  curves  suggest  that  developing  waves  retain  about  5%  of  the  total  momentum 
flux  (Hassclmann  et  al.,  1973).  Direct  measurements  of  differential  growth  and  surface 
stress  (Donelan,  1978)  show  that  as  much  as  25%  may  be  retained  by  the  waves  at 
very  short  fetch,  in  laboratory  tanks,  but  0  to  8  %  is  more  typical  of  field  conditions 
(Figure  2)  and  the  atmospheric  stability  has  a  pronounced  influence  on  it.  Presumably, 
the  effect  of  stability  is  to  alter  the  wavenumber  distribution  of  waves  contributing  to 
the  stress  transfer.  The  larger  turbulent  scales  associated  with  unstable  conditions  may 
bias  the  transfer  distribution  toward  longer  waves.  Since  the  short  waves  are  believed 
to  be  quasi-saturated,  any  momentum  transferred  to  them  is  quickly  handed  over  to 
currents  via  enhanced  breaking. 

Arc  the  short  waves  in  the  equilibrium  range,  indeed,  nearly  saturated  and  is  the  lim¬ 
iting  process  correctly  identified  as  wave-breaking?  These  seem  to  be  unresolved  issues 
although  a  good  deal  of  recent  work  has  attempted  to  clarify  the  spectral  balance  above 
the  peak  (Kitaigorodskii,  1983;  Phillips,  1985;  Donelan  and  Pierson,  1987;  Banner, 
1990c).  Figure  3  shows  two  frequency  spectra  obtained  in  very  different  winds  (1.2  m/s 
and  17.4  m/s).  In  the  former  case  the  dominant  waves  are  recent  swell  and,  while  the 
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Fig.  2.  The  fraction  of  wind  momentum  retained  by  waves  T  versus  the  inverse  wave  age  life.  For  the 
laboratory  data  the  larger  crosses  indicate  the  averages  of  the  data  assembled  in  groups  of  width  2.5  in  U/c. 
The  vertical  bar  indicates  the  average  value  of  U/c  in  the  group.  The  cross  representing  the  field  data  has 
been  placed  at  the  value  of  T  corresponding  to  neutral  atmoephcric  stability.  The  point  of  full  development 
{U/c  —  0  83,  T  =  0)  according  to  Bretschnetder  (1973)  provides  another  estimate  of  T.  The  straight  line  (solid) 
at  lower  values  of  U/c  provides  convenient  access  to  T  for  wave  prediction  purposes.  The  extension  of  the  line 
to  higher  values  of  U/c  (dashed)  serves  only  to  illustrate  the  trend  in  T. 

wind  is  well  above  the  minimum  for  sustaining  short  wave  growth  (Kahma  and  Donelan, 
1987),  it  is  very  light  indeed  and  it  is  difficult  to  believe  that  the  same  limiting  process 
maintains  the  same  shape  of  the  high  frequency  spectra,  i.c.,  u>~4  .  The  ratio  of  spec¬ 
tral  levels  is  roughly  the  same  as  the  square  root  of  the  wind  speed  ratio.  At  high  wind 
speeds  there  is  little  doubt  that  wave  breaking  is  the  principal  limiting  process. 


Despite  the  widespread  occurrence  of  wave  breaking  in  the  ocean,  our  present  knowl¬ 
edge  of  this  process  is  incomplete.  However,  existing  studies  indicate  that  it  appears  to 
contribute  significantly  to  basic  geophysical  air-sea  interfacial  transfer  processes  includ¬ 
ing  momentum,  mass  and  heat  transfers,  as  well  as  in  related  areas  such  as  underwater 
ambient  noise  generation  and  microwave  backscatter  from  the  sea  surface.  This  contri¬ 
bution  provides  a  brief  overview  of  present  knowledge,  highlighting  areas  where  further 
research  is  needed  in  order  to  refine  our  present  physical  understanding  and  predictive 
modelling  capabilities. 


Breaking  Types 

Wave  breaking  is  a  familiar  feature  of  the  wind-driven  sea  surface,  occurring  most  visibly 
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Fig.  3  &.  The  spectrum  of  surface 
elevation  for  tbc  case  of  recent  swell. 
The  —4  power  law  fitted  to  Fig.  3  b 
is  also  shown  here. 
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Fig.  3  b.  The  spectrum  of  surface 
elevation  for  the  strongly  wind-generated 
case.  Above  the  peak,  the  spectrum  conforms 
to  a  —4  power  law  (Donelan  et  al,  1985). 


in  the  form  of  whitec&ps  of  various  scales.  It  also  occurs  on  a  more  widespread  basis 
as  microscale  breaking,  but  in  this  form  it  is  less  conspicuous  because  of  its  lack  of 
air  entrainment  and  smaller  scale,  involving  wavelengths  less  than  about  30  cm.  The 
most  prevalent  form  of  deep  water  wave  breaking  occurs  as  spilling  breakers,  where 
the  breaking  crest  water  surges  gradually  forward  to  spill  down  the  forward  face  of  the 
breaker.  The  more  violent  form  known  as  the  plunging  breaker,  though  more  typical 
of  shallow  water  breaking,  can  also  be  observed.  This  form  is  characterised  by  the 
breaking  crest  water  jetting  forward,  and  engulfing  a  pocket  of  air  as  it  collapses  on  to 
the  forward  face  of  the  breaker. 

Momentum  and  energy  transfer 

Enhanced  Wind  Input 

Several  authors  have  reported  significant  influence  of  wave  breaking  on  the  interfacial 
stress  at  the  onset  of  breaking.  Using  a  quasi-steady  breaking  wave  realization,  Banner 
and  Melville  (1976)  identified  the  presence  of  locally  separated  flows  in  the  air  flow 
associated  with  wave  breaking,  and  noted  a  consequent  significant  enhancement  of  the 
local  wind  stress.  The  association  of  strong  air  flow  separation  effects  with  breaking 
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Fig.  4.  Neutral  drag  coefficient,  CDS ,  vs.  ten-meter  height  wind  speed  for  IIEXMAX  data.  Asterisks  indicate 
measurements  in  slightly  unstable  conditions,  small  circles  for  slightly  stable  conditions. 

Line  1  is  best  fit  to  data,  Line  2  from  Donelan  (11)82),  fane  3  from  Oecrnaert,  ct  al  (1986),  Line  4  from  Smith 
(1980)  represents  open  ocean  conditions  From  Oc  Cosmo  ct  al.  (1988). 

wind  waves  was  explored  in  greater  depth  in  detailed  flow  visualisation  studies  over 
propagating  wind  waves  by  Kawai  (10S1,  10S2).  Strong  local  enhancements  in  the  wind 
stress  were  also  found.  However,  investigations  seeking  to  identify  relative  contributions 
to  the  stress  enhancement  as  normal  or  tangential  have  produced  somewhat  conflicting 
results.  Detailed  hydrogen  bubble  observations  in  the  immediately  underlying  water 
by  Okuda  ct  al.  (1977),  Oknda  (19S2)  suggest  that  strong  wave-coherent  tangential 
stresses  dominate,  peaking  on  the  windward  face  of  the  wave  form.  However,  measur¬ 
ing  near-surface  pressure  distributions,  Banner  (1990a)  reported  a  nea  doubling  of  the 
wind  stress  when  comparing  incipient  and  actively  breaking  wind-driven  waves,  with 
(separation-induced)  phase  shifts  in  the  wave-coherent  pressure  producing  wave  drag 
increases  of  about  the  same  size  as  the  total  stress  enhancement,  indicating  a  lesser 
influence  of  enhanced  tangential  stress.  Therefore  basic  questions  still  remain  ou  the 
relative  importance  of  normal  and  tangential  stresses  in  the  actual  mechanism  of  en¬ 
hanced  momentum  flux  from  tin1  wind  associated  with  breaking  wind  waves 

Such  local  considerations  arc  germane  to  the  heightened  recent  interest  in  the  sea  state 
dependence  of  the  wind  stress,  or  equivalently,  in  the  aerodynamic  drag  coefficient  C'j 
of  the  sea  surface.  The  trends  of  recent  observational  studies  shown  in  Figure  4  indicate 
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a  significant  sea  state  dependence  in  the  wind  stress  [e.g.  Donelan  (1982),  Geernaert, 
Katsaros  and  Richter  (1986),  Smith  and  Anderson  (1988),  DeCosmo,  Katsaros  and  Lind 
(1988)].  These  findings  are  of  basic  importance  in  the  parameterisation  of  Cj  ,  a  primary 
parameter  in  modelling  wind  waves,  ocean  circulation,  as  well  as  weather  and  climate 
prediction,  where  Cj  parameterisations  in  current  use  contain  no  sea  state  dependence. 

Theoretical  models  to  account  for  these  observed  trends  have  been  proposed  [e.g.  Janssen 
(1989),  Toba  et  al.  (1990),  Banner  (1990b),  Plant  (  1991)].  However,  both  observation- 
ally  and  theoretically,  there  is  still  a  lack  of  consensus  on  this  problem.  The  model 
proposed  by  Toba  et  al.  (1990)  predicts  that  Cj  increases  with  wave  age,  while  most 
other  model  studies  predict  the  opposite  trend.  On  the  one  hand  there  is  a  notable 
lack  of  wind  stress  and  wave  data  for  strong  winds  and  long  fetches:  the  wind  stress 
is  difficult  to  measure  reliably,  as  are  the  desired  complementary  wave  measurements 
(e.g.  directional  wave  spectra,  breaking  wave  probabilities).  On  the  other  hand,  the 
proposed  spectral  models  are  very  sensitive  to  the  form  of  the  wave  spectrum  and  its 
assumed  variation  with  wave  development.  Model  studies  suggest  that  although  the 
momentum  flux  to  the  energetic  wind  wave  components  is  locally  large,  the  contribu¬ 
tion  to  the  wind  stress  from  wave  drag  is  significantly  greater  from  the  much  larger 
spectral  range  embracing  wind  wave  components  shorter  than  about  one  tenth  of  the 
dominant  wavelength.  It  appears  that  a  reliable  improvement  in  the  C<i  parameterisa¬ 
tion  will  require  considerable  further  research  effort,  and  will  need  to  investigate  closely 
the  contributions  from  the  short  wind  wave  scales,  including  microscale  breaking  waves. 

Breaking  influence  on  spectral  transfers 

Modulation  of  very  short  wind  waves  by  longer  waves  is  an  important  mechanism  influ¬ 
encing  the  microwave  backseat tering  process  from  the  sea  surface,  and  underlies  the  data 
interpretation  from  a  potentially  very  useful  class  of  active  microwave  remote  sensing  sea 
state  and  marine  meteorological  instruments.  In  this  context,  an  intriguing  feature  of 
a  wind  wave  field  concerns  its  modulation  by  an  underlying  large  scale  wave  field  prop¬ 
agating  in  the  wind  direction.  In  laboratory  studies,  it  has  been  found  by  a  number  of 
investigators  that  the  short  wave  spectrum  attenuates  markedly  as  the  modulating  wave 
steepens  [e.g.  Mitsuyasu  (19CG),  Phillips  and  Banner  (1974),  Donelan  (1987)].  Phillips 
surd  Banner  (1974)  attempted  to  explain  this  effect  on  the  basis  of  enhanced  breaking 
due  to  enhanced  wind  drift  layer  influence,  but  the  influence  of  this  mechanism  was 
questioned  by  Wright  (1976).  Donelan  (1987)  observed  that  the  input  source  term  was 
largely  unaffected  by  the  influence  of  the  modulation  and  suggested  that  modification 
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fig.  5.  Time  scries  of  power  spectral  density  of  wavenumber  components  during  an  interval  embracing  a 
wbilccapping  event,  uneorrectcd  for  noise  Wavelength  -  0-80  m  Experiment  2.  Water  height  is  with  respect 
to  an  arbitrary  origin.  Noise  levels  are  shown  for  each  wavenumber  component  as  a  shaded  band.  95%  confidence 
limits  about  the  mean  level  are  shown  at  the  right. 

of  the  nonlinear  wave-wave  interactions  was  responsible  for  the  observed  behaviour. 
Also,  Longue  t- Higgins  (1987)  proposed  a  two-scale  model  which  considered  randomness 
in  both  long  and  short  waves  and  examined  the  effects  of  breaking  of  the  short  waves 
under  conditions  where  the  short  waves  were  rc-gencrated  by  the  wind.  His  predictions 
were  in  qualitative  agreement  with  the  observations.  With  its  potential  to  elucidate 
short  wave  modulation  in  a  continuous  spectrum,  further  research  effort  is  needed  to 
understand  the  underlying  physical  mechanisms  in  such  two-scale  problems.  When  the 
large  scale  wind  wave  is  itself  involved  in  breaking,  it  produces  a  marked  local  attenu¬ 
ation  of  the  entire  short  wind  wave  spectrum  in  its  wake  [Banner  e<  al.  (1989),  Figure 
5].  This  highly  nonlinear  behaviour  has  potentially  important  implications  for  air-sea 
interaction  and  remote  sensing  and  warrants  further  study,  particularly  for  strong  wind 
forcing  conditions  with  extensive  whitecapping. 

Momentum  flux  to  currents 

Duncan  (1981),  (1983)  studied  quasi-steady  wave  breaking  associated  with  a  towed  sub¬ 
surface  hydrofoil.  He  reported  a  series  of  interesting  geometrical  and  dynamical  relations 
for  these  quasi-steady  breakers,  including  the  useful  result  that  the  stress  per  unit  width 
of  breaking  crest  was  about  O  OGc^/j,  where  c  is  the  phase  speed,  indicating  the  effect 
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of  wave  scale.  As  part  of  a  very  detailed  laboratory  study  of  transient  breaking,  Rapp 
and  Melville  (1900)  reported  systematic  results  for  the  breaking-induced  momentum 
flux  to  the  underlying  flow  due  to  wave  packets  involved  in  varying  degrees  of  wave 
breaking  embracing  incipient,  spilling  and  plunging  breaking.  Their  results  showed 
somewhat  lower  mean  breaking  wave  stress  levels  than  the  quasi-steady  breaking  wave 
stress  levels  reported  by  Duncan.  Similar  investigations  involving  near-monochromatic 
wave  trains  have  provided  very  useful  quantitative  information  on  the  very  interesting 
three-dimensional  instability  properties  associated  with  the  approach  to  breaking  [e.g. 
Su  and  Green  (198G)j  and  significant  frequency  downshifting  which  occurs  following 
breaking  [e.g.  Lake  and  Yuen  (1978)].  Studies  exploring  these  nonlinear  aspects  are 
continuing,  both  theoretically  and  observationa  y  [e.g.  Trulsen  and  Dysthe  (1990)]  . 

The  application  of  the  results  of  such  laboratory  studies  of  the  hydrodynamic  conse¬ 
quences  of  breaking  waves  to  broader  wind  wave  spectral  situations  has  not  yet  been 
widespread.  However,  applying  these  laboratory  findings  in  conjunction  with  spectral 
breaking  distributions  can  provide  useful  guidance  in  the  field:  Phillips  (1985)  invoked 
Duncan’s  findings  as  a  basis  for  modeling  the  spectral  wave  energy  dissipation  rate  and 
the  spectral  momentum  flux  from  the  wave  field  to  the  underlying  currents. 

Kinetic  energy  dissipation  due  to  wave,  breaking 

The  important  role  of  the  turbulent  kinetic  energy  distribution  in  the  dynamics  of  the 
upper  ocean  has  led  to  numerous  attempts  to  measure  and  parameterize  it  in  terms  of 
air-sea  interaction  variables.  Most  results  are  expressed  in  wall  layer  coordinates  and, 
although  the  scatter  of  data  points  is  usually  about  an  order  of  magnitude,  agreement 

u3 

with  the  wall  layer  value  £  =  — 1  is  generally  claimed  (Jones,  1985;  Soloviev  et  al., 

KZ 

1988).  Some  near  surface  measurements  in  Lake  Ontario  (Kitaigorodskii  et  al.,  1983) 

u3 

show  dissipation  rates  that  are  2  or  3  orders  of  magnitude  above  —  .  New  measurements 
of  such  high  dissipation  rates  arc  to  be  reported  at  this  conference  (Drennan  et  al.,  1991). 
It  is  shown  that  these  high  dissipation  rates  occur  near  the  surface  in  breaking  wave 
conditions  and  are  entirely  consistent  with  the  expected  energy  transfer  to  a  wide  range 
of  steep  waves  at  and  above  the  spectral  peak. 

Heat  and  mass  transfer 

Of  obvious  geophysical  importance,  the  parameterisation  of  mass  and  heat  transfer 
across  the  air-sea  interface  has  attracted  considerable  interest.  Despite  the  intrinsic 
difficulties  of  measuring  transfer  rates  within  very  thin  conduction  sublayers  adjacent 


11 


to  the  interface,  recent  investigators  have  made  substantial  progress  in  identifying  wind- 
wave  influences  on  these  processes.  In  an  authoritative  recent  paper,  Jaime  ct  al.  (1987 ) 
review  the  status  of  the  field  and  present  detailed  measurements  that  improve  our  knowl¬ 
edge  on  the  underlying  role  of  the  wave  field.  They  report  that  the  mass  transfer  rates 
are  enhanced  by  the  wave  field,  closely  tracking  the  mean  squared  wave  slope  of  the 
whole  wave  spectrum,  rather  than  ju=t  the  capillary  waves  previously  thought  to  be 
dominant.  Interestingly,  the  photographs  [Figures  G  and  7]  of  the  wave  field  shown  in 
their  paper  reveal  the  presence  of  microscale  breaking,  even  at  the  low  wind  speed  of 
2.7  m/s.  Thus  while  this  was  not  noted  explicitly  by  Jaime  ct  al.  in  their  discussion, 


Fig  8  Photograph  of  wind  waves  at  21  m  fetch  in  Fig.  7.  Photograph  of  the  wind  waves  at  21  rn  fetch 
the  targe  !MST  wind/wavc  facility  at  2.7  m/s  wind  in  the  large  1MST  facility  at  8.1  m/s  wind  speed.  See 
speed  The  sector  shown  is  40  cm  times  40  cm.  below  for  detailed  explanation 

N  .II. ;  The  pictures  have  been  taken  using  a  special  slope  visit  alii  at  ion  technique  indicating  the  slope  in  different 
colours  or  a  gray  scale.  The  picture  shown  is  a  black  and  white  copy  of  a  color  slide,  so  that  the  dark  parts 
correspond  to  upwind  slopes,  the  light  parts  to  small  slopes,  and  the  medium  gray  colors  to  downwind  slopes 
The  wind  is  blowing  from  the  left  to  the  right.  After  Jahne  ct  al.  (1987). 

it,  suggests  the  importance  of  wave  breaking  on  intcrfaeial  scalar  transfers,  especially  as 
the  spilling  zones  disrupt  the  very  thin  conduction  sublayers.  In  an  experiment,  aimed 
at  isolating  the  influence  of  breaking,  Danner  and  Wilkinson  (1991)  have  found  that  the 
sensible  heat  transfer  rate  is  augmented  considerably  following  the  onset  of  breaking. 
Thus,  in  a  spectral  context,  the  distribution  of  microscale  breaking  is  likely  to  be  a 
significant  factor  ir  improving  estimates  of  scalar  interfaciai  fluxes.  The  import  ance  of 
microscale,  breaking  in  controlling  the  transfer  of  heat  and  mass  has  added  impetus 
to  the  search  for  the  wavenumber  spectrum  of  capillary-gravity  waves  and  its  wind 
sensitivity.  Kalinin  and  Donelan  (1987)  investigated  the  growth  rates  of  initial  wavelets 
and  found  that  a  (10  m)  wind  speed  of  0.7  m/s  (  u,  ~  2  cm/s)  is  sufficient  to  begin  the 


growth  process  and  that  both  shear  flow  instability  (Valenzuela,  197G;  Ivawai,  1979  atul 
van  Gastel  et  al.,  1985)  and  resonance  with  advected  pressure  fluctuations  (Phillips, 
1957)  could  be  effective. 
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Fig.  8.  The  evolution  of  the  frequency  spectrum  with  wind  speed  (indicated  on  the  figure).  The  spectra  at  0, 
0.5,  0.85  and  2.8  m/s  wind  speed  are  composites  derived  from  surface  displacement  spectra  and  transformed 
slope  spectra.  From  Kahma  and  Donelan  (1988). 

The  development  of  the  spectrum  at  various  wind  speeds  and  fixed  fetch  (4.3  in)  is 
shown  in  Figure  8.  The  first  waves  to  grow  (  ~  5  Hz)  exhibit  strong  wind  sensitivity  at 
high  winds  and  quickly  approach  saturation  at  wind  speeds  in  excess  of  4  m/s.  Kahma 
and  Donelan  (1988)  suggest  that  the  approach  to  saturation  depends  on  available  fetch 
and,  indeed,  the  slope  measurements  of  Jahi.c  and  Riemer  (1990)  at  much  longer  fetch 
(90  m)  show  that  the  5  Hz  waves  are  already  nearly  saturated  at  2.7  m/s  (Figure 
9).  Their  wavenumber  spectra  (Figure  10)  demonstrate  that  although  the  downwind 
slopes  tend  to  saturation  above  12  m/s,  continued  growth  at  off-wind  angles  extend  the 
range  of  wind  sensitivity  of  the  overall  mean-square  slope.  This  wind  sensitivity  of  the 
small  waves  and  their  connection  with  microscalc-breaking  helps  to  explain  the  observed 
strong  wind  dependence  of  mass  transfer  velocity  of  liquid  phase  limited  compounds 
across  the  air-water  interface  (Liss,  1973). 

Water  vapour,  on  the  other  hand,  is  gas  phase  limited  and  no  particularly  dramatic  in¬ 
crease  of  the  evaporation  coefficient  (Dalton  number,  C/r)  is  expected  when  microscale 
breaking  intensifies.  Field  measurements  of  C'i:  show  the  usual  geophysical  and  so.ni- 
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Fig.  9.  Wave  frequency  spectra  weighted  by  /5  measured  at  several  wind  speeds  and  about  90  m  fetch  with  the 
laser  slope  gauge.  The  vertical  lines  mark  the  approximate  range  contained  in  the  wave  number  spectra  shown 
in  Fig.  10  The  curves  are  labelled  with  wind  speed  V\o  in  "n/s.  From  J  aline  and  ftiemcr  (1990) 


pling  variability,  but  are,  in  general,  quite  insensitive  to  wind  speed.  The  breaking  of 
large  waves  and  the  production  of  spray  in  the  boundary  layer  might  b*>  'ectcd  to 
cause  a  substantial  increase  in  C’e  at  high  winds  (  >  I2m/s,  say)  Indeed,  in  a  com¬ 
prehensive  treatment  of  the  subject,  Bortkovskii  (1987'  ug&csts  that  spray  evaporation 
will  double  Cc  between  9  and  IS  m/s.  There  i  ,  no  e.idencc  for  this  in  the  data.  The 
recent  experiment  to  investigate  the  Humidity  Exchange  o'-t  th**  Spa  (HEXOS,  Smith 
and  Anderson.  1988,  and  DcCosmo  ct  al.,  1988)  extended  Cg  values  to  18  m/s  and 
found  no  appreciable  increase.  The  study  of  heat  and  mass  transfer  at  the  air-sea  inter¬ 
face  and  the  effects  of  water  temperature,  slicks  and  wave  breaking  is  being  approached 
with  all  the  modern  tools  required  to  examine  the  properties  of  short  waves,  the  break¬ 
ing  characteristics  of  all  waves  and  the  turbulence  near  the  interface.  There  is  much  to 
be  learned  here  and  the  rewards,  in  terms  of  improved  modeling  of  the  energy  balance 
of  the  ocean  atmosphere  system,  are  substantial. 
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Fig.  10  Wave  number  spectra  weighted  by  i4  in  different  directions:  (a)  along- wind  (±5*);  (b)  30  ±  5*; 

(c)  60  ±5";  (d)  unidirectional  spectra  integrated  over  all  angles;  wind  speeds  (t/io  in  ms-1)  as  indicated. 

From  Jaline  and  Riemct  (1990) 

Allied  processes 
Microwave  reflectivity 

Techniques  utilising  active  microwave  backscatter  from  the  sea  surface  have  been  inves¬ 
tigated  intensively  for  satellite  remote  sensing  of  fundamental  ocean  surface  variables, 
such  as  ocean  currents,  sea  state  and  wind  stress.  Reliable  interpretation  of  the  mi¬ 
crowave  returns  requires  a  detailed  understanding  of  the  backscattering  mechanisms. 
Wave  tank  investigations  have  established  that  Bragg  backscatter  plays  a  major  role 
in  the  backscattering  process  but  in  the  field  context,  where  a  broader  wave  spectrum 
often  modulates  the  short  wave  components  responsible  for  th<'  backscatter,  additional 
mechanisms  may  be  operative.  Microwave  return  signals  are  often  characterised  by  in¬ 
termittent  spikey  signatures,  known  as  sea  spikes.  In  particular,  associated  with  steep 
waves  and  the  onset  of  breaking,  it  has  been  demonstrated  that  specular  and  wedge 
scattering  may  occur  [e.g.  Kwoh  ct  al.  (1988)],  while  Banner  and  Fooks  (1985)  found 
the  breaking  regions  of  short  gravity  waves  to  be  a  significant  source  of  strong  microwave 
reflections,  owing  to  the  concentration  of  very  short  wave  energy  there,  plausibly  arising 
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from  the  instability  of  the  intrust1  shear  layer  formed  by  the  spilling  water.  It  is  likely 
that  these  regions  enhance  the  local  Bragg  baekseatter,  but  the  detailed  backseat ter- 
ing  ineehanisiii  w.us  not  resolved  eonelusively.  Strong  microwave  returns  from  breaking 
waves  m  the  held  have  been  doc  umented  by  C'liandhry  and  Moore  (1984),  Keller  ct  al. 
j  1980)  and  Jessup  ct  al.  (1990).  These  studies  illustrate  the  intrinsic  difficulties  in  de¬ 
ciding  the  threshold  for  the  presence  of  spikes.  Phillips  (19SS)  investigated  theoretically 
the  relative  contributions  to  the  radar  backseat  ter  cross  section  from  Bragg  and  sea 
spike  returns,  on  the  basis  of  his  revised  equilibrium  range  model  [Phillips  (19S5)j.  The 
choice  of  fixed  threshold  level  as  in  Phillips  ( 19SS)  iuid  Jessup  r.t  al.  ( 1990)  detects  spikes 
associated  with  larger-seale  breaking  waves,  but  misses  contributions  from  smalier-scalc 
breaking  waves  and  thereby  underestimates  non-Bragg  contributions.  Nevertheless,  the 
fractional  sea  spike  power  contribution  reported  by  Jessup  ct  al.  ( 1990)  was  significant, 
particularly  for  H  H  polarisation.  However,  Plant  and  Keller  (1990)  argued  that  the 
dominant  process  is  Bragg  scattering  via  Doppler  spectral  broadening  of  the  return  .sig¬ 
nal  rather  than  amplitude  characteristics,  and  concluded  that  model  calculations  based 
on  Bragg  scattering  were  generally  very  close  to  the  observations.  Further  research 
in  this  area  is  required  to  resolve  the  importance  of  sea  spike  contributions  to  the  re¬ 
turn  signal,  requiring  an  improved  knowledge  of  the  wavenumber  spectrum  for  the  very 
short,  wind  wave  components  for  checking  the  proportionality  with  the  radar  return 
power  spectrum. 

Bubble  clouds 

The  entrainment  of  air  in  the  wave  breaking  process  produces  a  distinct  visual  signature 
and  also  alters  the  microwave  emissivity  and  reflectivity  in  characteristic  ways,  many  of 
which  are  exploited  by  downward  looking  electromagnetic  remote  sensing  methods.  The 
submerged  bubbles  alter  the  optical  and  acoustic  properties  of  the  near  surface  layer 
and  various  possibilities  for  upward  looking  remote  sensing  arc  being  actively  explored. 
A  wide  spectrum  of  air  bubbles  is  entrained  in  a  typical  whitecap  and  the  smallest, 
of  these  remain  to  mark  the  passage  of  a  breaker  long  after  the  surface,  viewed  from 
above,  retains  no  further  memory  of  it.  These  '‘bubble  clouds”  arc  significant  acoustic 
scatterers,  and  may  reveal  various  dispersive  properties  of  the  turbulence  and  trace  the 
organized  motions  in  the  surface  layers.  The  collection  of  papers  in  the  first  two  NATO 
symposia  on  surface  sound  [Kerman  (19SS),  (1991))  explore  various  aspects  of  bubble 
clouds  including  their  effect  on  gas  transfer  and  noise  generation. 
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Underwater  ambient  noise  generation 

The  physics  of  ambient  noise  generation  by  sea  surface  sources  has  received  much  at¬ 
tention  in  recent  years,  with  whitecapping  identified  as  a  primary  contributor.  There 
is  now  a  growing  literature  on  both  observations  and  models  investigating  the  detailed 
mechanisms  associated  with  sound  generation  by  breaking  waves.  A  major  goal  in  this 
research  is  the  prediction  of  the  influence  of  wave  breaking  on  the  underwater  ambient 
noise  spectrum.  While  it  has  long  been  appreciated  that  noise  generation  is  associated 
with  the  air  bubbles  in  wliitccaps,  the  bubble  motions  actuallj  contributing  signifi¬ 
cantly  to  noise  generation  had  not  been  resolved  observationally.  Banner  and  Cato 
(1988)  investigated  the  detailed  configurations  of  bubbles  in  the  spilling  zones  which 
were  involved  in  active  noise  generation,  and  concluded  that  the  process  was  dominated 
by  noise  bursts  from  only  a  subset  of  the  bubbles  present.  The  predominant  noise  bursts 
arose  when  bubbles  relaxed  after  air  was  entrained  at  the  toe  of  the  breaker,  when  bub¬ 
bles  coalesced  and  when  they  collided  impulsively.  Interestingly,  bursting  bubbles  at 
the  surface  were  not  a  strong  noise  source,  nor  were  most  of  the  bubbles  present,  which 
were  convected  passively  in  the  spilling  zone.  More  recent  related  work  by  Pumphrey 
and  Ffowcs  Williams  (1990)  correlated  bubble  size  with  underwater  noise  bursts,  and 
concluded  that  the  lowest  order  bubble  oscillation  mode  was  dominant.  Further  dis¬ 
cussion  of  related  studies  on  breaking  wave  influence  on  noise  generation  are  given  in 
the  recent  symposium  volumes  (Kerman  (1988,  1991  )j,  with  more  recent  contributions 
described  in  this  symposium. 

Conclusions 

Wave  breaking  is  a  highly  nonlinear  aspect  of  ocean  wave  dynamics  with  a  significant 
impact  on  the  evolution  of  the  wave  spe  ;trum  as  well  as  on  fundamental  transfers  of 
momentum,  energy  and  scalar  quantities  across  the  air-sea  interface.  It  also  enhances 
radar  reflectivity  of  the  sea  surface  and  ambient  underwater  noise  generation.  A  more 
complete  understanding  of  the  underlying  physics  of  this  conspicuous  but  incompletely 
understood  process  is  required  to  improve  the  reliability  of  predictions  from  ocean  wave, 
general  circulation  and  climatological  models. 
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1.  Introduction  and  summary 

A  very  intriguing  phenomenon,  which  throws  much  light  on  the  small-scale  structure  of  the 
sea  surface,  is  the  occurrence  of  “parasitic  capillaries"  on  the  forward  face  of  moderately 
short  gravity  waves,  especially  those  with  wavelengths  5  to  50  cm;  see  Figure  la.  These 
capillary  waves  were  first  studied  experimentally  by  Cox  (1958).  Evidently  their  existence 
depends  on  the  fact  that  a  gravity  wave  and  a  much  shorter  capillary  wave  may  have  the 
same  phase  speed.  The  dynamical  theory  of  the  generation  of  parasitic  capillaries  has  been 
developed  by  Longuet-Higgins  (1963),  Crapper  (1970)  and  Ruvinsky  et  al.  (1981,  1985, 
1991).  This  so  far  takes  into  account  only  the  first-order  effects  of  viscous  damping. 

However,  an  Important  feature  of  short,  steep  gravity  waves,  especially  those  with  parasitic 
capillaries,  has  been  pointed  out  by  Okuda,  Kawai  and  Toba  (1977)  and  also  by  Ebuchi, 
Kawamura  and  Toba  (1987);  see  Figure  lb.  This  is  the  occurrence  of  a  very  strong  vortical 
region,  or  roller,  at  the  crest  of  the  gravity  wave,  even  in  the  absence  of  wind  (c.f.  Cox 
1958).  Similar  effects  can  indeed  be  detected  in  small-scale  capillary  bores  and  from  water 
jets  entering  a  still-water  surface  (Koga,  1982).  The  question  arises:  what  is  the  source 
of  this  strong  vorticity?  The  vorticity  does  not  seem  to  be  present  in  the  trough  of  the 
gravity  wave  -  only  in  the  crest. 
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Figure  1.  (from  Ebuchi,  Kawamura  and  Toba,  1987).  A  close-up  photograph  of  wind- 
waves  of  length  9  cm  taken  with  wind-speed  6  m/s  at  fetch  6  m.  Below  is  a  schematic 
picture  showing  the  high  vorticity  region  at  the  gravity  wave  crests. 
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In  the  present  paper  we  shall  show  that  a  very  likely  source  of  the  crest  vorticity  is  the 
parasitic  capillaries  themselves,  especially  the  steepest  capillaries  close  to  the  forward  edge 
of  the  roller.  This  is  a  nonlinear  effect  which  can  be  understood  in  two  steps.  First,  as 
proved  in  Section  2,  we  note  that  any  curved  free  surface  in  a  steady  Bow  irrotational  or 
not  is  necessarily  a  source  of  vorticity.  The  strength  of  the  vorticity  is  -2/c<?,  where  k  is  the 
curvature  of  the  streamline  at  the  surface  and  q  is  the  stream  velocity. 

It  follows  that  any  oscillatory  flow  must  develop  a  vortical  boundary-layer,  or  “Stokes  layer" 
(see  Sections  4  and  S).  To  first  order  (Section  4),  the  vorticity  diminishes  exponentially 
inwards.  But  it  is  a  remarkable  fact  that  at  second  order,  there  is  a  mean  “rectified” 
vorticity  just  beyond  the  boundary-layer.  This  must  diffuse  into  the  interior,  in  a  similar 
way  to  the  vorticity  in  the  flow  past  a  flat  plate.  For  waves  of  small  slope,  the  strength  of 
this  vorticity  is  double  that  generated  at  the  surface  itself,  and  is  given  by 

Woo  =  (1.1) 

independently  of  the  viscosity!  Here,  ak  denotes  the  capillary  wave  steepness  and  a  the 
radian  frequency.  The  simple  result  (1)  has  indeed  been  verified  experimentally  for  gravity 
waves  (Longuet-Higgins  1960).  For  capillary  waves,  however,  the  frequency  cr  is  much 
higher  than  for  gravity  waves  of  the  same  phase  speed.  Hence  the  vorticity  generated-  is 
much  greater  also.  This  vorticity  from  the  capillaries  accumulates  mainly  in  the  gravity 
wave  crests. 

The  total  vorticity  diffused  into  the  “stream"  which  flows  backwards  under  the  ripples  (in 
a  frame  of  reference  moving  with  the  wave  speed)  is  calculated  in  Section  7  below.  It  is 
found  fully  capable  of  producing  a  vortex  beneath  the  crest  of  the  gravity  wave,  with  a 
velocity  difference  of  order  c  (the  phase-speed)  between  top  and  bottom  of  the  vortex. 

This  conclusion  is  confirmed  in  Section  8  by  an  integral  argument  involving  the  mass 
transport  in  the  capillary  waves.  Steep  capillary  waves  have  very  rounded  crests,  in  which 
the  particle  velocity  almost  equals  the  phase  speed  c.  They  are  therefore  propogated 
somewhat  like  “balloons"  of  water  floating  on  the  undisturbed  surface.  Wl.rn  these  waves 
are  damped  out  by  viscosity,  their  forwards  momentum  (mass  transport)  must  be  converted 
into  a  shearing  current,  in  which  the  velocity  difference  between  top  and  bottom  is  of  order 
c. 

For  steep  capillary  waves  having  very  sharply  curved  troughs,  the  surface  vorticity  may 
be  shed  into  the  interior  differently,  namely  by  flow  separation  below  the  wave  troughs; 
see  Section  9.  Evidence  of  this  effect,  which  can  be  accompanied  by  the  trapping  of  air 
bubbles,  is  to  be  seen  in  the  observations  of  Koga  (1961). 

The  development  of  a  capillary  roller,  from  an  initially  irrotational  wave,  is  discussed  in 
Section  10.  Conclusions  and  further  suggestions  follow  in  Section  11. 


2.  The  vorticity  generated  at  a  free  surface 

In  this  section  we  prove  some  general  results  concerning  the  generation  of  vorticity. 

Let  (s,  n)  denote  coordinates  tangential  and  normal  to  any  streamline  in  a  steady,  two 
dimensional  flow,  as  in  Figure  2.  Here  q  denotes  the  particle  speed  and  k  the  curvature  of 
the  streamline  -  positive  if  the  surface  is  concave.  The  tangential  stress  is  denoted  by  rnt. 
Then  we  have 

Theorem  A.  In  any  steady  flow  in  which  the  tangential  stress  vanishes,  the  vorticity  at 
the  surface  must  be  given  by 

w,  =  -2 nq  .  (2.1) 

Proof.  In  general,  if  (u,v)  are  components  of  fluid  velocity  in  the  directions  of  any  fixed 
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rectangular  coordinates  (z,y)  then 

dv  du 
W  =  di  ~  dy 


f  du  dv\ 
and  rn.  =  ^-  +  Tx) 


(2.2) 


SO  if  Tn,  =  0, 


(2.3) 


Take  the  axes  (z,y)  tangential  and  normal  to  the  streamline  at  the  fixed  point  O,  and  let 
g  be  the  angle  between  the  tangents  to  the  streamline  at  O  and  the  general  point  P,  as  in 
Figure  2.  Then  we  have 


v  =  —  q  sin#  and 


d_ 

dx 


+  sin 


(2.4) 


Figure  2. 


Performing  the  differentiation  and  setting  9-0  afterwards  we  get  =  — <?§-  =  —  itq. 
Substituting  in  equation  (2.4)  we  obtain  (2.1) 

Physical  interpretation.  To  ensure  th-»  ,  —  0  the  fluid  must  move  locally  so  that  there  is 

no  relative  distortion  of  the  fluid  eh  .  .  That  means  that  the  local  flow  is  a  solid  rotation, 
see  Figure  3.  The  particle  speed  H  i  ,nis  flow  is  given  by  q  —  —Hr  where  Q  is  the  rate  of 
rotation  and  r  is  the  distance  from  the  centre  of  rotation.  Since  r  must  be  equal  1/k  where 
a  is  the  curvature,  we  have  f.  =  —itq.  But  it  is  well-known  that  the  local  rate  of  rotation 
0  of  a  fluid  element  is  ju.  .  jw,  where  w  is  the  vorticity.  Hence  (2.9)  is  equivalent  to  (2.1). 

Note  that  for  any  line -r  surface  wave,  given  by  y  =  a  cos  ks  where  y  is  the  surface  elevation 
and  c  the  phase-spf  :d,  we  have 


cj  =  —2 itq  —  —  2cy«  =  aka  cos  ks 


(2.5) 


where  cr  =  ck,  the  radian  frequency.  Thus  w  is  positive  at  the  wave  crests  and  negative  in 
the  wave  troughs,  as  shown  in  Figure  4. 

c 


Figure  4.  Schematic  drawing  of  the  vorticity  in  a  progressive  surface  wave. 
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A  consequence  of  Theorem  A  is  that  in  the  absence  of  surface  stresses,  waves  in  real  fluids 
cannot  be  entirely  irrotational.  Nevertheless,  we  can  still  use  the  well-known  theory  of 
irrotational  waves  as  a  first  approximation,  provided  that  we  add  boundary-layers  at  the 
free  surface  (and  if  necessary  at  solid  boundaries)  to  accomodate  the  non-zero  values  of 
the  vorticity  at  the  boundary  (c.f.  Longuet-Higgins  1953,  1960).  We  shall  now  apply  this 
procedure  in  the  first  place  to  pure  capillary  waves,  that  is  waves  so  short  that  the  influence 
of  gravity  on  the  phase-speed  can  be  considered  as  negligible. 


3.  Pure  capillary  waves 

To  illustrate  the  nonlinear  behaviour  of  w,,  we  apply  the  results  of  Section  2  to  Crapper’s 
pure  capillary  wave  solution,  given  in  the  form 

z  =  tan  w  —  w  (3.1) 

where  z  =  x  +  fy,  w  =  tj>  +  itp  and  we  have  chosen  dimensionless  units  so  that  the  phase 
speed  c  and  wavenumber  k  are  1  and  2  respectively  (see  Figure  5).  Then  it  is  easily  seen 
that  the  free  surface  condition  q2  +  2Tk  =  1  is  satisfied  provided  that 

coth  2 0O  =  2T  (3.2) 

T  being  the  surface  tension  in  these  units.  Equation  (3.2)  serves  as  the  dispersion  relation. 
The  wave  steepness  ak  equals  2/sinh  2  4>0. 

A  salient  feature  of  the  profiles  in  Figure  5  is  that  as  the  wave  amplitude  increases,  so 
the  waves  become  more  rounded  in  the  crests  and  sharply  curved  in  the  troughs.  In  the 
limiting  case  4>c  =  0.3941  the  ratio  of  the  curvatures  is  about  50:1. 


Figure  5.  (from  Longuet-Higgins  1988).  Streamlines  and  free  surfaces  in  Crapper’s 
solution  for  an  irrotational,  pure  capillary  wave,  viewed  in  a  frame  of  reference  moving  to 
the  right  with  the  phase-speed  c.  Units  are  dimensionless,  with  c  =  1,  k  =  2. 
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In  Figure  6  we  show  the  vorticity  u,  at  the  free  surface  as  given  by  equation  (2.5),  plotted 
against  the  distance  s  along  the  free  surface,  s  =  0  being  taken  in  the  wave  trough.  Figures 
6a  to  6d  show  the  cases  =  1.6,  1.2,  0.8  and  0.4,  corresponding  to  ak  =  0.163  to  2.252. 
Even  in  case  (a),  that  is  for  a  fairly  low  wave  steepness,  it  can  be  seen  that  u,  is  already 
quite  nonlinear,  being  almost  twice  as  great  in  the  troughs  as  in  the  crests.  As  decreases 
to  0.4,  the  vorticity  becomes  almost  entirely  concentrated  in  the  troughs,  and  elsewhere  is 
relatively  very  small. 
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Figure  6.  The  vorticity  u,  generated  at  the  surface  of  a  pure  capillary  wave  (Figure  5). 
(a)  V>«  =  1-6,  (b)  -  1-2,  (c)  i/j„  =  0.8,  (d)  =  0.4. 


4.  Boundary-layer  theory:  first  approximation 

We  employ  a  boundary-layer  theory  for  viscous  capillary-gravity  waves  which  will  be  ap¬ 
plicable,  in  the  first  place,  only  to  waves  of  small  or  moderate  steepness  ait.  The  general 
trend  of  the  results  as  the  steepness  increases  will,  however,  be  indicative  of  the  results  to 
be  expected  when  ak  is  of  order  unity. 

In  any  oscillatory  flow,  vorticity  tends  to  diffuse  inwards  from  the  boundary  on  a  length 
scale  of  order  6  =  (2i//a)1^  where  u  is  the  kinematic  viscosity  and  a  the  radian  frequency. 
Our  approximation  will  be  based  on  the  assumption  that  7  =  kS  <<  1  where  k  is  the 
wavenumber  for  the  surface  waves. 


Table  1.  Values  of  the  boundary-layer  parameter  7 


A 

k 

a 

6 

1 

(cm) 

(cm)'1 

(»-') 

(mm) 

100 

0.0628 

7.85 

.575 

.0036 

10 

0.628 

25.2 

.321 

.0202 

1.74 

3.617 

84.2 

.176 

.0635 

1.0 

6.283 

157.4 

.0129 

.0808 

0.1 

62.83 

4320. 

.0024 

.1541 

Some  numerical  values  of  7  are  shown  in  Table  2,  in  which  we  took  g  —  981  cm/s1,  T  —  75 
dyne/cm  and  1/  —  0.013  cm!/s.  For  very  small  wavelengths  (k  >>  1)  7  varies  only  as  kl/*. 

The  profile  of  the  free  surface  will  be  affected  to  order  72,  not  7.  For,  the  ratio  of  the 
viscous  stress  r„,  to  the  normal  stress  r„„  is  of  order 

rn,  2uK.q  2uq 

(4'1} 


for  capillary  waves.  But  q  is  of  the  same  order  as  the  phase-speed  c,  that  is  ( Tk )lD.  Hence 

1=1  ~  =  —  -  **  =  y  •  (4.2) 

c2/k  a 


=  k2&2  =  7J 


To  first  order  in  7  we  may  therefore  use  the  inviscid  streamlines  as  if  they  were  the  real 
streamlines. 

We  write 

(?.»  In)  =  (q,l,  ?n/)  +  ( q,B >  9nfl)  C4-3) 

where  (g,/,  q,s)  ire  the  tangential  and  normal  components  of  velocity  in  the  irrotational 
wave  (seen  in  a  frame  of  reference  moving  horizontally  with  the  wave  speed  c)  and  ( q,s , 
are  velocity  components  of  vortical  flow  induced  by  the  diffusion  of  vorticity  from  the 
boundary.  It  is  easy  to  see  that  q,i/e  =  0(1),  g,B/c  =  0(7)  and  that  to  lowest  order  in  7 

qnj  =  -n  =  0(7)0  and  ?„b  =  -n  =  0(7S)c  .  (4.4) 

Also  the  vorticity  w  is  given  to  lowest  order  by 

. .  .  ia 


Since  in  two-dimensional  flow  there  is  no  stretching  of  the  vortex  lines,  the  basic  equation 
for  the  vorticity  is 

=  1/  V2  w  (4.6) 

Dt 

where  D/ Dt  denotes  differentiation  following  the  motion  and  V2  is  the  two-dimensional 
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Laplacian.  Within  the  boundary-layer  this  reduces  to 


diu  f  d  d  \ 


(4.7) 


Now  let  q  denote  the  mean  speed  of  a  particle  along  the  boundary,  defined  as 


$  = 


q,i  da 


(4.8) 


Then  we  may  write 


1,i  =  9  + 


(4.9) 


where  cft!  =  0,  in  an  obvious  notation.  For  low  waves,  q  equals  the  phase-speed  c  and  q',, 
represents  the  tangential  component  of  the  orbital  velocity.  Then  on  substituting  in  (4.7) 
our  bask  vorticity  equation  becomes 


d 1 
3n 1 


1,1 


dui 

ds 


dq',,  du 
ds  dn 


(4.10) 


The  boundary  condition  at  w  —  0  is  that 

ui  =  -2K.q,i  =  -2K.[q  +  q when  n  =  0.  (4.11) 

Also  Vu  -*  0  as  n  -»  oo.  To  solve  these  equations  we  now  make  a  perturbation 
expansion  in  powers  of  an  ordering  parameter  e.  Thus  we  set 

1,1  =  <  1,n  +  t31.n  + - and  <c  =  c  «i  ;  (4.12) 


we  absorb  all  higher  powers  of  (  into  /c,.  We  then  seek  a  solution  for  w  in  the  form 
u>  =  fu/i  +  e’wj  + - by  successive  approximation. 

On  substituting  in  equations  (4.10)  and  (4.11)  and  equating  the  coefficients  of  t  we  have 


(4.13) 

=  — 2  K\  (] 

when  n  —  0 

(4.14) 

du>i  n 

-  0 

when  n  — »  oo. 

(4.15) 

Suppose  now  that  kx  is  given  as  a  Fourier  series  in  s: 

*i  =  £  Ct  titK\  K  = 

2X  /  Smat 

(4.16) 

£=1 


equations  (4.13  to  4.15)  have  the  unique  solution 

W|  =  -2?ECtc“,r'-‘,/’“  (4.17) 

whe^e 

6  =  (2v/o)l/*.  (4.18) 

<5 

Each  term  on  the  right  of  (4.17)  represents  a  term  decaying  inwards  exponentially,  but 
with  a  complex  exponent  a.  The  corresponding  velocity  components  are  calculated  from 
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q,Bi  =  J  dn.  qnBi  ~  ~  J0  ^ (4. 19) 

A  typical  example  is  shown  in  Figure  Ji.  The  tangential  component  q,s i  tends  to  be 
greatest,  and  in  the  direction  of  propagation,  at  a  point  lagging  45“  behind  the  wave  trough. 
There  is  an  eddy,  due  to  the  varying  normal  velocity  q„Bu  with  center  approximately  90“ 
behind  the  trough.  For  the  very  steep  wave  shown  in  Figure7b,  these  features  are  shifted 
closer  to  the  trough. 

In  this  first  approximation  the  vorticity  w  is  confined  to  the  Stokes  boundary-layer,  and 
none  escapes  beyond  a  distance  of  order  <5,  In  the  next  approximation  we  shall  see  that 
the  situation  is  quite  different. 


Figure  7.  The  first-order  flow  (<j,si,?„bi)  the  boundary-layer  for  the  capillary  waves 
in  Figure  5  (a)  0,  =  1.6,  (b)  4>0  =  0,4. 
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5.  The  mean  vorticity 

By  Theorem  A,  the  mean  vorticity  w,  at  the  free  surface  is  given  by 


ui,  =  -2  k. q  =  — 2/Cj  q't,  (5.1) 

since  A  =  ddjds  —  0  by  the  periodicity.  Now  for  any  sinusoidal  wave  such  as  (2.5)  in  deep 
water  we  have 

q',n  —  —no  cos  ks  (5.2) 

where  a  =  kc  is  the  radian  frequency.  Thus  the  tangential  velocity  correlates  with  the 
curvature  Kit  and  from  (5.1)  we  find 

ui,  =  —  (ak)*  a  (5.3) 

when  ak  is  small.  In  other  words,  the  mean  vorticity  is  negative.  We  show  in  Figure  7  the 
value  of  —  Q,  for  the  finite-amplitude  capillary  waves  of  Figure  3,  plotted  against  (ak)*.  It 
can  be  seen  that  this  increases  like  (aA:)J  at  first,  but  then  less  rapidly. 


Figure  8.  The  mean  vorticity  u>„  —  —2 nq  generated  at  the  surface  of  the  pure  capillary 
wave  of  Figure  5,  as  a  function  of  (ak)*. 

We  shail  now  prove  a  remarkable  result: 

Theorem  B.  The  mean  vorticity  just  beyond  the  Stokes  layer  is  just  double  the  mean 
vorticity  Q,  at  the  free  surface. 

Proof.  Taking  averages  with  respect  to  S  in  equations  (4.10)  and  (4.11)  we  have,  to  order 

el, 


v  -  ds 


d*w 
dn 

w  —  —2  Kq,i 

dQ  n 

3^  -  0 


,/  __  dq,r  _ 

3s  ndn 


when  n  —  0 
when  n  — *  oo 


(5.4) 

(5.5) 
(5.0) 


(for  brevity,  the  suffices  1  and  2  are  omitted).  Now  in  any  two  periodic  quantities  A  and 


B  we  have  dA/da  B  =  A  dB/ds.  Hence 


(5.7) 


d*Q  du  d2u 

Ud*=q“Ts  +q“nM-n== 


dq,,  ,  v  d*u 
dn  ,l  n  c  dn : 


by  (4.13).  Integrating  from  n  =  oo,  where  both  dQ/dn  and  duj/dn  vanish,  we  have 


du  .  d2u 


A  second  integration  from  n  =  0  gives 


,  /  du  \  . 

w  -U,  =  q,i  I  n—  -  w  +  w,  I  /$ 


(5.8) 


(5.9) 


where  a  suffix  zero  denotes  the  values  at  n  =  0.  Letting  n  — *  oo  we  find 


fi >oo  -  ®«  =  «./$  =  9i;(-2  *?)/?  =  -2*^,/  =  w,  .  (5.10) 

Thus  os,*,  =  2Q,,  the  result  to  be  proved. 

From  equation  (5.3)  it  follows  that  for  low  waves 

Woo  =  -2(aJk)V  (5.11) 

independently  of  the  viscosity  or  of  the  dispersion  relation. 

This  result  has  been  checked  experimentally  for  low  gravity  waves  of  periods  0.65s  to  1.2s, 
see  Longuet-Higgins  (1960). 


6.  Diffusion  of  the  mean  vorticity 

Unlike  the  periodic  components,  the  mean  vorticity  Woo  will  diffuse  into  the  interior  of  the 
fluid  on  a  longer  time-scale  than  the  wave  period,  according  to  the  diffusion  equation 


dui  d7w 
dt  U  dn1 


(6.1) 


When  n  becomes  comparable  with  k~\  it  may  be  replaced  by  z,  the  mean  depth  of  a 
particle  below  the  mean  surface  level.  On  this  time  and  length  scale,  if  £  =  0  is  the  time 
at  which  the  motion  is  started,  we  find  from  (6.1)  that 

®m  -  %  r  «"*'* a  where  z = •  (6-2) 

7T1/*  JZ 

The  horizontal  velocity  u  associated  with  this  mean  vorticity  is  given  by 


U  = 


(6.3) 


In  particular  at  the  mean  surface  level  z  =  0  we  have 

(of) fi^-2171^^  (6.4) 

where  N  =  <rf/2jr  is  the  number  of  wave  cycles  after  starting  the  motion  and  6  is  the 
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boundary-layer  thickness,  defined  by  equation  (4.1).  A  graph  of  u  as  a  function  of  k,  after 
N  cycles  is  shown  in  Figure  8,  for  various  values  of  A'. 


Figure  9.  The  mean  horizontal  velocity  u  after  N  cycles,  shown  as  a  function  of  the  mean 
depth  z. 

7.  Capillary  rollers 

As  seen  in  Figure  1,  a  finite  train  of  capillary  waves  often  forms  just  ahead  of  the  crest 
of  a  short  gravity  wave  on  which  there  is  a  strong  “roller”,  or  concentration  of  vorticity. 
In  a  frame  of  reference  moving  with  the  phase  speed  c,  the  particles  at  the  surface  of  the 
crest  travel  slightly  forwards  whereas  the  particles  beneath  the  roller  travel  backwards 
with  nearly  the  phase  speed.  Thus  there  is  in  the  roller  itself  a  strong  negative  vorticity. 
This  strong  shearing  flow  appears  also  to  produce  3-dimensional  instabilities  in  the  form 
of  vortices  having  axes  aligned  in  the  direction  of  wave  propagation,  similar  to  a  Langmuir 
circulation.  We  regard  the  latter  as  a  secondary,  though  important,  effect,  but  enquire 
here  only  into  the  source  of  the  primary,  two-dimensional  vorticity. 


We  remark  that  the  rollers  associated  with  parasitic  capillaries  are  but  one  example  of 
a  more  general  class  of  flows  which  we  may  call  “capillary  bores”;  see  Figure  10.  A 
capillary  bore  may  be  defined  as  a  small  jump  in  surface  elevation,  where  the  surface  may 
be  locally  vertical,  ahead  of  which  is  a  train  of  short  capillary  waves,  and  behind  which  is 
found  a  strong  negative  vortex.  Such  flows  are  seen  frequently  on  a  disturbed  water  surface, 
with  or  without  the  presence  of  wind,  and  they  occur  on  a  range  of  scales.  Generally  the 
smaller  scales  appear  to  be  laminar,  the  larger  scales  turbulent.  The  model  we  propose 
assumes  that  the  flow  is  laminar. 
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Figure  10.  Schematic  drawing  of  a  capillary  bore,  with  no  separation  of  the  flow. 


We  shall  first  estimate  the  total  amount  of  the  vorticity  shed  by  a  finite  train  of  capillary 
waves.  Separation  of  the  flow  will  not  be  assumed.  In  Sections  3  to  8  above  we  neglected 
the  decay  of  the  wave  train  with  horizontal  distance  x  in  the  direction  of  wave  propagation. 
For  a  uniform  wave  train  the  time-rate  of  decay  of  the  amplitude  a  is  given  by 


1  da 
a  dt 


=  — 2l/fcs  . 


(7.1) 


(see  Lamb  1932,  348).  In  a  capillary  roller,  however,  the  source  of  the  capillary  wave 
energy  is  localized  near  the  gravity  wave  crest.  Since  the  group-velocity  of  capillary  waves 
equals  |c,  greater  than  the  phase  velocity,  the  wave  energy  is  propagated  upstream  of  the 
source,  that  is  on  the  forward  face  of  the  gravity  wave,  and  decays  with  distance  x  from 
the  source,  while  remaining  steady  in  time.  If  we  neglect  the  work  done  by  the  current 
against  the  radiation  stress  (see  Longuet-Higgins,  1963)  we  can  determine  the  horizontal 
rate  of  decay  by  dividing  the  right-hand  side  of  (8.1)  by  the  group  velocity  3e/2.  Hence 


1  da 
a  dx 


(7.2) 


Since  the  mean  vorticity  is  proportional  to  aJ,  the  effective  length  of  the  wave  train  is 
therefore  X  ~  3/i/fc2.  A  stream  flowing  beneath  the  wave  train  with  speed  — c  passes  the 
wave  train  in  a  time  t  of  order  i  ~  3 /vk*. 

A  wave  train  of  initial  steepness  (oA:)0  at  x  =  0  will,  over  the  decay  distance  X,  have  a 
mean-squared  amplitude  (1  —  e-l)(afc„)!.  We  can  estimate  the  magnitude  of  the  vorticity 
Q  shed  into  the  stream  by  supposing  that  it  is  comparable  to  the  total  vorticity  shed  by 
a  uniform  wave  train  of  this  mean-square  steepness  over  the  given  time  t.  Substituting  in 
(6.4)  we  find  altogether 

u„  =  0.87(ak)2c  .  (7.3) 


Now  from  Figure  3  it  is  clear  that  [ak),  can  be  of  order  1  so  that  Stf,  by  (7.3),  is  of  the  same 
order  as  e.  In  other  words,  the  vorticity  generated  beneath  the  capillary  waves  appears 
quite  capable  of  generating  the  velocity-differences  above  and  below  the  roller,  even  in  the 
absence  of  wind. 

In  the  case  of  rollers  on  a  short  gravity  wave,  the  velocity  difference  between  top  and 
bottom  of  the  roller  is  further  augmented  by  the  vertical  gradient  of  the  orbital  velocity 
in  the  gravity  wave.  In  addition,  work  is  done  on  the  parasitic  capillaries  by  the  orbital 
motion  in  the  gravity  wave  (Longuet-Higgins  1963;  Longuet-Higgins  and  Stewart,  1964), 
causing  them  to  become  botn  shorter  and  steeper,  thus  increasing  the  vorticity  which  is 
shed. 
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8.  Vorticity  and  mass  transport 

The  above  conclusions  are  corroborated  by  considering  the  creation  of  vorticity  from  the 
point  of  view  of  the  capillary  wave  momentum.  For,  the  total  horizontal  momentum  density 
/  in  a  surface  wave  on  deep  water  is  given 

I  =  2  KE/c  (8.1) 

where  KE  is  the  kinetic  energy  density  (see  for  example  Longuet-Higgins,  1975).  For  a 
pure  capillary  wave 

I  =  ^)J  (W'*  (8.2) 

at  small  wave  steepnesses.  At  the  maximum  wave  steepness  ak  =  2.293  this  value  is 

increased  by  a  further  factor  of  1.233;  see  Hogan  (1979). 

When  the  capillary  wave  is  damped  out  by  viscosity,  the  wave  momentum  I  is  converted 
mainly  to  a  horizontal  current  (though  some  may  go  to  produce  a  depression  of  the  mean 
surface  level).  From  equation  (6.2),  the  depth  d  to  which  the  momentum  is  diffused  is  of 
order  (i/t)l^J  where  t  ~  3 /uk2.  Thus  we  have 

d  (3/8)1/J  k~l  (8.3) 

The  mean  current  velocity  is  of  order  I/d.  Using  (8.2)  we  have 

u0  ~  ^(a/c)2  (3/3) 1/2  c  =  0.82(aA:)2c  (8.4) 

in  rough  agreement  with  (7.3). 


O/c 


Figure  11.  The  mass-transport  velocity  U  for  pure  capillary  waves,  shown  as  a  function 
of  the  mean  depth  y  of  each  streamline  in  Figure  5. 
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If  the  capillary  wave  were  dissipated  instantaneously  by  internal  friction,  the  profile  of  the 
horizontal  momentum  would  presumably  be  given  by  the  mass-transport  velocity  U  in  the 
original  wave.  In  Figure  11  we  show  Ujc  plotted  as  a  function  of  the  mean  depth  y  of 

a  streamline  below  the  mean  surface  level  y  ,  for  waves  of  various  steeoncsscs  ak.  It  is 

notable  that  for  the  steepest  waves,  Ujc  is  close  to  unity  over  an  appreciable  thickness  of 

fluid  nearest  the  free  surface.  This  reflects  the  fact  that  the  fluid  in  the  rounded  crests  of 

the  wave  all  travels  forward  with  nearly  the  phase-speed  c.  The  momentum  of  this  fluid 
has  only  to  be  released  into  a  configuration  where  the  surface  is  flattened,  in  order  to  create 
a  positive  current  moving  very  nearly  with  speed  c. 


9.  Steep  capillary  waves 

In  very  steep  capillary  waves  having  sharply  curved  troughs,  such  as  shown  in  Figures  5d 
and  7b,  it  seems  inevitable  that  the  streamlines  will  separate  at  the  wave  troughs.  The 
high  vorticity  —2K.q  generated  at  a  trough  will  give  rise  directly  to  a  free  streamline  as  in 
Figure  12.  The  initial  velocity-difTcrcncc  Au  across  the  layer  will  be  of  the  same  order  as 
the  vorticity  u>  integrated  round  the  sharp  bend  that  is 

Au  ~  J  ui  ds  —  /{— 2 icq)  ds  .  (9.1) 

Since 

J  K.ds  —  AS  =  -rr  (9.2) 

we  see  that  velocity-differences  of  the  same  order  as  q  or  c  are  to  be  expected. 

The  enclosed  space,  or  “bubble" ,  in  the  trough  of  the  limiting  wave  in  Figure  5d  has  long 
suggested  that  bubbles  of  air  may  be  trapped  by  such  wavc3  (see  Crapper  1957,  Schooley 
1958).  This  no  doubt  explains  the  injection  of  air  bubbles  beneath  capillary-gravity  waves 
as  seen  in  the  laboratory  by  Toba  (1961),  Koga  (1982)  and  others,  although  we  may  also 
expect  the  density  and  viscosity  of  the  air  to  be  of  significance  in  this  process. 

We  recall  that  this  limiting  form  of  steep  waves,  in  which  adjacent  wave  crests  come  into 
contact  and  trap  air,  is  not  confined  to  pure  capillary  waves,  but  is  found  over  a  whole 
range  of  the  parameter  (Tfc5/y),  as  shown  by  Schwartz  and  Vanden-Broeck  (1980),  Chen 
and  Saffman  (1979,  1980)  and  Hogan  (1980,  1981).  The  range  of  (Tk1  /g)  extends  even  to 
zero,  to  include  capillary-gravity  waves  of  solitary  type  on  deep  water  (Longuet-Higgins 
1989).  Boundary-layer  calculations  similar  to  those  that  we  have  carried  out  for  pure 
capillary  waves  could  equally  well  be  performed  for  all  such  waves. 


Figure  12.  Schematic  drawing  of  a  crest  roller,  with  flow  separation  and  free  shear  layer. 
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10.  The  development  of  rollers  and  bores 

The  development  of  a  capillary  roller  at  the  crest  of  a  short  gravity  wave  appears  to  be  a 
consequence  of  the  existence  of  the  parasitic  capillaries.  This  in  turn  may  be  a  phenomenon 
of  irrotational  flow,  in  the  first  place. 

For  example,  we  know  the  theoretical  form  of  the  wave  crest  in  a  steep  gravity  wave  (the 
“almost-highest  wave")  as  the  limiting  120“  corner-flow  is  approached  (see  Longuet-Higgins 
and  Fox,  1976).  At  “infinity”  the  flow  approaches  asymptotically  the  120°  corner-flow,  and 
the  only  scale-length  in  this  solution  is  the  radius  of  curvature  at  the  crest. 

The  corresponding  irrotational  solution  including  capillarity  has  not  yet  been  calculated, 
but  we  may  conjecture  that  it  will  feature  capillary  waves  ahead  of  the  gravity  wave  crest. 
These  must  have  a  speed  which  enables  them  to  propagate  against  the  backward  flow. 
The  source  of  the  capillary  wave  energy  is  presumably  connected  with  nonlinear  features 
of  the  flow  near  the  gravity  wave  crests,  where  the  length-scale  of  the  flow  is  comparable  to 
the  wavelength  of  the  capillaries.  A  first  theory  for  such  parasitic  capillaries  was  given  by 
Longuet-Higgins  (1963).  This  assumed  the  wave  amplitude  to  be  due  to  the  perturbation  in 
the  pressure  brought  about  by  capillarity  in  the  neighbourhood  of  the  gravity  wave  crest, 
where  the  curvature  is  relatively  large.  The  theory  was  further  developed  by  Vanden- 
Droeck  (1960)  and  Crapper  (1970),  with  qualitative  experimental  confirmation  by  Chang 
et  al.  (1978)  and  Yermakoo  et  al.  (1986);  see  also  Ebuchi  et  al.  (1987).  Ruvinsky  et  al. 
(1981,  1985,  1991)  have  developed  a  theory  which  takes  fuller  account  of  the  dynamics  of 
the  wave  crest,  and  includes  the  damping  of  the  capillaries,  to  first  order,  but  ignores  the 
existence  of  the  roller  at  the  crest. 

Cravity  waves  in  a  random  sea  are  essentially  transitory,  so  that  steep  or  breaking  waves 
may  appear  in  a  short  time  of  the  order  of  one  or  two  wave  periods.  The  wave  crests  may 
initially  be  irrotational,  or  relatively  so.  However,  very  soon  after  the  first  appearance  of 
the  parasitic  capillaries,  the  shed  vorticity  will  begin  to  build  up  a  vortex  at  the  gravity 
wave  crest.  This  vortex  will  tend  to  accentuate  the  curvature  immediately  behind  (i.e. 
downstream  of)  the  first  capillary  wave,  and  so  increase  its  amplitude.  The  dissipation  of 
energy  may  also  reduce  the  steepness  of  the  gravity  wave.  But  it  seems  likely  that,  over  a 
short  time  at  least,  there  is  a  positive  feed-back  between  the  crest  roller  and  the  parasitic 
capillaries.  In  other  words,  the  configuration  of  roller  and  capillaries  is  self-sustaining, 
the  energy  for  the  flow  being  drawn  from  the  much  larger  energy  of  the  gravity  wave.  A 
schematic  picture  is  shown  in  Figure  12. 

The  flow  may  break  down  in  various  ways.  One  is  by  dissipation  of  the  energy  of  the 
gravity  wave  (see  Longuet-Higgins  1963,  Section  10),  or  the  gravity  wave  may  flatten  by 
the  familiar  process  of  moving  forwards  through  a  wave  group.  A  second  possibility  is  for 
the  capillary  waves  to  trap  air  bubbles  in  the  sharp  wave  troughs  as  observed  by  Koga 
(1982).  This  process  is  accompanied  by  a  characteristic  circulation  near  the  gravity-wave 
crest,  a  partial  model  for  which  has  been  suggested  by  Longuet-Higgins  (1990). 

A  third  possibility,  which  is  always  present  when  a  laminar  viscous  flow  is  pushed  to  larger 
Reynolds  numbers,  is  that  the  flow  will  pass  via  instability  into  a  turbulent  flow.  In  such 
a  case  the  vorticity  generated  by  the  capillaries  may  be  replaced  entirely  by  an  unstable 
shear  layer  between  the  roller  and  the  underlying  flow,  and  then  the  parasitic  capillaries 
may  altogether  disappear.  This  appears  to  have  happened  in  the  microbreakcr  shown  for 
example  by  Banner  and  Cato  (1988);  sec  also  Danner  and  Phillips  (1974). 
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11.  Conclusions  and  suggestions 

We  have  shown  that  the  mean  vorticity  shed  from  parasitic  capillaries  on  the  forward  face 
of  a  short  gravity  wave  may  contribute  substantially  towards  the  vorticity  in  the  roller  at 
the  gravity  wave  crest.  Under  some  circumstances,  in  the  absence  of  wind,  this  mechanism 
may  account  for  all  the  observed  vorticity. 

The  crest  roller  and  the  train  of  parasitic  capillaries  form  a  cooperative  system,  each 
sustaining  the  other.  The  capillaries  may  become  so  steep  as  to  trap  air  bubbles  beneath 
the  surface,  as  seen  by  Koga  (1982). 

The  scale  of  the  phenomenon  is  limited.  At  larger  Reynolds  numbers  the  capillary  wave 
train  disappears  and  is  replaced  by  an  unstable  shear  layer  between  the  roller  and  the  fluid 
beneath. 

At  small  scales,  the  role  of  surface  tension  and  viscosity  are  all-important.  In  this  paper 
we  have  estimated  the  effect  of  viscosity  in  a  rough  way,  as  a  perturbation  to  an  otherwise 
irrotational  flow.  Ultimately,  a  more  radical  approach  is  needed,  incorporating  viscous 
boundary  conditions  from  the  start. 

We  have  considered  the  dynamics  of  the  boundary-layer  mainly  from  the  point  of  view  of 
vorticity.  It  may  also  be  fruitful  to  consider  the  balance  of  tangential  momentum  in  the 
layer  (Longuet-Higgins,  1969a;  Csanady  1989),  especially  over  a  wavelength  of  the  gravity 
wave.  The  generation  of  mean  vorticity  by  the  parasitic  capillaries  is  equivalent  in 
its  effects  to  applying  a  tangential  stress  —  !/&„,  at  the  surface  of  the  gravity  wave.  This 
tends  to  pile  up  an  additional  mass  of  fluid  lagging  90°  behind  the  applied  stress  (see 
Longuet-Higgins  1969a).  Since  the  capillaries  are  on  the  forward  face  of  the  wave,  we 
expect  the  additional  mass  to  appear  near  the  crest,  as  i3  observed.  The  virtual  tangential 
stress  will  also  contain  a  second  harmonic  which  will  in  general  cause  the  gravity  wave  to 
become  asymmetric,  in  the  horizontal  sense.  Ordinary,  second-harmonic  viscous  damping 
will  of  course  have  a  similar  effect,  but  the  effect  of  dissipation  by  the  capillaries  is  much 
stronger.  In  fact  it  may  lead  to  a  kind  of  dissipative  coupling  between  the  gravity  wave 
and  its  second  and  higher  harmonics. 
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Abstract 

The  fluid  mechanics  of  wave  breaking  is  discussed,  selecting  only  aspects 
involved  directly  in  the  wave  breaking  process  rather  than  wave  evolution 
towards  breaking  or  the  effects  of  breaking.  As  well  as  plunging  and 
spilling  breakers  other  less  usual  topics  arc  considered  including  examples 
where  the  free  surface  "breaks"  at  a  trough  rather  than  a  crest. 


Introduction 

There  are  many  papers  on  the  causes  of  wave  breaking,  such  as 
instabilities,  shoaling  water,  forcing,  or  simple  evolution  of  long  waves 
in  shallow  water.  Similarly  there  is  much  discussion  of  the  effects  of 
wave  breaking,  such  as  dissipation,  mixing  and  the  generation  of  currents. 
Here,  however,  I  discuss  the  actual  process  of  wave  breaking  and  try  to 
give  a  little  insight  into  some  of  the  various  mechanisms  involved.  Only 
the  breaking  of  surface  waves  is  considered  though  there  is  reference  to 
other  circumstances  and  some  comments  are  more  widely  applicable.  Also,  a 
rather  wide  interpretation  of  breaking  is  taken,  beyond  the  case  of  the 
usual  propagating  waves,  which  might  plunge  or  spill,  though  these  are 
considered.  In  particular,  some  attention  is  given  to  Rayleigh-Taylor 
instability  and  to  the  often  inconspicuous  breaking  associated  with 
turbulent  flow  beneath  a  free  surface.  The  overall  aim  of  this 
presentation  is  to  stimulate  further  work  to  clarify  the  fluid  mechanics  of 
breaking.  When  the  strong  influence  of  wave  breaking  on  the  design  of 
marine  structures,  the  evolution  of  coastlines  and  on  mass  and  heat 
transfer  between  oceans  and  atmosphere  is  considered,  we  can  argue  that 
wave- breaking  is  the  most  important  feature  of  surface  waves. 
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Jets 

The  phrase  "a  breaking  wave"  will  usually  stimulate  a  mental  picture  of 
a  plunging  breaker.  The  most  characteristic  feature  of  a  plunging  breaker 
is  the  sheet,  or  two-dimensional  jet,  of  water  that  forms  near  the  crest  of 
the  wave  and  plunges  forward  into  the  water.  The  falling  jet  has  the 
simplest  mechanics.  It  is  usually  thin  and  has  the  same  pressure  around  it 
so  that  to  a  good  approximation  the  thinner  parts  are  simply  falling  under 
gravity.  Longuet- Higgins  (1980)  has  described  a  solution  for  a  rotating 
hyperbola  in  free-fall  which  simulates  the  motion  of  a  jet's  tip. 

It  is  more  difficult  to  interpret  the  initial  growth  of  a  jet. 
Peregrine,  Cokelet  and  Mclver  (1980)  considered  the  details  of  the  fluid 
motion  for  some  typical  breaking  waves.  The  most  remarkable  feature  is 
that  a  region  of  large  fluid  accelerations  and  corresponding  large  pressure 
gradients,  develops  on  the  front  face  of  a  wave.  Some  "extra"  acceleration 
of  fluid  particles  is  clearly  a  necessary  precursor  of  breaking  since  the 
jet  must  attain  a  forward  velocity  greater  than  that  of  the  bulk  of  the 
wave. 

Similarly  some  convergence  of  the  flow  is  necessary  to  form  a  jet. 
However,  convergence  of  the  surface  is  insufficient.  This  is  readily  seen 
from  the  exact  solution  for  flow  above  a  horizontal  plane  y  =  0,  given  for 
t  <  0  by  velocity  potential 

d(x,y,t)  =  (x*  -  y*)/2t 
and  surface  elevation  »7(z,t)  =  -H/t 

for  constant  H.  This  flow  has  the  peculiarity  of  singular  behaviour  as 
t  — •  0  for  which  the  infinite  extent  of  the  flow  is  relevant.  On  the  other 
hand,  a  solution  which  leads  to  a  jet  like  flow,  in  the  absence  of  gravity, 
is  the  Dirichlet  ellipse  (Longuet- Higgins,  1972).  An  initially  extended 
but  converging  half  ellipse  in  y  >  0  becomes  a  long  "jet"  along  the  y  axis, 
where  again  y  =  0  is  taken  as  a  bounding  plane. 

If  we  widen  our  view  of  jet  formation  at  a  free  surface  then  very 
violent  jets  are  found.  For  over- forced  standing  waves  in  a  beaker 
Longuet- Higgins  (1983)  shows  photographs  of  a  violent  jet  emerging  from  the 
central  trough  of  the  wave  and  Cooker  and  Peregrine  (1990,  and  1991  in  this 
volume)  compute  similarly  violent  two-dimensional  jets  arising  from  a 
trough  in  the  free  surface.  These  computations  indicate  that  very  high 
pressures  and  accelerations  are  involved  in  the  jet's  formation.  They  seem 
to  be  similar  to  the  jets  formed  when  cavitation  bubbles  collapse  in  a 
non-uniform  environment.  The  formation  of  these  jets  is  an  "active" 


process  in  which  the  fluid  flow  appears  to  be  organised  towards  their 
treat  ion . 

One  might  on  the  other  hand  argue  the  free  surface  is  entirely  passive. 
The  two  boundary  conditions  at  the  free  surface  are  firstly  the  kinematic 
boundary  condition  which  states  that  the  free  surface  is  a  material 
surface,  and  secondly  the  dynamic  boundary  condition  which  for  the  inviscid 
model  being  considered  is  that  pressure  is  constant.  Both  of  these  appear 
unrelated  to  active  jet  fo-mation.  In  fact  jet- like  structures  in  a 
material  surface  are  commonplace  in  unsteady  flows.  For  example,  sec  the 
dye  streaks  in  figure  10.3  of  Van  Dyke  (1982)  which  shows  a  replica  of 
Reynolds'  experiment  on  the  development  of  turbulence  in  pipe  flow.  A 
further  related  example  is  the  development  of  fi lamentation  in  contour 
dynamics,  the  two  dimensional  flows  with  regions  of  constant  vorticity. 

Thin  strands  of  the  interface  between  regions  of  differing  vorticity  arc 
converted  away,  e.g.  see  Pullin  (1981)  or  Dritschcl  (1988). 

When  flows  that  are  not  directly  related  to  the  free  surface  arc 
considered  then  it  is  easy  to  see  that  if  they  are  energetic  enough  surface 
breaking  occurs.  An  example  of  a  turbulent  jet  near  the  free  surface  is 
shown  in  figure  1  where  breaking  can  be  seen  over  the  more  energetic  part 
of  the  jet.  Here  the  free  surface  behaviour  is  almost  incidentally  caused 
by  the  turbulent  jet  flow.  As  long  as  gravity  fails  to  restrict  the 
excursions  of  the  free  surface  this  may  be  interpreted  as  passive  breaking. 

Vo  can  examine  the  pressure  field  in  a  wave  that  is  just  about  to  break 
in  a  conventional  manner.  Figure  2  shows  a  wave  breaking  because  of  a 
shoaling  bed.  Two  plots  of  pressure  are  shown.  The  first  shows  the  strong 
pressure  gradient  at  the  front  of  the  wave  accelerating  water  towards  the 
incipient  jet..  The  second  is  designed  to  indicate  the  "activity"  of  the 
fljw  and  shows  pressure  contours  after  hydrostatic  pressure  has  been 
snbtrac  >d  from  the  flow  field.  The  contours  are  concentrated  in  the  front 
of  the  wave  and  arc  sparse  at  and  beyond  the  crest.  Comparison  with 
previously  mentioned  examples  suggests  that  this  typical  breaking-wave  flow 
has  both  active  and  passive  aspects,  corresponding  to  flow  beneath  and 
beyond  the  area  from  which  the  jet  is  about  to  emerge. 

Splashing 

After  a  plunging  jet  hits  the  water  in  front  of  the  breaking  wave  a 
sequence  of  splashes  is  created.  The  study  of  this  aspect  of  wave  breaking 
is  only  in  its  infancy.  It  is  at  the  stage  where  observation  and 
description  are  of  value  in  order  to  stimulate  theoretical  developments. 


Figure  2  Pressure  contours  in  a  wave  which  is  about,  to  break 
The  wave  is  propagating  toward  the  left 

(a)  Total  pressure 

(b)  Pressure  minus  hydrostatic  pressure. 
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Excellent  examples  of  the  complex,  hut  repeatable,  splashing  that  occur  in 
breaking  waves  are  Tallent  ct  al's  (1990)  illustrations  drawn  from  careful 
study  of  sequential  video  frames. 

A  first  attempt  at  splash  modelling  is  described  in  Peregrine  (1981). 
More  progress  has  been  made  in  modelling  the  splash  caused  by  the  impact  of 
solid  bodies,  see  Grcenhow  (1988)  for  a  recent  example. 

"Waterfall  breaking" 

This  type  of  breaking  seems  not  to  have  been  remarked  upon  before,  yet 
it  occurs  in  many  different  ways.  As  an  introductory  example  consider  the 
flow  of  a  stream  of  water  over  a  bed  in  which  there  is  a  substantial 
downward  step.  If  the  water  level  downstream  of  the  step  is  well  above  the 
top  of  the  step,  the  step  causes  no  more  than  a  slight  disturbance.  On  the 
other  hand  if  the  water  level  downstream  of  the  step  is  appreciably  below 
the  level  of  the  top  of  the  step  then  a  waterfall  forms  and  the  descending 
stream  of  water  plunges  beneath  the  lower  free  surface.  If  the  downstream 
water  level  is  unsteady  and  descends,  not  too  slowly,  there  is  a  sudden  and 
rapid  transition  between  smooth  flow  along  the  free  surface  and  a  plunging 
flow.  The  free  surface  "breaks"  downwards  in  a  manner  which  is  altogether 
different  to  a  conventional  breaking  wave.  Ohtsu  and  Vasuda  (1991)  give  a 
comprehensive  description  of  the  many  different  steady  flows  that  occur 
over  a  step,  though  they  do  not  report  the  significant  hysteresis  that 
occurs  if  a  given  downstream  depth  is  reached  by  lowering  or  raising  the 
water  level. 

Similar  waterfall  breaking  can  occur  if  a  large  bluff  body  is  raised 
towards  the  free  surface,  as  sketched  in  figure  3.  Perhaps  the  most  common 
form  of  waterfall  breaking  occurs  when  a  region  of  vort, icily  approaches  a 
free  surface.  The  region  of  vorticity  can  be  a  turbulent  eddy,  a  vortex 
pair  or  a  vortex  ring  such  as  occurs  if  an  upward  pointing  hose  is  turned 
on  beneath  the  water  surface  and  is  turned  on. 

The  motion  due  to  a  vortex  pair  approaching  the  surface  is  described  in 
computations  by  Tclste  (1989).  Figure  10,  in  that  paper  shows  the  final 
stage  of  an  inviscid  calculation  where  a  depression  in  the  free  surface  has 
almost  formed  an  angle  or  cusp  at  the  bottom.  A  close-up  of  streamlines  of 
a  similar  flow  we  have  recently  computed,  with  a  single  vortex  are  shown  in 
figure  1.  Careful  examination  of  the  flow  field  shows  an  extreme  variation 
of  tiie  normal  pressure  gradient  at  the  surface  at  the  bottom  of  the  trough. 
It  is  -0.35,  0.99  and  11.98  pg  at  successive  discretization  points. 
Similarly  the  rate  of  strain  and  the  angular  velocit.y  of  the  free  surface 
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are  also  large  with  strong  gradients.  It  is  hard  to  extrapolate  from 
numerical  results  to  determine  what  sort  of  singularity  of  the  free  surface 
might  occur.  It  seems  likely  that  an  angle,  cusp  or  pinching  off  of  the 
trough  will  occur  leading  to  the  development  of  a  shear  layer  within  the 
water. 

The  vortex  pair  computation  has  also  been  performed  for  a  viscous 
liquid.  Ohring  and  Lugt  (1991)  report  computations  for  a  Reynolds  number 
of  100,  with  and  without  surface  tension.  In  this  case  it  is  clear  that 
vorticity  generated  at  the  bounding  free  surface  plays  a  very  significant 
role  and  leads  to  a  free  surface  structure  which  briefly  resembles  a 
spilling  breaker.  See  also  Longuet-Higgins  (1991,  in  this  volume). 

The  steady  or  quasi-steady  flows  which  follow  waterfall  breaking 
involve  a  shear  layer  descending  into  the  water,  usually  with  a  noticeable 
trough  or  line  on  the  free  surface.  For  example,  see  the  far  field  of  the 
turbulent  jet  in  figure  1.  In  the  context  of  a  ship's  wake  which  can  be 
modelled  as  a  vortex  pair  such  lines  or  troughs  have  been  called  "scars". 
These  flow  features,  on  a  much  smaller  scale,  may  be  crucial  to  a  full 
understanding  of  heat  and  mass  transfer  across  a  gas- liquid  interface 
whether  on  the  ocean  surface  or  in  industrial  equipment. 

Rayleigh- Taylor  instability 

Although  Rayleigh-Taylor  instability  is  sometimes  proposed  as  a  cause 
of  wave  breaking,  I  do  not  consider  that  it  is  relevant  to  ordinary 
propagating  waves.  This  viewpoint  is  based  on  both  observation  and  theory. 
On  the  theoretical  side  we,  at  Bristol,  have  been  computing  many  unsteady 
water  wave  solutions  for  about  a  dozen  years.  Despite  deliberate  attempts 
to  cause  waves  to  develop  Rayleigh-Taylor  instability  is  has  not  been 
observed  in  ordinary  waves. 

There  arc,  however,  cases  where  Rayleigh-Taylor  (R-T)  instability  does 
occur  and  can  be  observed,  but  the  type  of  flow  disturbance  that  arises  has 
characteristics  which  differ  from  ordinary  plunging  or  spilling  breakers. 

Before  discussing  flows  where  R-T  instability  occurs  let  us  briefly 
review  it.  The  primary  example  of  R-T  instability  is  where  a  heavier  fluid 
overlies  a  less  dense  fluid  in  uniform  gravitational  field.  For  an  infinite 
plane  interface  between  semi  infinite  fluids  it  is  readily  found  that  all 
wavelengths  are  unstable  in  the  absence  of  surface  tension.  The  same 
analysis  applies  to  an  accelerated  interface  and  clearly  unsteady  motions 
of  a  free  surface  do  involve  accelerations  of  the  surface.  Since  these 
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accelerations  are  caused  by  the  pressure  gradient  which  oust  be 
perpendicular  to  the  free  surface  it  is  most  convenient  to  summarise  the 
likelihood  of  R-T  instability  in  the  following  way.  If  the  normal  pressure 
gradient  at  a  free  surface  is  such  that  pressure  decreases  on  passing  from 
less  dense  to  denser  fluid  then  R-T  instability  is  possible. 

If  a  region  of  free  surface  has  a  normal  pressure  gradient  tending  to 
R-T  instability  such  instabilities  do  not  necessarily  develop.  For  example 
the  flow  above  a  vortex  illustrated  in  figure  4  has  a  substantial  length  of 
"unstable"  pressure  gradients.  However,  the  rapid  evolution  of  the  flow 
appears  to  be  inhibiting  growth  of  instabilities. 

A  case  where  growth  of  disturbances  does  occur  in  such  an  unstable 
region  is  on  large  amplitude  waves  on  certain  flows  with  shear.  The  most 
easily  observed  example  is  where  large  waves  are  nearly  stationary  on  a 
strongly  sheared  flow  such  as  the  backwash  down  a  beach.  Simple  models 
(Peregrine,  1974)  or  models  with  constant  vorticity  in  the  flow  (Teles  da 
Silva  and  Peregrine,  1988)  can  be  used  to  show  that  the  crest  of  these 
large  waves  is  an  "unstable"  region.  Indeed  turbulent  fluctuations  of  the 
surface  can  be  seen  to  grow  with  a  transverse  wave  number  dominant.  They 
also  have  the  rounded  shape  typical  of  the  evolution  of  R  T  instability, 
but  look  different  from  other  breaking  waves.  See  figure  18  of  Teles  da 
Silva  and  Peregrine  (1988). 

Vavcs  with  shear 

As  has  just  been  remarked  waves  propagating  against  a  shear  flow  are 
liable  to  R-T  instability,  however  shear  in  the  vertical  also  affects  the 
shape  of  the  basic  wave  solution.  The  above  mentioned  waves  have  more 
rounded  crests  than  irrotational  waves  and  appear  less  likely  to  break  in 
the  conventional  way.  On  the  other  hand  if  the  shear  has  the  opposite 
sense  waves  have  sharper  crests  and  seem  more  likely  to  break.  This  is  the 
case  when  wind  induces  a  surface  drift  current  and  waves  propagate  in  the 
same  direction.  Banner  and  Phillips  (1974)  and  Phillips  and  Banner  (1974) 
discuss  the  effect  of  such  a  thin  shear  layer  and  illustrate  how  it  can 
greatly  increase  the  likelihood  of  wave  breaking.  By  considering  a  wave  in 
a  frame  of  reference  moving  with  the  wave  profile  it  is  easily  seen  how 
such  shear  reduces  the  total  head  on  the  surface  stream  line. 

It  is  readily  appreciated  that  ocean  waves  are  not  steady  and 
individual  wave  crests  grow  and  decay  in  amplitude.  The  effect  of  wind 
drift  is  that  for  a  growing  wave  crest  a  thin  layer  of  surface  water  may  be 
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raised  to  its  "stagnation  level"  and  start  falling  down  the  wave  face. 

This  is  likely  to  commence  on  the  scale  of  micro- breakers.  The  small 
mixing  that  occurs  can  reduce  the  shear  in  the  flow  increasing  the 
"stagnation  level".  If  the  wave  is  large  enough  further  slight  mixing 
occurs  at  a  higher  level  until  eventually  a  clearly  spilling  breaker  may 
develop.  This  type  of  initially  small  scale  mixing  may  be  the  cause  of 
many  spilling  breakers  which  appear  to  arise  spontaneously  with  no  prior 
overturning  jet  however  small. 

Very  little  experimental  work  appears  to  have  been  done  on  the  effects 
of  shear  on  breaking.  The  only  experiments  I  am  aware  of  are  those  of 
Douglas  and  Weggel  (1988)  which  although  relatively  simple  did  show  a  very 
strong  influence  of  wind  shear  on  wave  breaking  properties. 

Spilling  breakers 

Unlike  plunging  breakers  which  are  essentially  unsteady,  spilling 
breakers  can  occur  on  flows  which  are  steady  except  for  turbulent 
fluctuations.  Good  examples  are  the  hydraulic  jump  and  waves  behind 
obstacles.  Examples  of  the  latter  are  the  waves  generated  by  a  submerged 
airfoil  as  studied  experimentally  by  Duncan  (1981,  1983)  and  Battjes  and 
Sakai  (1981).  Propagating  waves  with  spilling  breakers  are  quasi- steady  in 
the  sense  that  the  evolution  of  the  breaker  is  long  compared  with  the  time 
scale  for  fluid  particles  to  pass  through  the  breakers. 

Although  mean  streamlines,  as  in  figure  5(a),  indicate  fluid  may  stay 
in  the  roller,  it  is  found  in  experiments,  as  described  by  Peregrine  and 
Svendsen  (1978),  that  a  drop  of  dye  on  landing  in  the  roller  is  immediately 
dispersed  throughout  the  turbulent  region  sketched  in  figure  5(b). 

Madsen  and  Svendsen  (1983)  followed  up  this  observation  and  used  a 
simple  model  of  the  turbulent  layer  to  provide  a  remarkably  effective 
description  of  the  mean  flow  in  a  hydraulic  jump.  Their  model  was  extended 
to  unsteady  shallow- water  flow  in  Svendsen  and  Madsen  (1984)  and 
illustrated  by  a  bore  propagating  up  a  beach. 

Many  other  models  of  spilling  breakers,  treat  the  roller  simply  as  a 
passive  body  of  water  supported  by  the  wave.  However,  given  the  strong 
effects  of  shear  mentioned  above  it  seems  inappropriate  to  ignore  the  bulk 
of  the  turbulent  flow.  On  the  other  hand  we  are  sufficiently  far  from 
having  a  good  model  that  even  the  simplest  models  have  their  uses. 

One  of  the  key  aspects  to  both  understanding  and  modelling  a  spilling 
breaker  is  the  toe  of  the  spillcr.  That  is  the  point  where  the  previously 
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undisturbed  water  first  Beets  the  turbulent  roller  and  entrainment  of  now 
fluid  into  the  turbulent  region  comments.  Longuct-lliggins  (1973) 
identified  this  as  a  key  region  and  proposed  a  model  in  which  the 
turbulence  is  confined  to  the  roller  and  the  flow  is  dominated  by  the 
Reynolds  stresses.  On  the  other  hand,  Madsen  and  Svensden's  (1984)  model 
has  singular  behaviour  in  the  shear  at  the  toe.  This  is  not  inconsistent 
with  Peregrine  and  Svendsen's  (1978)  suggestion  that  the  flow  is  like  the 
classical  turbulent  mixing  layer  between  two  streams  of  differing  velocity. 
In  this  case  the  upper  layer  has  a  velocity  equal  to  that  of  the  toe,  or 
greater  since  no  entrainment  through  the  upper  part  of  the  turbulent  layer 
is  possible. 

There  is  a  previously  unexamined  aspect  of  flow  in  a  spiller  which 
indicates  that  a  singularity  in  the  mean- flow  at  the  toe  may  be 
appropriate.  Down  the  front  of  the  spiller  the  mean  free  surface  is  not, 
in  general,  a  streamline  of  the  mean  flow.  Those  parts  of  the  fluctuating 
free  surface  which  are  outside  the  mean  surface  are  likely  to  have  a 
downward  velocity  on  average.  A  net  flux  of  mass  and  momentum  through  the 
mean  free  surface  to  the  "outer  surface  layer"  should  occur.  This  is 
equivalent,  to  the  mean  drift  in  irrotational  Stokes  waves  and  corresponding 
terms  can  be  seen  in  flasselmann ' s  (1971)  averaging  of  the  equations  of 
motion.  At.  the  toe  of  the  spiller  the  mass  and  momentum  flux  associated 
with  the  outer  surface  layer  is  all  returned  to  the  mean  flow. 

Exactly  what,  type  of  behaviour  and  flow  streamlines  one  obtains  depends 
on  how  the  flow  is  averaged  at  the  toe.  The  sketch  of  figure  5(a)  shows  an 
angle  in  the  mean  surface  at  the  toe,  at  a  point,  corresponding  to  the  toe's 
mean  position.  However  the  fluctuating  position  of  the  toe  could  be 
included  in  the  average  yielding  a  smooth  transition  between  roller  and 
undisturbed  flow.  In  the  sketch  of  figure  5(a)  there  must  be  a  singularity 
at  the  toe.  Whereas,  if  the  surface  is  averaged  to  a  smooth  transition, 
then  mass  and  momentum  in  the  outer  surface  layer  is  deposited  into  the 
transition.  My  view  is  that  we  should  consider  this  surface- layer  mass  and 
moment um  impinging  on  the  undisturbed  flow  as  the  originator  of  the 
spilling  breaker's  turbulence. 

In  most,  of  the  well-studied  examples  of  turbulent  flow  mean  properties 
have  been  well  defined  and  coherent,  structures  identified.  These  coherent 
structures  often  appear  to  have  a  dominant,  contribution  to  the  Reynolds 
stresses  and  hence  to  the  mechanics  of  the  flow.  Some  work  in  this 
direction  has  been  presented  by  Nadaoka  et.  al .  (1989)  where  obliquely 
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descending  eddies  have  been  observed  frequently  in  the  flow  well  behind  the 
spiller.  From  many  years  of  visual  observation  I  recognise  such  eddies, 
but  also  consider  that  they  may  not  be  entirely  typical,  due  to  effects  of 
scale. 

In  considering  water  waves,  especially  breaking  waves  we  are  looking  at 
a  two-phase  flow.  Two-phase  flows  are  notoriously  difficult  to  scale  and 
there  is  no  exception  for  breakers.  The  smallest  spilling  breakers  entrain 
no  air.  Surface  tension  acts  to  keep  the  gas  and  liquid  phases  separated 
by  a  single  simply  connected  surface.  Once  air  entrainment  occurs  there 
can  be  a  large  difference  depending  at  least  on  factors  such  as  nubble  size 
and  fraction  of  air  entrained.  As  is  now  well  documented  (Scott,  1975a, b) 
there  is  a  substantial  difference  in  typical  bubble  size,  between  fresh 
water  and  sea  water,  though  the  reasons  are  not  understood.  In  laboratory 
scale  waves  (say  up  to  30  cm  high)  there  is  no  obvious  effect  of  the  lower 
mean  density  of  the  air-water  mixtures  obtained.  However  in  larger  waves 
the  buoyancy  of  the  bubbles  does  appear  to  lead  to  a  structure  with  many 
regions  of  upwelling  fluid  being  visible  after  the  passage  of  a  breaking 
wave.  This  aspect  of  breakers  is  significant  since  buoyant  turbulent  fluid 
will  have  a  different  effect  on  sediment  transport  from  the  less  buoyant 
fluid.  Similarly  in  the  deep  ocean  buoyant  turbulence  is  less  efficient 
Ilian  non  buoyant  turbulence  in  deepening  or  maintaining  a  mixed  layer. 


Conclusion 

This  review  ranges  widely  including  topics  which  are  not  usually 
embraced  by  the  concept  of  breaking.  For  the  most  part  it  describes  the 
initial  stages  of  the  study  of  the  mechanisms  of  wave  breaking  and  has  the 
aim  of  stimulating  further  study. 

I  wish  to  acknowledge  the  support  of  many  colleagues  in  this  area 
especially  younger  colleagues  at  Bristol  whose  support  from  the  U.K. 
Science  and  Engineering  Research  Council  has  been  and  is  much  appreciated. 
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Introduction 

Surf  zone  dynamics  is  a  highly  complicated  topic  in  hydrodynamics  which  deals  with 
the  waves  and  wave  generated  phenomena  in  the  region  between  the  breaker  line  on  a 
beach  and  the  shoreline. 

When  waves  break  on  a  gently  sloping  beach  large  amounts  of  energy  are  released 
and  turned  into  turbulence.  As  the  waves  keep  breaking  and  interacting  with  the  bottom 
topography,  the  momentum  of  the  waves  also  decreases  along  with  the  decrease  in  wave 
height.  The  forcing  this  represents  causes  the  generation  of  both  currents  and  longer 
waves. 

The  proper  analysis  of  the  dynamics  of  the  surf  zone  requires  a  detailed  knowledge  of 
the  breaking  waves  and  the  turbulence  they  create,  that  is  not  yet  available.  However, 
significant  progress  has  been  made  over  the  last  decade  or  two,  and  the  following  is 
a  brief  account  of  some  of  the  phenomena  discussed  in  the  literature  and  the  results 
available. 

General  Description 

Fig.  1  shows  a  schematic  of  the  wave  motion  from  the  breaker  point  of  a  gently  slop¬ 
ing  beach,  as  most  littoral  beaches  are,  to  the  shoreline.  The  waves  may  initially  break 
in  a  range  of  different  patterns  that  have  become  known  to  reach  from  the  relatively 
controlled  “spilling”  to  the  violent  and  relatively  sudden  “plunging”  breaker  type.  In 
any  type  of  breaking  there  will  be  a  rapid  and  substantial  change  in  the  shape  of  the 
wave  immediately  following  the  initiation  of  breaking.  This  region  has  been  termed  the 
outer  or  transition  region,  which  covers  a  distance  of,  say,  8-10  water  depths  after  the 
breaker  point  (Svendsen  et  al.,  1978). 

Shoreward  of  the  transition  region,  the  wave  shape  and  the  general  velocity  field 
induced  by  the  wave  will  change  much  more  slowly.  In  this  region  the  broken  waves 
have  many  features  in  common  with  bores.  This  is  the  so-called  inner  or  bore  region 
which  stretches  all  the  way  to  the  shore  (or,  if  the  breaking  occurred  on  a  longshore  bar, 
till  the  waves  stop  breaking  by  passing  into  the  deeper  water  shoreward  of  the  bar). 

On  many  natural  beaches  the  foreshore  is  much  steeper  than  the  rest  of  the  beach. 
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Figure  1:  Wave  characteristics  in  the  surf  zone  (from  Svendsen  et  al.,  1978). 


In  the  run  up  on  the  shore  on  such  beaches  (termed  the  swash  zone),  the  wave  motion 
often  shows  a  different  pattern  from  that  of  the  rest  of  the  surf  zone. 

The  Transition  Region 

Very  little  has  been  published  in  the  literature  about  the  transition  region.  The 
results  are  almost  entirely  descriptive  and  based  on  photographic  and  optical  methods. 
Basco  and  Yamashita  (1986)  gives  an  interpretation  of  the  flow  based  on  such  infor¬ 
mation  particularly  for  a  plunging  breaker  and  shows  how  the  overturning  of  the  wave 
creates  patterns  that  look  chaotic  but  are  nevertheless  largely  repeated  from  wave  to 
wave.  Similar  interpretations  are  given  by  Tallent  et  al.  (1989),  and  Jansen  (1986) 
has  mapped  the  variation  of  the  free  surface  in  this  region  through  high  speed  video 
recordings  of  fluorescent  tracers.  Finally,  Okayasu  (1989)  gives  detailed  measurements 
of  the  entire  velocity  field  in  the  transition  region  from  experiments  using  laser  doppler 
velocimetry.  Those  results  have  been  obtained,  however,  by  repeating  the  same  experi¬ 
ments  many  times  and  each  time  averaging  over  several  waves  and  therefore  cannot  be 
regarded  as  a  picture  of  the  instantaneous  velocity  field  in  a  particular  wave. 

Wave  Properties 

The  information  about  surf  zone  wave  properties  is  also  almost  entirely  empirical 
since  no  predictive  models  of  the  actual  wave  motion  have  been  developed  so  far. 

Thus  Svendsen  et  al.  (1978)  showed  experimentally  that  in  the  bore  region  the  wave 
surface  profiles  would  develop  a  relatively  steep  front  with  a  much  more  gently  sloping 
rear  side.  The  profile  of  the  rear  will  develop  from  a  concave  towards  an  almost  linear 
variation,  so  that  the  entire  wave  near  the  shore  is  close  to  a  sawtooth  shape. 

Measurements  of  velocity  fields  using  laser  doppler  velocimetry  have  been  reported 
by  Stive  (1980),  Stive  and  Wind  (1982),  Nadaoka  (1986)  and  Okayasu  (1989).  In  all 
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got  significant  contributions  from  those  regions,  can  only  be  determined  with  limited 
accuracy.  Stive  and  Wind  (1982)  gives  a  detailed  account  of  the  problem. 

Stive  (19S4)  also  analyzed  data  from  his  experiments  to  determine  the  energy  dissi¬ 
pation  D  in  surf  zone  waves  extending  a  theoretical  result  developed  by  Svendsen  et  al. 
(1978),  and  confirmed  the  dissipation  is  likely  to  be  up  to  50%  larger  than  in  a  bore  of 
the  same  height. 

In  many  of  the  wave  models  various  characteristics  of  the  wave  motion  axe  used 
as  parameters.  Examples  are  the  rms  of  the  surface  profile  Da  =  i)2 / H1 ,  the  wave 
propagation  speed  c,  the  vertical  skewness  given  as  relative  crest  elevation  rfcjH ,  in 
addition  to  breaker  data.  Hansen  (1990)  analyzed  original  data  from  most  of  the  detailed 
experiments  quoted  above  and  developed  empirical  representations  that  in  most  cases 
fit  the  data  remarkably  well. 

Turbulence 

Peregrine  and  Svendsen  (197S)  found  experimentally  that  the  turbulence  generated 
by  the  breaking,  while  initiated  at  the  toe  of  the  turbulent  wave  front,  spreads  down¬ 
wards  and  continues  to  do  so  long  after  the  breaker  has  passed.  Pointing  to  the  re¬ 
semblance  between  spilling  breakers  and  waves  in  the  bore  region  of  a  surf  zone,  and 
bores  and  hydraulic  jumps,  they  speculated  that  the  spread  mechanism  was  similar  to 
that  in  a  shear  layer.  Later,  measurements  by  Battjes  and  Sakai  (19S1)  indicated  closer 
resemblance  with  the  turbulence  characteristics  in  a  wake.  The  distribution  of  turbulent 
intensities  below  wave  MWL  was  reported  by  Stive  and  Wind  (1982),  Nadaoka  (1986), 
and  in  more  detail  by  Okayasu  (1989). 

Data  for  breaker  generated  turbulence  has  also  been  provided  by  Hattori  and  Aono 
(19S5)  who  found  the  turbulent  energy  spectra  have  large  proportions  of  the  energy  at 
frequencies  only  somewhat  higher  than  the  wave  frequency  indicating  the  existence  of 
large  scale  vortices.  Nadaoka  (19SC)  identified  a  regular  system  of  vortices  with  axes 
sloping  downwards  from  the  free  surface  and  developing  at  some  distance  behind  the 
front - 

Battjes  (1975)  and  later  Svendsen  (1987)  analyzed  turbulent  kinetic  energies  under 
breaking  waves,  and  the  latter  found  that  most  of  the  energy  is  dissipated  in  the  crest 
above  the  MWL. 
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Surf  Zone  Wave  Modi'!  s 

No  convincing  or  predictive  models  have  been  developed  for  surf  zone  wave  motion. 
The  range  of  “modelling”  efforts  goes  from  assuming  that  in  the  surf  zone  the  wave 
height  H  a  constant  fraction  7  of  the  water  depth  (“saturated  breaker”)  and  invoking 
linear  wave  results  for  all  other  wave  properties  to  complicated  turbulence  models  of 
which  there  are  a  few. 

Several  of  the  wave  models  aim  at  predicting  the  correct  cross-shore  variation  of 
wave  height.  H,  and  set-up,  6,  which  corresponds  to  correctly  modelling  cross-shore 
momentum  and  energy  balance  in  the  surf  zone  (H-b  models).  These  models  operate 
only  with  wave  averaged  quantities  and  cannot  predict  details  such  as  wave  shape  or 
particle  velocities.  Examples  are  Svendsen  (1984a),  Dally  et  al.  (1984),  the  first  of 
which  introduces  surf  zone  characteristics  for  the  waves.  The  latter  includes  an  empirical 
threshold  in  the  energy  dissipation  that  let  the  waves  stop  breaking  when  their  height 
to  depth  ratio  becomes  too  small  (such  as  waves  passing  into  deeper  water  behind  a 
longshore  bar). 

In  H-b  models,  irregular  waves  have  only  been  dealt  with  on  a  statistical  basis 
(Battjes  and  Janssen  (1978),  Roelvink  k.  Stive  (19S9),  Dally  (1990)). 

Wave  models  in  the  full  time  domain  have  primarily  been  based  on  the  non-linear 
shallow  water  (NSW)  equations.  Normally,  these  equations  predict  incorrectly  that  all 
waves  break,  even  on  a  constant  depth.  However,  numerical  solutions  of  the  equations 
using  the  special  dissipative  Lax- WendrofF  scheme  artificially  freeze  the  wave  fronts  and 
compensate  for  this  by  a  numerical  dissipation  which  equals  that  of  a  hydraulic  jump  or 
bore  of  the  same  height  as  the  wave.  This  has  been  utilized  by  Hibberd  and  Peregrine 
(1979)  and  later  by  Kobayashi  and  co-authors  to  study  particularly  wave  motion  on 
steep  slopes  (such  as  structures)  and  in  the  swash  zone.  These  models  can  analyze 
irregular  waves  as  a  time  series  (Kobayashi  et  al.,  1990). 

An  extension  of  the  NSW- model  to  include  the  effect  of  turbulence  and  avoiding  the 
above  mentioned  deficiencies  of  the  ordinary  NSW  model  was  developed  by  Svendsen 
and  Madsen  (1984)  but  only  for  a  single  bore  incident  on  a  beach. 

The  details  of  the  highly  turbulent  area  at  the  front  (the  so-called  “roller”)  was 
analyzed  by  Longuet- Higgins  and  Turner  (1974)  who  assumed  that  air  entrainment 
played  a  vital  part  in  maintaining  this  roller  in  position  on  the  sloping  front.  Later 
experiments  and  analysis  by  Duncan  (1981),  Svendsen  and  Madsen  (19S4),  Danner 
(1987)  and  Deigaard  (19S9)  all  in  various  ways  attribute  the  support  of  the  roller  to 
turbulent  shear  stresses.  Longuet- Higgins  (1973)  also  analyzed  the  nature  of  the  flow 
in  the  neighborhood  of  the  toe  of  roller  and  an  alternative  interpretation  was  used  in 
the  model  by  Svendsen  and  Madsen  (1984). 
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Nearshore  circulation  is  the  term  for  the  currents  created  by  the  breaking  waves. 
These  currents  are  essentially  generated  by  the  mean  forces  exerted  on  the  water  mass 
by  the  waves  due  to  the  radiation  stress  variations. 

In  fairly  general  terms  there  are  four  mechanisms  involved. 

i.  The  radiation  stress  forcing. 

ii.  The  pressure  gradients  due  to  mean  water  level  variations  (setup,  set 

down). 

iii.  The  bottom  friction  due  to  waves  and  currents. 

iv.  Lateral  mixing  mechanisms  usually  attributed  to  the  turbulence  com¬ 
bined  with  the  horizontal  shear  of  the  currents. 

In  the  cases  of  unsteady  flows  (such  as  long  waves),  the  inertia  of  the  water  volume 
constitutes  a  fifth  factor. 

The  understanding  of  nearshore  circulation  dates  from  the  realization  of  the  fact 
that  water  waves  represent  a  mean  momentum  flux,  the  radiation  stress,  and  derivation 
of  the  wave  averaged  momentum  equation  (Longuet-Higgins  and  Stewart,  I960  and 
subsequent  publications).  Longuet-Higgins  and  Stewart  (1963)  predicted  the  set-down 
of  nonbreaking  waves,  and  To  wen  et  al.  (1968)  measured  and  computed  setup  in  the 
surf  zone.  Another  practical  result  was  Vhe  analysis  of  longshore  currents  (Bowen,  1969. 
Thornton,  1970;  Longuet-Higgins,  1970). 

Longshore  Currents 

The  steady  longshore  currents  on  a  long  straight  coast  with  obliquely  incident  waves 
represents  the  balance  between  longshore  radiation  stress  variation  (i),  bottom  friction 
(iii)  and  lateral  mixing  (iv). 

Since  the  first  contributions  mentioned  above  to  solving  this  problem  in  1969-1970, 
many  have  followed  of  which  only  a  few  can  be  listed.  James  (1974)  showed  convincingly 
there  is  no  longshore  forcing  outside  the  surf  zone  on  a  straight  coast.  Liu  and  Dalrymplc 
(1978)  generalized  the  simple  friction  factor  approach  for  the  bottom  shear  stress.  V'isser 
(19S0,  1982,  19S4)  conducted  detailed  experiments  with  longshore  currents  on  a  straight 
beach. 

Finally,  a  procedure  by  Putrevu  and  Svendsen  (1991)  for  extracting  cross-shore 
radiation  stress  forcing  from  empirical  data  can  be  used  for  longshore  current  forcing  as 
well. 
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In  spite  of  these  and  many  more  contributions  to  the  literature  on  longshore  currents, 
we  are  still  not  able  to  accurately  predict  the  longshore  current  forcing. Our  knowledge 
of  the  mechanisms  in  bottom  boundary  layer  under  breaking  waves  with  a  current  is 
virtually  nil,  and  bottom  shear  stresses  in  longshore  current  computations  are  still  based 
on  using  a  friction  coefficient  to  fit  the  measurements.  Finally,  the  lateral  mixing  needed 
to  explain  the  cross-shore  distribution  of  the  longshore  current  is  (in  particular  outside 
the  surf  zone)  several  orders  of  magnitude  larger  than  what  can  be  justified  by  other 
turbulence  arguments  (Svendsen  and  Putrevu,  1990).  Thus  the  knowledge  about  the 
mechanisms  responsible  for  longshore  currents  still  needs  substantial  clarification. 

It  can  be  added  that  Thornton  and  Guza  (19S6)  have  pointed  to  the  fact  that  on 
natural  beaches  the  randomness  of  the  waves  will  create  a  time  variation  of  the  break 
point  which  will  contribute  to  the  spreading  of  longshore  currents  in  the  same  way  as 
lateral  mixing.  This,  however,  does  not  eliminate  the  need  for  explaining  e.g.  Visser's 
experimental  results. 

Putrevu  and  Svendsen  (1991)  suggest  that  the  interaction  between  cross-shore  and 
longshore  currents  may  substantially  contribute  to  the  mixing  both  inside  and  outside 
the  surf  zone. 

Cross-Shore  Circulation 

Cross-shore  currents  on  long  straight  coasts  with  no  longshore  variation  entirely  has 
the  character  of  a  circulation  in  the  vertical  plane:  substantial  amounts  of  water  are 
carried  shoreward  as  mass  transport  in  the  breaking  waves  and  this  volume  is  returned 
as  the  seaward  going  undertow  currents  essentially  below  trough  level  of  the  waves. 
These  currents  have  been  found  to  be  very  strong,  generally  8-10%  of  \fgh  near  the 
bottom.  The  mechanism  was  described  qualitatively  by  Dyhr-Nielsen  and  Sorensen 
(1970)  and  analyzed  by  Svendsen  (1984b). 

Also,  Dally  and  Dean  (1984),  Hansen  and  Svendsen  (1984),  Stive  and  Wind  (1986), 
Svendsen  et  al.  (1987),  Okayasu  et  al.  (1988)  and  Deigaard  and  Fredsoe  (19S9)  have, 
among  others,  contributed  to  the  explanation  of  the  phenomenon.  It  is  generally  ac¬ 
cepted  that  the  undertow  is  formed  as  a  balance  between  radiation  stresses,  the  pressure 
gradient  from  the  sloping  mean  water  surface,  and  turbulent  shear  stresses.  Important, 
however,  are  also  the  higher  turbulent  intensities  in  the  main  part  of  the  water  column 
relative  to  the  weak  boundary  layer  turbulence  and  damping  of  the  breaker  turbulence 
near  the  bottom  (Svendsen  et  al.,  1987,  Okayasu  et  al.,  1988).  Furthermore,  the  dis¬ 
turbance  of  wave  motion  by  variation  of  depth  and  wave  height  will  modify  the  shear 
stress  distribution  (the  effect  of  wave  height  variation  was  addressed  by  Deigaard  and 
Fredsoe,  1989). 
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Figure  2:  The  three  dimensional  structure  of  surf  zone  current  profiles  (from  Svcndsen 
&  Lorenz,  1989). 

The  cross-shore  circulation  and  particularly  the  seaward  oriented  undertow  is  thought 
to  be  instrumental  in  coastal  erosion  during  heavy  storms. 

3-D  Currents 

The  simultaneous  existence  of  cross-shore  and  longshore  currents  together  combine 
to  form  a  vertical  distribution  of  wave  generated  currents  in  the  surf  zone  which  has  a 
spiral  shape  as  shown  in  Fig.  2.  This  was  analyzed  by  Svendsen  and  Lorenz  (1989)  and 
Svendsen  and  Putrevu  (1990). 

General  Circulation  Models 

In  cases  of  longshore  (as  well  as  cross-shore)  variations  in  bottom  topography,  the 
net  cross-shore  flows  are  no  longer  zero  and  horizontal  circulation  patterns  such  as  rip 
currents  develop. 

This  was  acknowledged  early  and  a  large  number  of  comprehensive  circulation  models 
were  developed.  Based  on  purely  depth  averaged  equations  (and  hence  neglecting  the 
undertow  and  vertical  cross-shore  circulation),  these  models  analyze  only  net  flows.  In 
its  most  general  form,  such  a  model  encompasses 


(a)  A  wave  propagation  model  that  determines  wave  patterns  due  to  topogra- 
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phy  and  geometry  (refraction,  diffraction,  interaction  with  structures)  and 
predicts  wave  height  variation,  including  breaking. 

(b)  A  current  generation  model  component  based  on  the  wave-averaged  momen¬ 
tum  equations. 

However,  models  capable  of  dealing  with  all  these  phenomena  have  yet  to  be  devel¬ 
oped.  In  the  earlier  models  the  wave  component  (a)  was  limited  to  specifying  linear 
shoaling  outside  breaking  and  H  =  7/1  (saturated  breaker)  inside  the  surf  zone  with 
7  constant  or  given  by  Miche’s  formula.  Refraction  was  incorporated  using  Munk  and 
Arthur’s  (1952)  theory  for  ray  tracing  (Noda,  1972,1974)  or  limiting  the  models  to  long 
straight  coasts  and  using  Snell’s  law  (Birkemeier  and  Dalrymple,  1976;  Ebersole  and 
Dalrymple,  1979).  Later  models  often  use  more  advanced  models  for  the  pattern  of 
wave  propagation  but  still  the  simple  saturation  model  for  the  wave  height  inside  the 
surf  zone.  A  few  examples  are  Watanabe  (19S5)  (modified  mild  slope  equation)  and 
Winer  (19S8)  (parabolic  wave  model  with  energy  dissipation). 

Long  Waves 

Long  waves  (or  infra-gravity  waves)  are  waves  with  significantiy  longer  period  than 
the  peak  frequency  of  the  incident  wave  spectrum.  Field  measurements  show  that 
such  waves  occur  very  frequently  and  different  mechanisms  have  been  considered  for 
their  generation.  One  is  resonant  interaction  between  ordinary  waves  (Gallagher,  1971; 
Bowen  and  Guza,  1978).  Another  is  the  effect  of  wave  height  variation  in  the  incident 
wave  trains,  sometimes  called  “surf  beat"  (Munk,  1949;  Symonds  et  al.,  1982;  Schaffer 
and  Svendsen,  1988). 

The  long  waves  occur  both  as  waves  bound  to  the  incident  wave  train  and  as  free 
waves  which  develop  by  either  direct  energy  transfer  from  the  short  wave  train  or  are 
formerly  bound  waves  released  from  the  short  wave  train  by  changes  in  that  wave  train 
due  to  shoaling  and  breaking.  The  free  waves  are  often  trapped  along  the  coast  as  edge 
waves.  Numerous  references  are  omitted  here  for  brevity. 

Very  Low  Frequency  Motion 

Recently,  some  field  experiments  have  shown  signs  of  very  long  period  oscillations 
in  the  horizontal  velocity  field  (Tang  and  Dalrymple,  1988;  Oltman-Shay  et  al.,  19S9). 
These  oscillations  are  of  relative  short  length  and  propagate  along  the  shore  at  a  speed 
comparable  to  that  of  the  longshore  current.  They  have  been  attributed  to  instabilities 
in  that  current  (Bowen  and  Holman,  1989)  but  the  phenomenon  is  still  under  investi¬ 
gation. 
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Concluding,  Remarks 

In  the  relatively  brief  list  of  surf  zone  phenomena  outlined  above,  many  important 
topics  have  been  omitted.  Thus  it  has  been  impossible  to  cover  the  effects  of  different 
coastal  topographies,  rip  currents  and  3D  circulation  patterns,  wave  interaction  with 
shear  currents,  random  wave  phenomena  and  time  varying  currents,  the  effects  of  winds 
and  tides,  tidal  inlets  and  the  analysis  of  field  experiments,  to  mention  a  few.  Also, 
within  each  topic  the  list  of  references  is  highly  incomplete  and  only  meant  to  show 
examples.  For  recent,  more  complete  reviews  and  alternative  perspectives  reference  is 
made  to  Battjes  (19S8)  and  Battjes  et  al.  (1990). 
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Abstract 

The  problem  of  formation  and  evolution  of  wind-generated  wave  spectra  on  a  sea 
surface  can  be  effectively  solved  due  to  the  fact  that  the  ratio  of  air  density  to 
water  density  provides  a  small  parameter,  with  the  consequence  that  characteristic 
wave  amplitudes  in  typical  situations  are  small.  This  justifies  “a  weak  turbulent” 
approach  to  the  problem  of  a  statistical  description,  using  an  expansion  in  powers  of 
nonlinearity. 

The  simplest  variant  of  such  a  description  is  from  the  kinetic  equation  for  waves, 
derived  first  by  Hasselman  1 1962).  This  equation  describes  two  fundamental  processes 
—  direct  and  inverse  cascades  of  energy.  The  stationary  equation  has  two  remarkable 
exact  solutions  giving  two  energy  spectra. 

One  spectrum  describes  the  direct  cascade  —  energy  transport  to  a  region  of 
large  wavenumbers  (Zakharov  and  Filonenko,  1966).  It  is  realized  for  frequencies 
w>«n  where  us0  —  g/V  and  U  is  a  characteristic  wind  velocity.  The  other  spectrum 
corresponds  to  an  inverse  cascade  cf  energy  in  which  wavelengths  increase  (“wave 
aging”)  (Zakharov  and  Zaslavsky,  1981).  It  is  realized  at  w  <  u0.  The  inverse  cascade 
leads  to  the  production  of  “aged  waves”  that  are  common  in  an  open  ocean  (Glazman, 
1989-91).  Both  spectra  were  observed  experimentally  by  many  authors.  Long  waves 
(w  <  cuq)  have  a  narrow  angle  distribution  that  can  be  explained  (Zakharov  and 
Shrira,  1990)  by  interaction  between  waves  and  a  wind-generated  shear  flow,  always 
existing  near  the  sea  surface. 

Another  fundamental  phenomenon  in  surface  wave  theory  is  wave  breaking.  It  is 
a  strongly  nonlinear  effect  that  is  suppressed  by  surface  tension  if  the  wind  velocity 
is  small  enough.  At  larger  wind  speeds  weak  turbulence  coexists  with  wave  breaking, 
while  at  still  larger  wind  speeds  wave-breaking  prevails.  A  simple  model  of  wave 
breaking  is  offered,  using  a  self-similar  solution  of  the  Euler  equation. 


1.  Several  questions  instead  of  introduction 

The  study  of  wind-generated  waves  on  the  sea  surface  is  not  only  a  problem  of 
oceanography.  It  is  a  problem  of  physics  as  well.  And  just  a  simple  visual  observation 
of  this  process  can  give  to  a  thoughtful  physicist  enough  information  to  formulate 
first  questions.  And  these  questions  are  far  from  trivial. 
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First  an  elementary  observation,  confirmed  by  many  measurements  is  the  following 
—  a  characterist'c  steepness  of  wind-driven  waves  is  small.  This  steepness  can  be 
expressed  in  terms  of  mean  square  angle  (02)  of  wavy  surface  to  a  horizontal  plane. 
Measurements  give  for  typical  cases:  ( 6 2)  ~  10~2- 10~3.  It  is  important  to  stress  that 
this  value  does  not  depend  essentially  on  the  wind  velocity  V .  Both  characteristic 
wave  amplitude  A  and  characteristic  wavelength  A  depend  on  V  dramatically,  but 
their  ratio  A/A  ~  0  remains  more  or  less  constant  and  small.  Actually  {62}  is  a 
measure  of  nonlinearity  in  the  wave  system. 

Small  level  of  nonlinearity  implies  that  there  is  a  certain  small  parameter  in  the 
wave- wind  system.  It  is  obvious  that  knowing  this  parameter  is  crucial  for  developing 
of  any  consistent  theory.  What  small  parameter  provides  a  small  value  of  wave 
steepness? 

The  second  question  is  also  stimulated  by  a  very  simple  observation.  It  is  well 
known  that  a  characteristic  wave  length  A  increases  in  time  under  action  of  a  constant- 
in-time  wind.  This  phenomenon  has  in  oceanography  the  special  name  “wave  aging”. 
Waves  in  the  ocean  have  an  “age”  that  is  nothing  but  the  ratio  of  their  phase  velocity 

—  ^/2;ry/A  to  a  wind  velocity  V. 

Hence  age  is:  a  —  ^2 irg/XV 2.  In  the  beginning  of  the  wave  process  age  is  small 
(a  =  0.1),  then  it  increases  to  a  value  of  order  one:  a  ~  0.9  —  1.2.  Near  the  coastline, 
in  inland  seas  or  in  lakes  this  value  is  limited.  But  in  the  open  ocean  an  observer 
can  easily  see  very  “adult”  waves  with  a  ^  2  —  5  or  really  “old”  ones  at  a  ~  10 
(see  R.Glazman  and  S.Pilorz,1990;  R.Glazman,  1991).  The  process  of  wave  aging  is 
an  essentially  nonlinear  process.  It  is  especially  clear  for  waves  moving  faster  than 
wind  ( a  >  1).  These  waves  cannot  take,  energy  from  the  wind  and  exist  only  due 
to  feeding  from  more  short  and  slow  waves,  developed  in  the  wave  ensemble.  The 
phenomenon  of  wave  aging  is  so  fundamental  that  any  serious  theory  must  explain  it 
on  a  qualitive  level,  without  appealing  to  complicated  computer  experiments.  What 
is  the  physical  origin  of  wave  aging?  It  is  interesting,  that  in  the  process  of  wave 
aging  a  characteristic  wave  amplitude  displays  the  tendency  to  decrease  (aged  waves 
are  “more  linear”  than  the  young  ones). 

The  third  question,  maybe,  is  the  most  elementary  (and  the  “naive”)  one.  It 
is  known  that  an  experienced  seafarer  can  estimate  the  strength  of  wind  (the  wind 
velocity)  just  by  looking  at  the  sea  surface.  He  will  look  for  the  density  of  “white 
caps”  on  this  surface.  Actually,  there  is  some  characteristic  velocity  of  wind  Vc  ~  6 
meters  per  second,  so  that  white  caps  are  rare  or  absent  if  V  <  Vc.  The  white-cap 
density  grows  fast  with  the  growing  of  the  parameter  6  ~  (V  —  Vz)/Vc. 

If  6  ~  4  (F  ~  30  m/sec)  almost  all  sea  surface  is  covered  by  white  foam.  How 
to  explain  this  phenomena,  from  first  principles  of  physics?  What  is  the  formula 
expressing  Vc  through  any  property  of  water  and  air  (and  maybe  through  gravity 
acceleration  g)l 

This  series  of  questions  could  be  continued.  It  is  very  interesting,  for  instance, 
why  a  well-developed  wave  spectrum  is  so  narrow  in  angle?  This  is  a  really  difficult 
question,  and  we  will  not  discuss  it  in  my  lecture.  But  we  will  try  to  give  answers  on 
the  first  three  questions. 
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2.  First  explanations.  Role  of  surface  tension 

Let  us  try  to  answer  the  formulated  questions.  '1  ne  first  one  is  the  simplest.  The 
small  parameter  in  the  theory  of  wind-wave  interaction  is  apparently  the  ratio  of  air 
density  />„,>  and  water  density  punier-  This  ratio  t  =  Pa,r/pWaur  ~  10-3  is  really  small 
enough  to  provide  small  steepness  and  weak  nonlinearity  of  wind-driven  waves.  If 
our  atmosphere  would  consist  of  pure  hydrogen,  wave  steepness  at  the  ”  e  wind 
velocity  would  be  several  times  less  then  in  present  conditions.  To  go  further  we 
should  do  the  following  imaginary  experiment. 

Suppose  that  both  water  and  air  are  ideal  liu.d'  having  j  viscosity.and  no  surface 
tension.  There  is  no  preferred  characteristic  velocity  in  the  system  in  this  case. 
It  means  that  qualitative  pictures  of  wind-driven  waves  do  not  depend  on  a  wind 
velocity.  Looking  at  a  snapshot  of  such  a  sea,  nobody  can  estimate  the  value  of 
the  wind  velocity  if  the  distance  from  where  the  snapshot  is  done  is  unknown,  lo 
understand  how  a  picture  of  wind-driven  waves  on  the  surface  of  ideal  fluid  looks 
like,  one  can  recall  in  memory  a  real  sea  surface  at  very  high  wind  velocity  —  in 
a  hurricane,  for  instance.  In  this  case  motion  with  characteristic  scale  A  ~  V2/g 
is  smooLh  and,  as  we  said  before,  is  a  superposition  of  weakly  nonlinear  gravity 
waves.  The  level  of  nonlinearity  grows  with  decreasing  of  scales.  At  some  small 
scales  Amin  nonlinearity  becomes  very  strong.  For  scales  A  <  Am,„,  a  surface  is  so 
rough  anu  fractal  that  one  cannot  say  anything  about  “waves”,  even  about  a  “shape 
of  surface”  at  these  small  lengths.  The  surface  is  blurred  and  can  be  well  defined 
only  after  averaging  over  scales  A  >  Amin.  At  A  <  Amm,  thee  is  actually  a  two-phase 
mixture  of  water  in  the  air  above  and  hubbies  of  air  in  the  water  below.  A  very 
interesting  problem  of  statistical  description  of  such  two  phase  fluid  in  a  gravity  field 
lies  out  of  the  framework  of  this  lecture.  It  is  important  only  to  stress  that  this 
“fully  developed  wave  breaking”  is  a  very  irreversible  process  realizing  permanent 
dissipation  of  mechanical  energy  to  heat.  The  supply  of  mechanical  energy  is  coining 
from  more  long  and  regular  waves.  We  will  call  this  flux  of  energy  to  small  scales 
as  “direct  cascade”  of  energy.  On  the  contrary,  “wave  aging”,  that  is  actually  the 
energy  transfer  to  large  space  scales,  can  be  called  “ inverse  cascade  ”  of  energy.  Both 
direct  and  inverse  cascades  must  be  explained. 

How  to  estimate  Amin?  It  is  very  plausible  to  put: 

cV7 

Amin  —  CA  ~  2ff -  (2.1) 

9 

For  wind  velocity  V  ~  10  raj  see  we  have  Amm  ~  6  cm,  for  V  ~  lOOm/sec,  A  ~  6m. 
Both  of  these  values  are  '  Tte  reasonable. 

The  picture  described  above  contradicts  our  everyday  experience. 

Blowing  in  a  cup  of  tea,  we  don’t  see  wave-breaking  and  two-phase  fractal  behavior 
of  the  tea  surface.  It  means  that  the  ideal  fluid  model  does  not  work,  and  “smoothing 
factors”  —  viscosity  or  surface  tension  should  be  taken  into  consideration.  Using 
viscosity  and  surface  tension  one  can  construct  some  other  characteristic  wave  lengths: 
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Here  a  is  a  coefficient  of  surface  tension,  and  1/  is  a  viscosity  coefficient. 

For  real  water  A„  ~  3cm  and  A„  ~  0.3cm.  Sc ,  surface  tension  is  a  more  important 
factor.  Fractalization  of  the  sea  surface  take  place  only  if  Amin  >  A„.  It  gives  for  the 
critical  velocity: 


The  velocity  Vmln  =  is  well-known  in  hydrodynamics.  It  is  the  minimal  phase 

velocity  of  gravity-capillary  waves.  Approximately  Vmxn  ~  20 cm/sec.  For  the  critical 
velocity  we  get  now: 

Ve  ~  6m/sec 

That  is  in  an  excellent  accordance  with  the  data  of  measurements,  (see,  for  instance, 
V.Bondur  and  E.Sharkov,  1982;  M. Banner,  I. Jones  and  J.Trinder,1989). 

3.  Origin  of  wave  breaking 

Previous  considerations  lead  us  to  the  following  conjecture:  wave  breaking  and 
fractalization  of  a  free  surface  is  a  phenomenon  typical  of  the  motion  of  an  ideal  fluid 
even  in  the  presence  of  a  gravitational  field.  This  process  can  be  suppressed  and  even 
prevented  by  strong  enough  surface  tension.  Let  us  formulate  this  conjecture,  using 
more  precise  mathematical  language.  Potential  flow  of  an  ideal  incompressible  fluid 
is  described  by  the  Laplace  equation: 


A<jJ  =  0 


v  =  V<p 


-*  0 


and  by  boundary  conditions  on  the  surface  of  the  fluid: 


(3.1) 


drj_ 

at 

d<f> 

Hi 


+ 
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d<t> 

vL^±v  =  Yz 

+sn?  =  Q 


(3.2) 

(3.3) 


Here  t]  =  T)(r,  t)  is  a  shape  of  the  surface,  r  =  (x,y)  and  Vj.  =  (d/dx,d/dy).  By 
fixation  of  initial  data  we  have: 


7?li=o  =  loir) 

n=o  =  *o(r-) 

*  =  *L, 


(3.4) 


Modern  mathematics  proves  that  the  Cauchy  problem  (3.1)-(3.4)  for  smooth 
enough  and  small  enough  initial  data  (3.4)  is  well  posed  (if  </  >  0)  and  can  be 
resolved  up  to  some  finite  time  tmas ,  depending  on  choice  of  j)0  and  But  nobody 
could  prove  that  such  solution  exists  for  a  given  class  of  initial  data  forever,  in  the 
half-infinite  interval  of  time  0  <  t  <  oo.  Moreover,  such  a  statement  contradicts  our 
common  sense.  It  is  much  more  relevant  to  think  that  evolution  of  typical  initial  data 
(excluding  zero-measure  sets  of  special  data,  like  Stoke’s  progressive  periodic  waves), 
will  finish  by  a  “splash”  or  wave-breaking. 

This  hypothesis  also  is  not  proved,  of  course.  But  we  can  formulate  some  argu¬ 
ments  to  its  support. 

First,  we  may  take  into  account  that  gravity  is  a  stabilizing  factor,  and  wave¬ 
breaking  could  be  achieved  easily  if  <j  —  0.  Second,  our  visual  experience  shows  that 
wave-breaking  is  in  its  main  features  a  two-dimensional  process.  Hence,  it  can  be 
studied  in  the  framework  of  the  following  system  of  equations: 


’rr  1 

<Pzz  =  0 

(3.5) 

’ It  + 

Trd’r  =  &|2=„ 

(3.6) 

01  + 
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Here  d4>jdz  — *  0  at  z  — *  -oo. 

This  system  allows  a  whole  family  of  self-similar  substitutions: 


V  =  (fo-f)“'lo 
<t>  =  (to-i)2a-' 
Functions  0o(£,C)  and  i?0(£)  with: 

T 

satisfy  the  equations: 
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(3.10) 

(3.11) 

(3.12) 


Suppose  that  system  (3.10) — (3.12)  has  a  nontrivial,  nonsingular  solution  for  some 
value  of  a.  This  solution  describes  the  formation  of  a  singularity  on  a  fluid  surface 
at  t  — *  t0.  The  nature  of  this  singularity  can  be  found  directly  from  the  substitution 
(3.8).  The  zc  tends  at  i  — >  t0  to  some  limiting  shape  »j0(x).  It  is  possible  only 
•I  ^a(0  — *  -c|£|  at  (  — ♦  oo,  T)0(z)  =  -cjxj.  The  singularity  is  a  jump  of  the  first 
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derivative.  The  solution  under  consideration  finishes  with  formation  at  t  =  t0  of  a 
“wedge”  with  the  angle  0  =  2arctanljc.  The  value  of  this  angle  as  well  as  the  value 
of  a  are  unknown  a  priori.  They  must  be  found  from  the  system  (3.10) — (3.12)  as 
its  nonlinear  eigenvalues.  It  is  likely  that  0  is  90°  or  120°  (mathematical  theory  is 
relatively  simpler  in  these  cases). 

The  discussed  solution  is  a  model  of  wave-breaking  on  a  surface  of  an  ideal  fluid. 
It  cannot  be  extended  for  t  >  t0  in  the  framework  of  ideal  fluid  hydrodynamics. 
Actually  at  t  —  t0  if  generates  a  very  thin  and  unstable  spray.  Behavior  of  this 
spray  is  defined  essentially  by  the  viscosity  and  the  surface  tension.  The  self-similar 
solutions  of  system  (3.5) — (3.7)  have  not  been  studied  enough.  Energy  conservation 
imposes  the  limitation  a  >  1/2.  In  the  interval  1/2  <  a  <  2  one  can  neglect 
the  influence  of  gravity  in  the  vicinity  of  the  wave-breaking  point.  It  is  interesting 
that  in  the  narrow  interval  1/2  <  a  <  2/3  even  surface  tension  does  not  prevent 
the  wave  breaking,  that  is  actually  a  “collapse  of  curvature”  -  formation  in  a  finite 
time  of  a  point  of  an  infinite  second  x-derivative.  We  (together  with  Dr.V.Cogan 
and  Dr. E. Kuznetzov,  to  be  published  in  Physics  Letters)  have  carried  out  numerical 
calculations  of  this  process.  Using  the  method  of  boundary  integrals  we  modelled  a 
behavior  of  an  ideal  incompressible  fluid  of  infinite  density,  imposing  periodic-in-x 
boundary  conditions.  For  very  broadly  chosen  initial  perturbations  of  the  surface  we 
observed  formation  of  an  infinite  curvature  point  in  a  finite  time.  A  typical  behavior 
of  the  surface  and  its  second  derivative  is  plotted  in  Figure  1. 


4.  Hamiltonian  formalism  and  canonical  transformation 

Due  to  small  steepness,  a  wind-driven  sea  is  a  stochastically  behaving  system  of 
weakly  interacting  waves  with  strong  dispersion.  That  is  a  good  example  of  so- 
called  “weak  turbulence”.  For  long  scales  it  is  an  almost  Gaussian  process,  because 
phases  of  individual  waves  with  good  accuracy  may  be  considered  well  mixed  and 
statistically  independent.  A  proper  tool  for  description  of  weak  turbulence  is  the 
kinetic  equation  governing  evolution  of  the  mean  square  wave  amplitude.  For  surface 
waves  this  equation  was  derived  first  by  K.  Hasselmann  (1962).  It  was  indeed  the 
first  case  of  applying  the  kinetic  equation  to  a  weak  turbulent  problem. 

The  most  economical  way  of  deriving  the  kinetic  equation  is  using  of  the  Hamil¬ 
tonian  formalism.  As  it  was  mentioned,  the  variables  7?(r,  <)  and  i/j(r,  f )  completely 
describe  the  potential  flow  of  an  incompressible  fluid.  It  is  possible  to  show  that  these 
variables  are  canonically  conjugate  and  their  Fourier  transforms  satisfy  the  equations 
(V. Zakharov,  1968): 

_  df/  n 

dt  dt  6ip‘k 
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Here  H  —  T  •+■  U  is  the  total  energy  of  the  fluid  with  the  following  kinetic  and 
potential  energy  terms: 


V  -  |  / (gri2  +  <7Vr f)dr  (4.2) 

The  Hamiltonian  H  can  be  expanded  in  the  infinite  scries  in  powers  of  a  character¬ 
istic  wave  steepness  ~  0  (V. Zakharov,  1968;  D. Crawford,  H.Yuen  and  P.Saffman, 

1980): 


H  =  Hq  4-  H\  +  H  2  +  •  •  • 


It  is  convenient  to  introduce  a  normal  complex  variable  a*: 


*?* 


>1*  =  g  +  ok2 

Here  to*  is  the  dispersion  law. 

This  variable  satisfies  the  equation: 


«-k) 


Uik  =  \Jgk  +  ok? 


where: 


da,  8H_ 

dt  1 6a'k 


=  0, 


(4.3) 


(4.4) 

(4.5) 


(4.6) 


Ho  =  j  ukaka'kdk 

Hj  =  j  Vkklk7{a’kaklakj  +  aka’kla'kj}6k-kt-i'1dkdkidk3  + 

+  {<»*<»*,  a*,  +  akaklak]}6k+kl+kidkdkldk2 
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Here: 


In  the  capilliary  dominating  limit  k  >  \jg!cr. 

In  the  gravity  dominating  region  k  <  \JgJa: 


'  fcfcl  fcj 


Jl 

8ir 


U kk\k2 


./>  (U;.J  («,)  1-""  (u.) 

LllJ-^u.  Jh.Y-u^lh.Y- 


kk-2 


Lk'h  +  fe)  +  (ife)  L**»)  (410) 


8ir\/2  \\ki  k2  / 

Among  the  different  components  of  //2  only  one  is  essential: 

i  fca  .^3*4 a  fci  ak?  ^*=3  ^fc  j  +k 2 — k$ ~ kt  dk\  dk2dk^dk4  ^4.11) 


Wfcjfc^.fcjfc*  —  Q4^-2  ,*3,— *2^4 

M-ki,kit-~k2,k$  *“  M-ki.kz,-ki,k4  ^  -k2,ki,—ki  ,k$  }  (4*12) 


M*, =  k\k?  { — 2A:i  —  2£j  +  |fct  +  &3I  +  |&i  +  £<1  +  |&j  +  i3|  +  |A:2  +  fc«|} 

The  “natural”  variables  are  good  in  the  capillary  dominated  region  k  >  (g/ff)1'2. 
But  in  the  gravity  dominated  region  k  <C  {g/v)1^  they  are  not  so  good.  The  following 
canonical  (up  to  0(a5))  transformation: 

“t  =  bk  +  J  r^ik7bk)bki6k-k)-k]dk\dk2  —  2  j  r + 

+  j  ^kk,k,K,^l2^k+k,+k7dkldk2  +  J  Bkk, kjki b’kj  6*3 5*+t, _ *, _*3 dkdk^ dkdk2 

(4.13) 


d  _  pO)  pU)  i  pO)  .  )  __ 

&kki  .fcjfca  1  fc;  ,ki -fcj  *  tj.fc./cj-fc  _+’  1  fci.fca.fcj-fc*1  k-i^kfa  —  k 

pO)  pi  pi  pi1) 

*  fc,fca,fc—  fca  A  fcj.fcj  .fcj  —  A;i  A  fci  .fcj.fcj — fcjA  fca.fcjufca—fci 

__  pi1)  p( 0  i  p(2)  p(2) 

1  fc+fc).fc,fci  fca  +  fc3,fc2.fc3  ‘  1  -(fc-jfci  Ar,fcj 1  ~fca-fc3.fc3.fc3 


(4.14) 
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p(U 

1  w,*, 

r(J) 

1  k 2 


Vkk,k2 

W*  -  Wi,  -  Wife, 
Ukkiki 
+  W*,  +  U>jt, 


(4.15) 


transforms  the  Hamiltonian  H  to  a  form  not  containing  cubic  contributions: 


H  -  J  uikbkb"kl  +  -  J Tk'kitk2iklb‘kb'klbklbk36k+kl_k2_k:idkldk1dk3dk:4  (4.16) 

Here  7**,*,^  satisfies  the  symmetry  conditions: 

Tk, =  7*,, *,*,,* 3  —  7 \,kuk3j,t  =  Tjtj.itj  i  *,  (4.17) 

and  has  a  form: 


Vk.kitk-kyVkz.khks-k! 

~  Vkuki,ki-kiVk3,k,ki-k 


1 


1 


[wi,  +  i*>*_*3  —  W*  U3lt  +  —  Wfcj 

1  1 


W*J  +  -  wtl  Uk  +  LJki-k  -  w*3 


1 


1 


W*3  +  Wt-*3  ~  Uk  W*  +  OlJtj-t  -  w*,  j 
1  1 


+ 


|W*3  +  -*T3  “  W*,  UJk  +  W*a_*  -  Ukl 


^3+^3, ^£2.^3 

— k3,k2,k$ 


l 


+  • 


l 


Wlc+jt,  -  w*  -  W*,  Wjfcj+fcj  -  Wjt,  —  Wtj 
1  1 


Wfc+k,  +  wit  +  w*,  w*l+J.,  +  u>k]  +  wki 


In  spite  of  its  complexity,  the  expression  for  Tkj kl,kl,ki  conceals  some  inner  beauty. 
For  instance,  an  important  function: 


Tkk,  - 


*11*1 


has  a  very  simple  form: 

_  J_  /  kkl  k>k, 
ikk'  ~  8ff2  1  *2*i  k<k{ 
The  new  variable  bk  satisfies  the  equation: 


(4.18) 


or 


££* 

dt 


-iu>kbk-i  J  Tkiklik7,k3blibkibk36k+kl.hi_k3dkidk1dk3  (4.19) 


This  equation  conserves  the  effective  Hamiltonian  (4.16)  due  to  satisfaction  of  the 
conditions  (4.17). 

Early,  in  1968,  another  equation  was  derived  (V. Zakharov,  1968).  Let  us  neglect 
in  the  expansion  (4.13)  terms  higher  than  second-order: 


a* 


^*  +  J  - 

2  J  it!*.*,  bkl  i>k2{>k+k i  -tjdLj dk2  +  J  r‘2^  ki b'ki  b^Sic+ki+lddkidk'i 


One  can  show  that  the  variable  bk  satisfies  the  equation: 


dbk 

dt 


=  ~idikhk  -t  j  fk'kl  j!}  k:>bll  bk,bk36k+kl_k7_i,}dkidk3dk3 


(4.20) 


Here 


7*,*,  ,*,,*3 


►Vfc.Jt,  ,fca,fc3  -  i - 

n  ff-ii-t |  ,*,*,  L'-  *,  - *,  .*3  _  2  •*! 

+  07*,  +  07*,  U7*,..*,  +  07*,  -  07*, 

n  ^,k2lk~k3  k*,t*,.,*,  ,*i  2  ^k2,k,kj  —  k^ki,ki~~k3,k3 

w*j-*i  +  07*,  —07*,  07*,_*,  +  07*,  —07*, 

2  ^k3,ktk3~k  k*i  .*,  -*,,*? 

07*, -fc,  +  07*,  —  07*, 


(4.21) 


The  equation  (4.20)  is  not  Hamiltonian  and  does  not  conserve  energy,  because 
7*.*,,*,^,  does  not  satisfies  the  symmetry  conditions  (4.17). 

It  does  not  mean  that  the  equation  (4.20)  makes  no  sense.  One  can  check  that 
on  the  resonant  manifold: 


«7| lc  +  07*,  =  07*,  -f  07*, 

k  +  k2  =  k3  k3  (4.22) 

both  T*, *,,*,,*,  and  T*,*,  .*,.*,  coincide. 

In  fact  Tk ,*,,*,.*3  is  nothing  but  the  result  of  symmetization  of  T: 

7*.*,  .*,.*,  =  -('/*,*,,*,, *,  +  7’t, .*.*,.*  3  +  7*,,*  j,*,*,  +  7*3  .*,,*,*, )  (4.23) 

So,  the  .ole  of  the  third-order  terms  in  the  expansion  (4.13)  is  auxiliary  —  it  just 
provides  syrr.metrization  of  7**,  *,  *, . 
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The  equations  (4.20)  are  used  for  direct  numerical  simulation  of  weakly  nonlinear 
surface  waves.  The  Hamiltonian  equation  (4.19)  is  more  convenient  for  this  purpose, 
because  it  conserves  energy  and  allows  us  to  realize  more  effective  control  over  the 
calculations. 

The  fundamental  property  of  the  gravity  wave  theory  is  conserving  of  an  additional 
motion  integral  -  “wave  action”: 

N  =  j\bk\2dk  (4.24) 

This  integral  is  conserved  by  both  equations  (4.19)  and  (4.20).  But  it  is  not  con¬ 
served  by  any  other  more  accurate  equation.  Continuing  the  canonical  transformation 
up  to  fourth-order  terms,  one  can  derive  a  Hamiltonian  to  the  form: 

H  =  J ujkbkb].dk  +  -  J Tk,kl,k7,k3^llh1bk36k+ki-k1~k}dkdkidktdk3  + 

+  J  Sk,ki,k1.k,,ki{blb‘klbk,bk3bkt  +  bkb^bU’^blJSk+kt-h-ki-ktdkdkidkjdkidkt 

(4.25) 


Corresponding  equation  for  bk  is: 
db  f 

-q£  +  ivkbk  +  i  J  Tk_kt,k3MKi^k-1f>k3^k+kl-k3-k3dkidk-tdk3  + 

+  2j  J Sk,kl,k„ki,kif>l,  W7h1bj:<bk+k,-k1-k3-ktdkidk2dk3dki  + 

+  3i  J  Skuk-l,k,k3,kibklbk.)bn‘k:sbli6kx+k7-k3-kt-kdkldkidk3dkA  =  0 

(4.26) 

One  can  get  from  (4.26): 

—  N  =  — 21m  J  x 

x  +k3-ki-k,  -Jrs  dkldk1dk3dkkdk3  (4.27) 

The  formula  (4.14)  for  was  found  by  V.  Krasitzky  (V.Krasitzky,  1991). 

He  also  calculated  a  very  cumbesome  expression  for  Sk,k,M.k3,kt  (private  communica¬ 
tion). 

5.  Kinetic  equation  and  Kolmogorov  spectra 

For  statistical  description  of  a  stochastic  wave  field  one  can  use  a  pair  correlation 
function: 


(aka'k.)  ~  nk6(k  -  k') 


(5.1) 
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Introducing: 

(wl)  =  IkS(k  -  k') 

one  can  get  from  (4.4)  the  following: 

h  =  ^^(nk  +  n-k)  I-k  =  Ik 

Thus,  in  a  capillary  dominating  region  we  have: 

Ik  =  I7Ta(n*  +  n-‘) 


(5.2) 


2  (<rk) 


and  in  a  gravity  dominating  region: 


1  kl/ 2 

h  («*  +  «-*) 


(5.3) 


(5.4) 


In  the  capillary  regime,  the  variable  nk  is  a  natural  tool  for  description  of  wave 
turbulence.  But  in  a  gravity  dominating  region  it  is  more  suitable  to  use: 


(bkt>l<)  =  nk6k_k>  (5.5) 

Here  nk  and  hk  are  connected  by  the  relation  that  could  be  easily  obtained  from 
(4.14): 

I VkM,k  « 


n*  =  n*  +  2/— 

J  [u)k  —  u )k,  - 


-  nkhki  -  hkhk2)dkldk2  + 


+  4 


/ 


(uk  -  Wjt,  -  u>k2 ) 

f>k+k,-k7(nk,hk2  +  nknk}  -f  hknkl)dkidk2  + 


+ 

+ 


/ 


(Wk+U>k,  -WkJ2 

i £/*.*!  .*2  I2 


(w*  -+  w*,  +  WkJ2 


^k+kl+k7(nklnk2  +  +  fikhkl)dkidk2  -f 


(5/' 


The  denominators  in  (5.6)  in  the  gravity  region  can’t  be  zero.  For  the  condi¬ 
tion  of  weak  steepness  0  < C  1,  an  infinite  set  of  equations  for  correlation  functions 
(afci  ■  •  •  ' ' -  °k„+ „)  could  be  cut  off.  To  the  leading  order,  the  functions  n^fik 

obey  the  kinetic  equations: 


=  st(n,n)  +  f,{k)  -fa{k) 

(5.7) 

dh 

—  =  sf(n,n,n) +  /,(*) -/.(*) 

(5.8) 

Here 

st(n,n)  -  2ir  J \Vkiklik]\2(nkink2  -  nknk,  -  nknk})  x 
x  Sk—ki  u»*l  — dh\  dk2  -f 

+  4*f)Vh  ?{nktnk2  +  nknk}  -  nknk, )  x 

X  ^fe+ki-kj^wj+w,,,  -u/k2  dkxdk2  (5.9) 


st(h,n,h)  =  4ff  J  |'r*tt1,/tj,*3|a(ntlni:1nfc3  -f  nkhk2hk}  -  nkhkihkj  - 

nfcfifc,  fifc3)  &k+ky  —  kj-k3  ^(,+Wfcj +W4a -Wfc3  d k J dk%dk$ 


It  is  important  to  stress  that  the  kinetic  equation  is  written  for  n,  not  for  n. 
The  difference  between  n  and  n,  expressed  by  formula  (5.6),  can  be  important  in 
comparision  of  experimental  data  with  theoretical  predictions. 

In  (5.7)  and  (5.8),  the  function  f,(k)  is  a  source  of  waves  due  to  surface-wind 
interaction,  and  fc(k)  is  an  absorption  of  waves  due  to  viscosity  and  wave-breaking. 
None  of  these  functions  are  known  to  a  sufficient  degree.  Since  the  article  of  Miles 
(J. Miles,  1957),  we  believe  that  wave  generation  is  the  result  of  instability  of  a  wind 
flow,  hence: 

f,(k)  =  0(k)nk  (5.11) 

Here  0(k)  is  a  growth  rate  of  instability.  From  dimensional  considerations  one 
can  find: 


(-,*)•« 

W0  / 


Here  wQ  =  g/V,  £  =  w/w0  and  V  is  characteristic  wind  velocity. 

It  is  impossible  to  calculate  analytically  the  function  F((,0)  due  to  strong  tur¬ 
bulence  in  a  shear  wind  flow.  Measurements  collected  and  ordered  by  0. Phillips 
(0. Phillips,  1985),  show  that  with  satisfactory  accuracy: 


f(—,0)  ~  F  )  cosO 

\Vq  )  \Wn/ 


Here  9  is  an  angle  with  respect  to  the  wind. 

The  function  F(£)  has  a  kind  of  jump  at  (  =  1  and  can  be  approximated  by  the 
following  formula: 

m = { y.  j ; ;  «>•»> 

Here  0.10  <  o  <  0.15  and  s  <  1.  This  behavior  can  be  followed  up  to  (  ~  20, 
but,  according  to  O. Phillips,  data  above  £  =  3  are  not  quite  reliable. 

The  situation  with  the  absorption  term  is  even  worse.  The  linear  damping  is 
the  process  competing  with  wind-driven  instability.  The  existence  of  such  damping 
just  means  that  F(()  comes  through  the  maximum  value  and  changes  its  sign  due  to 
influence  of  viscosity  at  definite  and  large  enough  f: 


(  ~  acRc 


V3 

9» 


Certainly,  wave  breaking  introduces  some  nonlinear  damping  into  a  wave  system. 
But  any  analytical  calculations  of  this  damping  is  very  risky  and  unreliable.  The  level 
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and  spectral  dependence  of  this  damping  is  very  sensitive  to  the  frequency  of  wave 
breaking  and  density  of  white  caps.  Meanwhile,  observed  averaged  wave  spectra  are 
robust  enough  with  respect  to  these  effects. 

One  of  the  goals  of  my  lecture  is  to  show  that  an  entirely  self-sustained  theory 
can  be  developed  without  any  detailed  knowledge  about  the  wave  damping.  Just  the 
existence  of  strong  enough  damping  as  u>  — *  oo  is  enough.  The  classical  theory 
of  well-developed  turbulence  in  incompressible  fluid  is  a  paragon  for  such  type  of 
weak-turbulent  theories. 

The  picture  of  well-developed  ( Re  — »  oo)  three-dimensional  turbulence  is  as  fol¬ 
lows.  External  factors  (perturbing  forces  or  instabilities  of  a  mean  flow}  generate 
turbulent  energy  in  the  region  k  <  kp.  In  the  “region  of  transparency”  k  ~S>  kp  the 
picture  of  turbulence  has  a  universal  form.  A  cascade  of  energy  to  the  large  k  viscous 
region  is  forming  here.  This  cascade  provides  step-by-step  energy  transfer  and  is  de¬ 
fined  by  a  single  integral  constant  -  the  density  of  energy  dissipation  t.  The  spectrum 
of  turbulence  is  the  Kolmogorov  spectrum: 

tk  =  c (5.15) 

This  spectrum  can  be  found  from  dimensional  considerations  but  still  is  not  proved 
analytically.  The  energy  cascade  to  large  k  region  is  called  traditionally  the  direct 
cascade.  A  picture  of  high-Reynolds  number  two-dimensional  turbulence  is  more 
complicated.  In  this  case  basic  equations  have  an  additional  integral  of  motion  -  the 
vorticity: 


«  =  r2  j {rotV)2df 

Any  energy-producing  factors  produce  vorticity  as  well.  It  is  impossible  to  satisfy 
the  conservation  of  two  integrals  of  motion  by  only  one  cascade  of  energy  —  the 
inverse  cascade  of  energy,  transporting  energy  to  the  low  k  region,  must  be  formed 
inevitably. 

Actually  in  the  two-dimensional  case  the  Kolmogorov  spectrum  (5.15)  describes 
the  inverse  cascade  of  energy  to  large  scales,  as  far  as  the  direct  cascade  is  described 
by  the  formula: 


c*  =  c,p-  (5.16) 

Here  p  is  the  total  flux  of  vorticity  to  the  viscous  region. 

The  situation  in  the  surfac.c-wave  turbulence  is  in  a  high  degree  similar  to  the 
situation  in  the  incompressible  turbulence. 

The  k.netic  equations  (5.7)  and  (5.8)  look  similar  to  Boltzmann’s  equation  for 
the  distribution  function  in  the  molecular  gas  kinetics.  This  comparison  is,  in  fact, 
more  deceptive  and  misleading  than  productive.  Wave  kinetic  equations  have  rather 
different  properties  than  particle  kinetic  equations. 

Let  us  consider  equations: 


st(n,  n)  =  0 

and- 


(5.17) 


84 


sl(n,nyn)  =  0  (5.18) 

Like  Boltzmann’s  equation  they  have  thermodynamic  solutions: 

P  T 

h  —  —  n  = -  (5.19) 

Uk  UJk  +  p 

but  unlike  the  Boltzmann  case,  both  basic  integrals  N  =  fnkdk  and  E  =  /  u>knkdk 
diverge  and  become  infinite  for  both  of  these  distributions.  As  a  result  these  Rayleigh- 
Jeans  spectra  only  in  very  special  cases  could  be  applied  for  solutions  of  real  physical 
problems.  Happily,  the  equations  (5.17)  and  (5.18)  have  another  type  of  solution. 
Let  us  consider  the  equation  (5.17)  in  the  general  case  assuming  only  that: 


1.  the  medium  is  isotropic  with  respect  to  rotations, 

2.  w  =  u (k)  is  the  power  function  ui  =  k° , 

3.  is  a  homogenous  function  of  k,  klt  k2  and  is  of  order  k33 . 


Averaging  the  equation  (5.17)  over  angles  in  all  planes  (in  a  general  case  —  in 
spaces  of  dimension  d)  k,kx,k3  and  introducing  variables  u>  =  ka  one  can  get  the 
equation: 


Here: 


/ 1 


Ru 


,u 


Rui)U,uiJJ}du)iduj2  —  0 


(5.20) 


RwtUl  ,U 11  ~~ 


(-1-- 


=  (kk,k2y 


dk  dk\  dk2 

dio  duj  j  dw  2 


{\VkM,k]\26k.k>.h) 


(5.21) 

(5.22) 


Sw,u,  is  again  a  homogeneous  function  and  is  of  order  u>7,  7  =  —  3.  Let  us 

find  the  solution  of  (5.20)  in  the  form  of  a  power  function  n(w)  =  u~*.  The  obvious 
solution,  that  makes  =  0,  is  1  =  1.  It  is  the  thermodynamic  Rayleigh-Jeans 

solution.  To  obtain  another  solution  one  can  perform  in  the  second  term  of  (5.20) 
the  following  “conformal”  transformation: 


U)  LOU?!} 

wwj 

=  — ;  u?2  =  — 

u;,  u>\ 

w  =  — — 

the  transformation: 

t  2 

UJLJl  U) 

UAUj 

W1  =  7“» 

W2  UJ2 

u>  =  — 

U>2 

15.23) 


and  in  the  third  term 


(5  24) 


Taking  into  consideration  that  Jacobians  of  transformations  (5.23),  (5.24)  are 
|^-|3  and  respectively,  one  can  reduce  (5.20)  to  the  form: 


(1~(S)V-(S)V)<ZWldU’2=0 


(5.25) 
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a 


(5.26) 


The  integrand  in  (5.25)  becomes  zero  at  y  =  —1.  Hence  another  solution  is 
x  =  (/?  -f  d)/a  and  distributions  nw  =  c/w-^+d^0';  n*  =  c/k^~0+d^  jatisfy  the 
equations  (5.20),  (5.17)  at  any  value  of  the  constant  c.  Looking  at  dimension  of  c  we 
find  ultimately  that  the  discussed  solution  has  a  form: 


Pi 

n*  =  a'WT7)  (5-27) 

where  P  is  a  flux  of  energy  and  a  is  some  absolute  constant.  More  detailed  study 
shows  that  P  is  directed  to  large  k  if  fi  +  d  >  a  (usually  satisfied). 

The  described  trick  ( method  of  the  conformal  transformation)  is  a  convenient 
tool  for  finding  Kolmogorov- type  solutions  in  different  problems  of  weak  and  strong 
turbulence.  It  was  invented  by  the  author  (V. Zakharov,  1966)  and  applied  then  to 
various  physical  situations  (see  the  monograph  [12]).  In  the  application  to  capillary 
wave  turbulence  (/?  =  9/2,  d  —  2)  one  gets: 


nk  =  a,r-1/4P1/2Jt-l7/4  (5.28) 

Here  ai  is  an  absolute  constant. 

For  the  spectral  density  of  elevations  it  gives: 

Ik  ~  a3/4  £19/4  (5-29) 

The  conformal  transformation  method,  being  applied  to  the  equation  (5.18)  gives 
two  Kolmogorov  solutions: 


0)  7<0  bi  g*P*  n  4xblg2P3 

~  k*  '  k  ~  kh  '  w~ 

(2)  &2  Ql}g*  r(2S  b2g*Q*  r,  4nblg2Qk 

nk  —  ,  11  ’  *k  —  ,  la  !  —  u 

k  *  k  3  4 

Here  6,,62  are  absolute  constants,  P  is  the  flux  of  energy  to  large  k  and  Q  is  a 
flux  of  wave  action  to  small  k  region.  Ew  is  frequency  spectrum  of  wave  energy. 

Existence  of  two  Kolmogorov  solutions  in  this  case  is  the  result  of  existence  of  the 
additional  integral  of  motion  -  wave  action.  In  some  sense  the  capillary  turbulence  is 
comparable  with  three-dimensional  incompressible  turbulence,  as  far  as  the  gravity 
wave  turbulence  could  be  comparable  with  two-dimensional  strong  turbulence.  It  is 
important  to  stress  that  Kolmogorov  spectra  in  the  incompressible  fluid  turbulence 
is  still  no  more  than  a  very  plausible  hypothesis,  satisfactorally  confirmed  by  experi¬ 
ments  (in  the  three  dimensional  case).  In  comparison,  in  the  weak  turbulent  theory, 
existence  of  Kolmogorov- type  solutions  of  kinetic  equations  is  an  examinable  mathe¬ 
matical  fact.  Its  validity  limits  could  be  strictly  established  (see  the  monograph  cited 
above). 

The  spectrum  E(ui)  ~  P1!3 u)-4  was  found  first  by  the  author  and  his  gradu¬ 
ate  student  Natasha  Filonenko  by  applying  the  new-discovered  method  of  conformal 


(5.30) 

(5.31) 
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transformation  (V. Zakharov  and  N.Filonenko,  1966).  In  1973  the  same  spectrum 
was  found  experimentally  by  Y.Toba  (Y.Toba,  1973),  who  was  not  aware  about  pre¬ 
vious  theoretical  achievments  in  this  field.  Since  the  beginning  of  the  eighties  this 
spectrum  has  been  systematically  discussed  in  the  scientific  press. (See,  for  instance, 
Kitaigorodskii,  1983). 

The  spectrum  E(u>)  ~  Q* uT'j1  in  the  1966  publication  was  missed.  It  was  dis¬ 
covered  by  the  author  soon  after  and  included  in  his  thesis  but  not  published  in 
the  scientific  press  until  1982.  During  1982-1983  in  a  series  of  publications  with 

M. M. Zaslavsky  (V.Zakharov  and  M. Zaslavsky,  1982-1983),  this  spectrum  was  ex¬ 
ploited  for  explanation  of  kinetics  of  the  energy-containing  part  of  surface- wave  spec¬ 
trum. 

The  spectrum  E(k)  ~  Plf2/kl7t*  for  capillary  waves  was  found  by  the  author  and 

N. N.Filonenko  in  1967  V.Zakharov  and  N.Filonenko,  1967). 

6.  Inverse  cascade  and  wave  aging 

Now  we  can  answer  the  second  question  formulated  in  the  introduction.  What  is  the 
reason  for  wave  aging?  The  answer  is:  wave  aging  is  the  inverse  cascade  of  energy 
stipulated  by  existence  of  the  additional  integral  of  motion-wave  action  N. 

We  would  be  able  to  describe  the  spectrum  and  kinetics  of  the  inverse  cascade  in 
detail,  if  it  were  isotropic.  In  this  hypothetical  case  the  spectrum  in  the  low-frequency 
domain  certainly  has  to  be  described  by  the  formula  (5.31),  where: 

Q  =  f  n(k)0(k)dk  (6.1) 

In  this  case  of  course  0(k)  is  also  symmetric: 

0(b)  =  0(k)  =  cwF(-)  (6.2) 

Wo 

Substituting  (6.2)  into  (6.1)  we  can  find  for  Q : 

Q  =  eV'V'V  (6-3) 

q  =  4? xb2  I  F(^)-—  (6.4) 

JO  £3 

The  integral  for  q  converges  for  £  >  1  if  F(£)  ~  £2,  so  the  main  “wave  action 
production”  take  place  in  frequencies  not  exeeding  in  order  of  measure  the  critical 
frequency  w0. 

From  (5.31)  and  (6.3)  one  can  get: 

Ew  =  47r62<^<7^w-J3l  (6.5) 

The  integral  J  Ewdu  diverges  at  w  — >  0,  and  the  spectrum  (6.5)  must  be  cut  at 
some  limiting  frequency  w0.  The  total  energy  is  now: 


j  Ewduj  ~  V$w0  3 


(6.6) 
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For  the  mean  square  angle  we  have  (k0  =  u 

(V7)  =  l/gklf  E„du,~ 

~  {3irf2)b2ql/7tl/i  =  (3rr /2)  ^V'V'2  a_<,/3  (6.7) 

Here  a  =  g/Vui  is  “wave  agen. 

The  formula  (6.7)  is  remarkable.  It  shows  the  smallness  of  the  steepness  ((<?c)i  cr 
10~2)  and  how  it  decreases  in  the  inverse  cascade,  when  the  wave  age  is  sufficiently 
large. 

If  the  total  action  flux  Q  from  a  short-wave  region  is  constant  in  time,  the  total 
wave  action  grows  proportionally  in  time.  The  minimal  frequency  w0  behaves  like: 


and  total  energy  increases  like: 


.— J. 
U»o  ~  t  »: 


Eduj  ~  <~o 


In  a  real  sea  spectrum,  the  long  wave  region  is  very  narrow  in  angle.  Reasons  for 
this  phenomenon  are  under  discussion  now.  According  to  our  theory  (see  V. Zakharov 
and  V.Shrira,  1990;  1992),  this  compression  in  angle  is  the  result  of  nonlinear  gravity 
waves  and  a  current  flow,  inevitably  corresponding  to  a  mature  sea.  In  spite  of  obvious 
nonapplicability  of  an  isotropic  theory  to  the  real  angular-dependent  situation,  the 
spectrum  u~u^3  (6.5)  and  even  the  dependence  of  leading  frequency  on  time  (6.8) 
are  in  satisfactory  accordance  with  observed  data  (see  V.Zakharov  and  M. Zaslavsky, 
1982-1983). 


7.  Direct  cascade  and  wave-breaking 

Direct  cascade  starts  at  u>  —  urm  —  g/V  and  develops  to  the  large  frequency  region. 
The  spectrum  is  anisotropic  in  this  region  as  well,  but  the  degree  of  anisotropy 
decreases  with  increasing  frequency.  So,  here  the  isotropic  approximation  works 
better. 

Details  of  the  direct  cascade  are  defined  by  behavior  of  the  function  F(£).  {See 
(5.12)].  Let  the  following  integral  be  convergent: 


■  <  oo 


In  this  case  at  u;  we  will  have: 


£L  = 


(4?r6)3/2  c1/2  Vg 2 


This  is  a  direct  Kolmogorov  spectrum  (5.30)  and: 

P  =  (4 »i,r)3/J  <3/>  l'3 


(7.3) 
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Convergence  of  (7.1)  means  that  a  region  of  energy  exitation  is  u>  >  Conver¬ 
gence  implies  that  F(£)  grows  slower  than  £2.  If  F(£)  =  c£2  at  £  >  l,  the  spectrum 
has  the  following  form: 

E»  =  (47r6!)3-/2(|%— (7.4) 

O  U)m  U) 

In  this  case  energy  pumping  is  distributed  uniformly  for  all  frequencies.  If  F(£) 
grows  faster  then  f2  and  the  integral  (7.1)  is  divergent,  pumping  of  energy  is  con¬ 
centrated  at  ultimately  large  w  at  the  margin  of  damping.  In  this  case  the  spectrum 
goes  down  more  slowly  then  u>~4. 

It  is  the  direct  cascade  of  energy  that  causes  small-scale  wave  breaking  and  frac- 
talization  of  the  surface.  Let  us  consider  the  most  well-known  case  of  finite  r.  The 
spectral  density  of  elevation  of  surface  : 


,  t'!'  V 

g\nkvi 


(7.5) 


Here  a  numerical  factor  is  omitted. 

This  is  the  spectral  density  of  a  fractal  surface  of  dimension  7/4  (R.  Glazman, 
1986).  The  formula  (7.5)  can  not  be  extended  for  too  large  k.  To  find  a  limit  of  its 
validity  one  can  consider  the  “renormalized”  dispersion  law: 


=  uk  +  j  Tkki  nkl  dk\ 

A  weak  turbulence  theory  is  applicable  as  far  as: 

j  Ti;k'  nk  dk'  <  u4 

For  the  direct  cascade  spectrum  we  have: 

glk  t'!2V 

nk  ~  —  ~  — rr~ 
u>k  k 4 

The  condition  (7.7)  together  with  Tkk •  taken  from  (4.18),  gives: 


(7.6) 


(7.7) 


(7.8) 


c1'2  Vklog^  <  {gkf12  (7.9) 

or,  neglecting  a  logarithmic  factor: 

£.  y2 

k<-  k0  =  ~  (7.10) 

c  9 

in  according  to  the  conjecture  (2.1). 

The  condition  (7.10)  can  be  interpreted  by  a  different  way.  The  idea,  that  a 
typical  singularity  of  a  free  surface  is  formation  of  “wedges”  has  a  long  tradition. 
The  famous  Phillips’  spectrum: 


I^f4  (7.11) 

is  obtained  exactly  using  this  assumption.  Many  authors  tried  to  apply  Phillips’ 
spectrum  for  the  description  of  sea- waves  in  the  energy-containing  region.  Attempts 
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to  fit  the  observations  give  for  a  an  anomalously  small  value  (a  <  10-2 ).  It  is 
very  natural  because  a  real  spectrum  contains  the  small  parameter  c1^  ~  3  •  10~2. 
The  small  value  of  a  obtained  from  measurements  proves  the  actual  validity  of  a 
weak  nonlinear  perturbative  approach  to  the  surface  turbulence  problem.  A  small 
value  of  a  justifies  the  weak  turbulent  theory,  and  undermines  the  idea  of  using  the 
ultimately  “strongly  nonlinear”  Phillips’  spectrum  in  this  situation.  This  spectrum 
is  nevertheless  very  remarkable,  but  it  has  quite  another  physical  application. 

If  the  absolute  constant  a  is  of  order  of  one  or  slightly  less,  it  means  that  each 
wave  has  a  sharp  wedge-type  crest.  It  is  a  picture  of  well-developed  wave  breaking. 
The  conjecture  about  wedge-type  singularity  of  a  free  surface,  formulated  in  Chapter 

3  of  this  lecture,  has  the  following  consequence  for  surface  turbulent  spectra:  they 
cannot  exceed  the  Phillips’  spectrum  and  the  inequality: 

4  <  —  a  ~  1  (7.12) 

must  hold.  Matching  a  real  spectrum  with  the  Phillips’  one  means  fractalization. 
Comparing  (7.5)  with  (7.12)  one  gets  for  the  lower  margin  of  fractal  behavior  km  ~ 
(l/t)&o,  which  coincides  with  the  upper  limit  from  weak  turbulent  considerations. 
So,  weak  turbulence  spectra  go  to  fractal  spectra  in  a  natural  way. 

Let  us  discuss  now  the  role  of  surface  tension.  In  the  capillarity-dominating  region 

4  ~  k~i9/4,  and  a  direct  cascade  is  realised  by  a  smooth  free  surface.  It  raises  hopes 
to  construct  a  self- sustained  theory  that  is  weakly  turbulent  throughout,  up  to  a 
viscous  region.  To  do  that,  one  lias  to  match  the  direct  cascade  Kolmogorov  spectra 
(5  29)  and  (5.30)  at  the  wave  number  k  ~  \fg/&-  Considering  the  ratio: 

p  ~  I^nr  ^  pl/V/V"3/U--5/4  ~  cx/4  Vi/2(po)-l's  (7.13) 

A  matching  is  possible  if  p  <  1.  In  this  case  a  fractal  behavior  (5.30)  changes  to 
more  smooth  at  k  ~  \Jgl<T,  producing  a  “jump”  in  the  spectrum.  This  jump  goes 
for  k  — *  oo  to  a  capillary  “tail”  (5.29),  spreading  up  to  viscous  scales.  But  matching 
is  certainly  impossible  if  p  >  1.  Putting  p  ^  1,  we  get  from  (7.13)  the  limiting  value 
of  wind  velocity,  providing  smooth  behavior  of  a  sea  surface: 

Vc  ~  f~l^7{crgy/4  (7.14) 

in  according  to  (2.2). 

Calculating  a  margin  of  fractal  behavior  km  ~  V2/c g  for  the  velocity  (7.14)  one 
gets  now: 

km  ~  (^)1/2  (7.15) 

If  p  >  1,  matching  of  gravity  and  capilliary  Kolmogorov  spectra  at  k  (<?/*),/2 
is  impossible.  But  in  this  case  km  <  {g/cr)1^,  and  wave-breaking  fractalization  take 
place  at  such  large  scales  that  surface  tension  cannot  surpass  them. 

Concluding  the  lecture,  1  would  like  to  admit  that  I  entirely  understand  the  im- 
perfectncss  of  this  isotropic  approach  to  the  essentially  anisotropic  problem  of  wind- 
driven  sea  waves.  Very  important  problems,  like  momentum  transfer  from  wind  to 


water,  remain  beyond  our  consideration.  Our  goal  was  to  show,  how  a  good  piece  of 
physics  could  be  understood  in  framework  of  a  simple  isotropic  model. 
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Abstract 

Most  attempts  to  characterize  the  kinetic  energy  dissipation  in  the  upper  20  metres  of 
the  water  column  revert  to  simple  wall  layer  scaling  -  proportional  to  the  cube  of  the 
friction  velocity  u„  and  inversely  proportional  to  depth,  e  a  u3z-1.  With  a  concomitant 
logarithmic  velocity  profile,  this  is  consistent  with  a  total  kinetic  energy  flux  from  the 
wind  of  pu\.  However,  in  fully  rough  flow  and  strongly  forced  waves  the  energy  input 
may  be  one  to  two  orders  of  magnitude  greater.  Where  does  this  energy  go?  Why 
is  it  not  reflected  in  most  of  the  upper  layer  measurements?  This  paper  attempts  to 
answer  these  questions  and  to  demonstrate  that  there  are  two  regimes  of  kinetic  energy 
dissipation  in  the  near  surface  layers  under  breaking  waves.  Near  the  surface,  the 
dissipation  rate  is  very  high  and  scales  with  the  wave  characteristics.  At  greater  depths 
the  dissipation  rate  drops  quickly  and  reverts  to  wall  layer  scaling.  In  the  intermediate 
region  the  dissipation  decays  more  rapidly  than  z~l .  This  may  be  viewed  as  a  transition 
region  between  the  deeper  shear  layer  and  the  near  surface  region,  with  intense  patches 
of  breaking-imposed  turbulence.  In  the  absence  of  density  stratification,  dissipation  in 
near  surface  region  is  analogous  to  that  due  to  grid-generated  turbulence  and  decays  as 


Introduction 

The  rate  of  turbulent  kinetic  energy  dissipation  («)  in  the  upper  oceanic  layers  and, 
in  particular,  the  distribution  of  e  near  the  surface  is  of  great  significance  in  matters 
relating  to  the  mixing  of  near  surface  waters,  mass  transfer  across  the  interface,  dispersal 
of  buoyant  pollutants,  testing  of  similarity  hypotheses  related  to  turbulent  structure  and 
the  modelling  of  thermocline  development,  inter  alia.  It  is  not  surprising  that  a  great 
deal  of  effort  has  been  expended  in  recent  years  to  acquire  some  observational  estimates 
of  its  near  surface  vertical  distribution.  Estimates  of  dissipation  near  the  top  of  the 
water  column  have  been  made  from  three  distinctly  different  types  of  platforms,  viz:  (i) 
fixed  towers  (c.f.  (1])  ;  (ii)  horizontally  or  nearly  horizontally  moving  vehicles  (ships, 
submarines,  towed  bodies)  [2]-,  (iii)  vertically  profiling  devices  driven  by  a  buoyancy 
difference  [3], [4],  Of  these  three  methods,  we  note  that  the  first  two  are  best  suited  for 
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the  study  of  dissipation  rates  in  the  near  surface  region.  Vertical  profilers  travel  quickly 
through  the  wave  field,  and  according  to  [5],  whitecap  coverage  statistics  for  a  typical 
wind  speed  for  these  experiments  (U  =  5  m/s)  suggest  that  in  the  total  time  to  date 
spent  by  all  profilers  in  the  wave  zone  (about  10,000  seconds)  the  chances  that  a  single 
breaker  swept  over  the  randomly  chosen  locations  of  the  profilers  is  no  better  than  5%. 

Only  in  very  rare  cases  has  the  dissipation  been  estimated  from  the  smallest  scales 
where  conversion  of  mechanical  energy  to  heat  occurs.  Much  more  usually  the  spectral 
density  at  intermediate  scales  is  employed,  via  the  Kolmogorov  similarity  hypothesis,  to 
estimate  the  rate  at  which  energy  flows  from  the  (large  scale)  source  to  the  (small  scale) 
sink.  Generally  speaking  the  interpretation  of  surface  layer  dissipation  estimates  fall 
into  two  classes;  viz:  (i)  general  agreement  with  the  structure  of  a  classical  wall  layer 
as  expressed  by  similarity  seeding  (e.g.  [2],  [3));  (ii)  much  higher  dissipation  values  than 
expected  from  a  purely  shear  driven  wall  layer,  and  usually  attributed  to  wave  breaking 
([1),  W).  If  these  estimates  of  enhanced  dissipation  are  correct,  then  wave  breaking 
and  the  interaction  between  waves  and  turbulence  dominate  the  kinetic  energy  balance 
in  the  surface  layers.  At  sufficient  depth  the  direct  wave  effects  would  certainly  vanish 
and  the  production  and  dissipation  of  turbulence  would  acquire  the  attributes  of  a  shear 
driven  flow,  although  some  of  the  momentum  supplied  to  drive  the  deep  shear  layer  may 
have  been  released  from  the  wave  field  during  breaking  and  wave-  turbulence  interaction. 
Evidently,  various  properties  of  the  wave  field  must  be  important  in  establishing  general 
scaling  characteristics  of  the  wind  driven  surface  layer.  As  one  moves  away  from  the 
surface  the  influence  of  the  waves  quickly  diminishes  and  at  some  depth  it  should  be  no 
surprise  that  wall  layer  scaling  appears  to  describe  the  observations  adequately.  How 
may  these  two  regions  be  consistently  described?  What  Eire  the  appropriate  scaling 
variables  or  combination  of  variables  for  the  wave  dominated  layer? 

It  was  partly  to  answer  these  questions  that  an  extensive  field  observational  program 
was  put  in  place  in  Lake  Ontario  in  three  successive  autumns  (1985-1987).  Velocity 
measurements  were  made  from  a  fixed  tower  with  a  string  of  three  specially  designed 
drag  spheres  (6].  The  tower  was  designed  for  waves  and  air-water  interaction  research 
and  thus  there  is  a  minimum  of  interference  to  flow  near  the  interface.  The  drag  spheres, 
designed  to  operate  correctly  to  wave  lengths  as  small  as  2  cm,  were  located  at  depths 
of  approximately  1,  2  and  4  meters.  Calibrations  were  made  in  the  100m  CCIW  towing 
tank  before  and  after  the  field  season.  During  the  entire  experiment  a  wide  range  of 
conditions  were  observed  including:  wind  speeds  from  3  m/s  to  17  m/s;  significant  wave 
heights  from  a  few  centimetres  to  2.5  m;  inverse  wave  ages  (degree  of  forcing)  from  0.1 
(swell)  to  4.5  (very  young,  shor '..-fetched  waves);  mean  current  speed  from  2  cm/sec  to 


20  cm/sec.  Data  from  the  drag  spheres  (and  all  other  apparatus  -  see  [7])  were  collected 
at  20  Hz.  The  resulting  time  series  were  windowed  and  analysed  applying  standard 
techniques. 


Results 

The  existence  of  —  |  regions  in  the  frequency  spectra  of  velocity  components  in  the 
wave  zone  has  been  demonstrated  by  [1],  Ftom  the  much  larger  data  base  of  this 
experiment  we  show  a  clear  example  in  Fig.  1.  Although  not  a*l  velocity  spectra  show 
well-established  —  |  regions,  most  do  and  this  is  typical  of  those  that  do.  Both  horizontal 
(u)  and  vertical  (w)  velocity  spectra  have  —  I  regions  above  the  wave  peak,  whereas  only 
the  horizontal  velocity  spectra  have  —  |  regions  below  the  wave-peak.  The  likelihood  of 
the  condition  of  isotropy  being  satisfied  is  clearly  higher  in  the  region  above  the  peak. 


Frequency,  /  [Hz] 

Figure  1:  Velocity  spectra:  Suv  (  —  ),  Sww  with  w  via  linear 

theory  ( - ),  Suu  (xlO)  (•--).  Reference  line  with  f~h/i 

slope. 


The  surface  elevation  information  from  a  nearby  wave-staff  yields  the  spectra  of  ex¬ 
pected  velocity  fluctuations  based  on  linear  theory  (see  Fig.  1).  It  is  clear  that  the 
—  |  regions  extend  well  beyond  the  region  of  the  expected  orbital  velocities.  We  may 
therefore,  without  recourse  to  filtering  out  the  wave-induced  motion,  treat  the  spectra 
outside  of  the  zone  of  direct  wave  influence  as  a  reflection  cf  the  turbulence  properties. 
From  Kolmogorov’s  similarity  hypothesis  we  may  obtain  e  by  measuring  the  spectral 
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density  .F(J:)  ( k  is  the  wavenumber)  in  the  inertial  subrange  where  F(k )  «  e2/3j.-s/3 
Although  the  similarity  argument  is  properly  applied  to  the  wavenumber  spectrum,  the 
connection  to  the  more  easily  measured  frequency  spectrum  is  made  via  Taylor’s  “frozen 
turbulence”  hypothesis  with  advecting  velocity  uj.  Then  e  =  where  S(w) 

is  the  frequency  spectrum  of  a  velocity  component  evaluated  in  the  inertial  subrange 
and  value  of  the  constant  C\  is  taken  to  be  2.4.  In  calculating  dissipation,  we  employ 
the  inertial  subrange  at  frequencies  both  above  and  below  the  spectral  peak,  taking  Ui 
to  be  the  rms  wave  orbital  velocity  and  mean  current  respectively. 


Estimates  of  e  were  made  from  spectra  of  both  horizontal  and  vertical  velocity.  Nine 
pairs  of  estimates  of  e  from  the  high  frequency  region  were  compared:  with  the  range 
of  €  covering  2 1  decades,  good  agreement  was  seen  between  the  estimates  from  the  two 
components.  In  Figure  2,  we  show  dissipation  estimates  derived  from  our  field  data  as 
well  as  those  '.ollected  by  others.  The  data  are  plotted  in  the  wall  layer  coordinates  of 
[3],  and  it  is  evident  that  our  data  show  dissipation  rates  several  orders  of  magnitude 
higher  than  that  would  be  anticipated  by  wall  layer  theory.  This  will  come  as  no  surprise 
to  anyone  who  has  been  at  sea  in  storm  conditions.  The  order  of  magnitude  agreement 
with  wall  layer  theory  claimed  by  [3]  and  others  may  simply  reflect  their  inability  to 
measure  dissipation  near  the  surface  under  conditions  of  pronounced  wave  breaking. 


How  then  may  one  estimate  the  dissipation  rate  in  these  conditions?  What  are  the 
appropriate  scaling  variables?  Neither  the  significant  wave  height  nor  the  peak  wave 
length  is  well  suited  as  a  length  scale  since  wave  dissipation  is  distributed  over  the  rear 
face  of  the  spectrum  rather  than  concentrated  near  the  peak;  this  is  especially  true 
near  full  development.  A  better  choice  of  seeding  wavenumber  would  be  that  associated 
with  the  peak  of  the  slope  spectrum,  s.nce  the  steepest  waves  are  the  dissipating  waves. 
Unfortunately,  the  slope  spectrum  is  very  broad,  making  the  choice  of  a  peak  rather 
inprecise.  We  use  instead  the  mean  wavenumber  of  the  slope  spectrum 


k  = 


(1) 


For  full  development  k  3>  kp  and  as  the  waves  become  more  and  more  strongly  forced 
the  energy  near  the  peak  is  enhanced  [7]  and  It  — ♦  kp.  (N.B.  In  evaluating  (1),  we  follow 
[8]  and  append  an  ui~s  tail  rii  for  w  >  3.5u )p.) 


If  the  wind  input  to  the  surface  is  being  delivered  primarily  to  waves  of  various  lengths 
i.e.,  wave  drag,  as  is  the  case  when  the  flow  is  aerodynamically  rough,  then  the  question 
to  be  considered  is  what  is  the  magnitude  of  this  energy  input  and  how  does  it  scale?  As 
pointed  out  in  [2],  the  energy  input  is  the  wave  drag  multiplied  by  an  appropriate  average 
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wave  phase  speed.  The  wave  drag  is  delivered  preferentially  to  the  steep  waves,  so  that 
the  phase  speed  c  associated  with  k  wou*d  reflect  this.  We  then  look  for  a  functional 
form  relating  the  variables  e,  £<„(=  u^c),  E  and  z.  In  particular,  </(£,„£)  =  F(Jcz). 
Fig.3  illustrates  how  the  data  fall  in  these  coordinates.  Although  there  is  substantial 
scatter,  a  clear  trend  of  decreasing  t  with  depth  is  apparent.  Since  both  axes  contain 
variables  with  some  uncertainty,  the  slope  of  the  linear  regression  line  (on  logarithmic 
axes)  was  found  to  lie  in  the  range  of  -3.0  to  -4.6.  We  propose  the  following  relationship 
between  the  non-dimensional  variables  based  on  an  analogy  with  grid  turbulence: 


— r^=  --  l.84(kz)  4  or  «  =  1.84u \ck  3r  4.  (2a, 6) 

uick 

Recent  results  of  Gargett  [4]  include  dissipation  estimates  in  the  upper  30  metres  which 
also  show  a  depth  dependence  of  close  to  z~*.  We  note,  however,  that  no  wind  speed 
dependence  was  observed,  although  wind  speeds  of  up  to  12  m/s  were  noted.  The  r~4 
is  also  in  agreement  with  observations  of  a  shear-free  slab  of  thickness  ~1  metre  in  the 
velocity  stricture  beneath  a  whitecapping  sea  [9]. 

The  total  dissipation  may  be  obtained  from  the  depth  integral  of  e.  It  should  be  equal 
to  u^c,  the  energy  input  due  to  wind.  We  have  postulated  that  the  principal  source  of 
the  kinetic  energy  is  wave  breaking  so  that  energy  is  injected  to  a  depth  of  order  of  the 
wave  height,  below  which  it  decays  much  in  the  manner  of  shear- free  or  grid  generated 
turbulence  (r~4)  (see  (10j).  Therefore  we  evaluate  the  integral  of  (2b)  from  oo  to  0H, 
{H,  is  the  significant  wave  height)  and  add  a  constant  value  from  (3H,  to  the  surface. 
That  is,  we  assume  that  the  energy  is  injected  in  the  2one  between  the  surface  and 
depth  0H,  and  that  the  dissipation  rate  is  constant  in  this  zone.  A  similar  idea  was 
proposed  by  Kitaigorodskii  in  connection  with  a  model  for  gas  transfer  [11].  Equating 
this  to  the  total  energy  input  we  find  /?  =  1.2  (^-)019  -  This  suggests  that  the  depth  of 
direct  wave  mixing  extends  16%  beyond  the  significant  height  at  full  development  and 
60%  beyond  for  the  most  strongly  forced  case  in  our  data  (~  =  4.2). 

It  is  of  interest  to  determine  the  ‘transition  depth’,  zt,  at  which  t  equals  the  conventional 
wall  layer  estimate,  Using  an  empirical  relationship  between  E  and  kp  and  the 
dependence  of  H,  on  U(cp  given  by  [7],  we  have 


0H, 


4-5 

CP 


(3) 


Thus  the  relationship  between  zt  and  0H,  is  nearly  constant  (3.2  to  4.7  for  short  fetch 
to  full  development).  This  suggests  that  the  intermediate  layer  of  rapid  decrease  in  e  is  3 
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times  the  thickness  of  the  source  layer  (0H,).  This  can  be  of  great  use  in  the  modelling 
of  mixed  layer  dynamics. 

On  the  basis  of  our  observations  very  near  the  surface,  we  have  proposed  a  structure 
in  which  the  uppermost  layer  is  directly  mixed  by  wavebreaking,  is  relatively  shear-free 
and  has  a  constant  (with  depth)  dissipation  rate.  Below  this  there  is  an  intermediate 
layer  into  which  kinetic  energy  is  diffused  from  above  and  in  which  the  dissipation  rate 
decays  very  rapidly  (approximately  z~4)  with  depth.  This  layer  is  analogous  to  that 
due  to  grid  generated  turbulence  and  eventually  merges  into  a  classical  wall  layer  at  the 
transition  depth  zt  below  which  the  dissipation  rate  decays  more  slowly  (z-1). 
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Abstract 

Microwave  backscattering  from  wind-wave  surfaces  in  a  wind  wave 
tank  is  investigated  by  using  an  X-band  (9.6  GHz)  scatterometer . 
It  is  found  that  intensity  of  the  backscattered  signature  is  in 
phase  with  the  surface  displacement.  Variation  of  the  Doppler 
velocity  also  corresponds  to  the  phase  of  the  individual  waves. 
High  Doppler  velocity  observed  at  the  crests  of  the  individual 
waves  coincides  with  the  propagating  speed  of  the  crests.  It  is 
concluded  that  the  fine  structures  of  wind- wave  surfaces,  which 
are  trapped  near  the  crests  and  are  propagating  with  the  crests, 
mainly  contribute  to  microwave  backscattering.  It  is  also  shown 
that  the  wave  breaking  with  bubble  entrainment  does  not  increase 
the  microwave  backscattering  under  the  conditions  of  the  present 
experiment.  (This  paper  is  an  extended  abstract.  This  study 
will  be  published  in  full  elsewhere.) 


The  experiments  were  conducted  in  a  wind-wave  tank  which  is  60 
cm  wide,  20  m  long  and  120  cm  high,  containing  fresh  water  70  cm 
deep.  The  measurement  was  made  at  a  fetch  of  10.5  m.  A 
schematic  picture  of  the  experimental  apparatus  is  shown  in 
Fig.i.  The  frequency  of  the  microwave  is  9.6  GHz,  and  the  wave 
length  is  3.12  cm.  In  this  experiment,  we  selected  the  W 
polarization.  The  incident  angle  is  fixed  at  45°  upwind.  The 
beam  of  microwave  is  focused  on  the  water  surface  1  m  distant  by 
using  an  ellipsoidal  antenna  in  order  to  clarify  the 
relationship  between  the  backscattering  and  the  fine  structures 
of  the  wind-wave  surfaces.  The  -3  dB  beamwidth  of  the  antenna 
is  13  cm  at  the  water  surface  for  the  W  polarization. 


The  amplitude  and  the  Doppler  frequency  of  backscattered 
signature  are  measured  and  recorded.  In  order  to  measure  the 
surface  displacement  and  the  wave  speed,  a  pair  of  capacitance 
gauges  is  installed  at  a  distance  of  1  cm  in  the  fetch 
direction.  We  also  observed  the  fine  structures  of  the  wave 
surface  by  using  a  video  camera  from  the  bottom  of  the  tank. 
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In  this  experiment,  we  selected  7  reference  wind  speeds  from  3.6 
m/s  to  14.1  m/s.  In  this  paper,  results  for  the  case  of  14.1 
m/s  is  shown.  Parameters  of  wind  and  wave  fields  under  this 
wind  speed  is  summarized  in  Table  1.  Qualitative  results  were 
almost  same  for  the  other  cases  in  which  the  wind  speeds  were 
larger  than  10  m/s.  in  these  cases,  the  dominant  waves  were 
longer  them  the  microwave  beamwidth. 

Phase _ Relationship _ between  ,  the — Surface — Pis, placement,  and 

BachacatLered  ..Signature 

Figure  2  is  an  example  of  the  time  series  at  the  wind  speed  14.1 
m/s.  Panel (a)  and  (b)  show  the  surface  displacement  and  the 


Fig.l.  Schematic  picture  of  experimental  apparatus.  1:  trans¬ 
mitter,  2:  receiver,  3:  ellipsoidal  antenna  (transmission),  4: 
horn  antenna  (reception),  5,6:  traverse  unit,  7:  laser  pointer, 
8:  a  pair  of  capacitance  wave  gauge,  9:  wind  tunnel. 


Table  1.  Parameters  of  wind  and  wave  Field 


Reference  wind  speed. 

14 . 1  m/s 

Friction  velocity. 

1.92  m/s 

Roughness  length. 

5.9  x  10'3  m 

Significant  wave  height. 

10.4  cm 

Significant  wave  period. 

0.71  8 

Spectral  peak  frequency. 

1.51  Hz 
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backscattering  intensity  relative  to  the  average  intensity  in  a 
linear  coordinate,  respectively.  The  backscattering  intensity 
is  large  at  the  crests  of  individual  waves.  Panel (c)  shows  the 
Doppler  spectra  calculated  from  a  record  for  a  period  of  0.2048 
s  which  is  shown  by  a  horizontal  bar  at  the  upper  right  corner 
of  panel (d).  The  ordinate  is  the  horizontal  velocity  converted 
from  the  Doppler  frequency.  The  curve  in  panel (d)  shows  a  time 
series  of  the  Doppler  velocity  produced  from  the  peaks  of  the 
Doppler  spectra  in  panel(c).  The  Doppler  velocity  is  also  in 
phase  with  the  surface  displacement.  The  circles  in  panel (d) 
shows  the  speed  of  wave  crests  measured  by  the  pair  of  wave 
gauges.  The  high  velocity  observed  near  the  crests  in  the 
Doppler  spectra  coincides  with  the  speed  of  wave  crests. 

In  order  to  examine  the  phase  relationship  between  the  surface 
displacement  and  the  backscattered  signature  seen  in  the  time 
series,  we  calculated  phase  averages  of  these  data.  The  time 
series  are  divided  into  20  blocks  along  phase  of  the  individual 
waves.  The  one- third  highest  waves  are  selected  and  the  phase 
averages  are  calculated  for  each  of  the  20  blocks. 


Time  (s) 


Fig. 2.  An  example  of  time  series  of  backscattered  signature, 
(a)  surface  displacement,  (b)  backscattering  intensity,  (c) 
Doppler  spectra,  (d)  Doppler  velocity  (line)  and  crest  speed 
(circles)  . 


Figure  3  shows  the  result.  in  the  upper  panel  the  average  of 
wave  profile  (r)),  the  average  (E)  and  standard  deviation  (E')  of 
the  backscattering  intensity  are  shown.  It  is  confirmed  that 
the  backscattering  intensity  is  in  phase  with  the  wave  profile. 
The  contribution  of  the  crest  region  to  the  total  power  of  the 
backscattering  is  about  7  0  %  for  this  case.  The  lower  panel 
shows  the  phase  average  of  the  Doppler  spectra.  The  Doppler 
velocity  is  also  in  phase  with  the  wave  profile.  At  the  crest 
the  Doppler  velocity  coincides  with  the  phase  velocity  of  waves 
{1.03  m/s) . 

In  Fig. 4,  the  Doppler  velocity  at  the  crests  of  individual  waves 
is  plotted  against  the  crest  speed  measured  by  the  pair  of  wave 
gauges  for  the  all  waves  observed  under  winds  larger  than  10 
m/s.  The  size  of  the  circles  show  the  number  of  data  located  at 
the  same  point,  since  the  resolutions  of  the  both  speeds  are  not 
so  good.  The  Doppler  velocity  agrees  well  with  the  crest  speed. 

From  these  results,  it  can  be  concluded  that  fine  structures  of 
the  wind- wave  surface,  which  are  trapped  near  the  crests  of  the 
dominant  waves  and  which  are  propagating  with  the  crests,  mainly 
contribute  to  the  microwave  backscattering.  According  to  the 
experimental  studies  of  our  research  group  [l] ,  it  is  expected 
that  the  fine  structures  near  the  crests  (2]  are  generated 
associating  with  the  mechanisms  of  turbulent  boundary  layer 
above  and  below  the  water  surface  such  as  separation  and 
reattachment  of  air  flow  [3]  ,  high  shear  region  beneath  the 
crest  [4],  bursting  phenomena  in  the  air  [5]  and  water  [6), [7] 
and  wave  breaking. 


In  order  to  examine  the  effect  of  wave  breaking  with  bubble 
entrainment  on  the  microwave  backscattering,  we  classified  the 
waves  into  three  classes:  non-breaking,  partially  breaking  and 
fully  breaking  waves,  according  to  the  video  pictures.  In  each 
class,  averages  of  the  backscattering  intensity  and  Doppler 
velocity  at  the  crest  are  calculated.  The  result  is  suirsnarized 
in  Table  2.  The  backscattering  intensities  have  no  significant 
difference  between  the  classes.  The  Doppler  velocity  for  fully 
breaking  waves  is  slightly  faster  than  the  others. 


From  this  result,  we  may  conclude  that  the  wave  breaking  with 
bubble  entrainment  has  no  effect  on  the  intensity  of 


backscattering  for  the  condition  of  this  experiment.  One 
possible  interpretation  is  that,  when  the  wave  breaking  with 
bubble  entrainment  is  occurring,  the  wind- wave  surface  itself  is 
already  very  rough,  and  that  the  breaking  does  not  cause 
additional  surface  roughness,  which  could  contribute  to  the 
microwave  backscattering. 


Table  2.  Effect  of  wave  breaking 

Breaking  wave 
Non-  Partially  Fully 


Number  of  Waves 

18 

18 

12 

Relative  Power  (dB) 

-23.3 

-23.1 

-23.2 

Doppler  Velocity  (m/s) 

1.07 

1.08 

1.14 
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Sm maary 


Breaking  surface  waves  can  be  detected  acoustically  in  the  open 
ocean  with  a  small  hydrophone  array.  We  describe  the  technique 
used  for  this  purpose  and  show  a  few  results,  including 
measurement  of  breaking  wave  propagation  speed  and  the 
characteristics  of  the  acoustical  radiation. 


Introduction 

Surface  wave  breaking  has  been  studied  in  some  detail  in  the 
laboratory  tank  under  controlled  conditions,  but  observations  in 
the  open  ocean  remain  sparse.  The  ocean  surface  is  a  difficult 
environment  in  which  to  obtain  measurements,  so  that  some  form 
of  remote  sensing  appears  necessary  for  continuous  observation. 
The  fact  that  breaking  waves  radiate  sound  suggests  the 
suitability  of  employing  passive  acoustical  detection.  Here  we 
report  some  initial  steps  towards  development  of  a  passive 
detection  sensor  suitable  for  use  in  the  open  ocean. 

Passive  acoustical  detection  of  breaking  waves  is  not  new.  Time 
series  measurements  of  ambient  sound  fluctuations  thought  to  be 
caused  by  wave  breaking  events  were  identified  by  Farmer  &  Vagle 
[1}  using  moored  WOTAN  sensors.  Some  inferences  were  made  about 
the  repetitive  nature  of  breaking  and  its  dependence  on  the 
dispersion  relationship  (Donelan,  Longuet-Higgins  and  Turner, 
[2]).  Subsequent  observations  using  simultaneous  video  and 
acoustical  recording  confirmed  that  nearby  wave-breaking  events 
create  an  increase  in  background  sound  (Farmer  &  Vagle  [3]). 
Crowther  (personal  communication,  1990}  has  described  the  use  of 
ambient  sound  to  track  the  motion  of  individual  events;  he 
exploited  the  higher  frequency  radiation  (50kHz  and  above)  and 
employed  narrow  beam  hydrophones  that  detected  the  wave  as  it 
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passed  a  surface  patch  towards  which  the  hydrophones  were 
oriented.  His  observations  were  made  with  a  bottom  mounted 
system  connected  by  cable  to  shore. 

Technical  Approach 

The  measurements  described  here  were  obtained  with  a  self- 
contained  freely  drifting  instrument  conceptually  and 
technically  related  to  earlier  versions  (Farmer  fc  Vagle  [3], 
Zedel  and  Farmer  [4])  used  for  studying  ocean  surface  processes. 
A  primary  concern  underlying  the  development  of  these 
instruments  was  the  desirability  of  obtaining  data  in  open  ocean 
conditions  without  being  tied  to  a  particular  location  or  a 
shallow  costal  environment.  The  difficulty  and  cost  of  deep 
ocean  moorings  favoured  a  drifting  deployment  with  the 
instrument  suspended  by  rubber  cord  some  20  -  40m  below  a  small 
surface  float.  Use  of  a  rubber  cord  and  a  high  drag  design  for 
the  instrument  ensured  rather  efficient  decoupling  from  the 
ocean  surface.  The  residual  instrument  motion,  which  is 
monitored  with  inclinometers,  an  accelerometer,  a  pressure 
sensor  and  a  compass,  closely  approximates  the  small  orbital 
motion  of  the  swell  at  the  deployment  depth;  subsequent  analysis 
includes  a  correction  for  this  motion. 

The  instrument  is  equipped  with  a  variety  of  sensors,  but  the 
passive  array  pertinent  to  the  present  discussion  consists  of  4 
broad  band  hydrophones,  each  one  mounted  at  the  end  of  a  motor 
driven  arm  (Figure  1) .  The  horizontal  span  between  opposite 
hydrophones  is  9m;  the  arms  are  extended  after  deployment  and 
retracted  prior  to  recovery.  The  signal  from  each  hydrophone  is 
digitised  at  11kHz  (16  bit  resolution)  and  recorded  on  video 
tape.  The  entire  system  has  an  endurance  of  64h  continuous 
operation,  although  this  may  be  modified  either  by  use  of 
additional  sensors  or  intermittent  operation. 

The  basic  principle  employed  is  that  of  time  delay  estimation. 
Each  hydrophone  is  omnidirectional.  With  only  4  hydrophones  it 
is  hardly  useful  to  'beam-form'  in  the  traditional  sense.  The 
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Fig.  l.  Sketch  showing  acoustical  instrument  used  for  tracking 
breaking  surface  waves  with  naturally  occurring  sound.  The 
instrument  is  suspended  by  rubber  cord  from  a  small  (lm 
diameter)  surface  float.  Hydrophones  at  the  end  of  each  arm 
detect  the  sound  of  individual  breaking  waves,  the  positions  of 
which  are  subsequently  found  by  time  delay  processing. 


cross-correlation  between  signals  detected  at  each  of  the  4 
I  locations  is  determined  as  a  function  of  time  delay.  A  discrete 

sound  source  should  then  appear  as  a  local  maximum  in  the  cross- 
|  correlation  at  a  time-delay  corresponding  to  the  relative 

arrival  time.  A  single  hydrophone  pair  locates  the  source  on 
the  intersection  of  a  plane  with  the  ocean  surface;  a  second 
J  pair#  which  need  not  be  orthogonal  constrains  the  source  to  a 

similar  but  different  intersection.  The  common  locus  then  fixes 
the  source  position  in  2  dimensions,  after  taking  due  account  of 


Fig.  2.  Horizontal  range  in  two  orthogonal  directions  to 
breaking  waves,  found  by  cross-correlation  analysis  of 
acoustical  signals  from  pairs  of  hydrophones. 


Tine  series  locations  of  breaking  wave  events  for  a  45s  period  ire 
shown  in  Figure  2  where  the  vertical  axis  gives  the  horizontal 
ranges  of  breaking  events  relative  to  the  hydrophone  array  in  the 
downwind  (b)  and  crosswind  (a)  direction.  For  the  most  part  the 
breaking  waves  travel  in  the  direction  of  the  wind.  There  is  some 
evidence  of  a  grouping  of  the  events.  For  example,  event  2  follows 
event  1,  with  a  displacement  downwind  of  approximately  7m. 
Analysis  of  events  4,  5,  6  and  7  shows  similar  montonic  downwind 
displacement. 

A  full  analysis  of  the  space-time  distribution  of  breaking  events 
would  require  knowledge  of  the  directional  properties  of  the 
wavefield  which  are  not  yet  available.  (Directional  spectra  were 
obtained  by  another  investigator.)  Nevertheless,  it  appears  that 
data  of  this  kind  have  the  potential  for  examination  of  the 
dependence  of  wave  breaking  on  the  interaction  of  wind  waves  and 
the  swell. 

Figure  3a  shows  the  relative  acoustic  power  radiated  from  each 
breaking  wave  event,  referenced  to  a  range  of  lm  directly  beneath 
the  source,  under  the  assumption  of  a  dipole  radiation  pattern. 
The  speed  at  which  the  breaking  wave  travels  is  shown  in  Figure  3b. 
For  very  brief  events  such  as  the  third  one,  rapid  changes  in  speed 
can  occur  but  are  probably  not  very  significant.  Although  the 
speeds  are  scattered,  they  show  a  general  clustering  around  the 
group  speed  of  the  dominant  waves  (5.25m  s ')  . 

Surface  elevation  of  the  longer  period  waves  is  shown  in  Figure  3c, 
inferred  from  the  pressure  signal.  The  elevation  does  not  include 
allowance  for  the  residual  orbital  motion  of  the  instrument,  and  is 
probably  an  understatement  of  the  amplitude.  Moreover,  wind  waves 
do  not  show  up  on  the  pressure  signal  at  the  instrument  depth  of 
24m. 

The  method  of  detection  depends  upon  coherent  acoustical  energy 
being  received  at  the  separate  hydrophones.  For  a  broad  band 
nearfield  source  to  produce  coherent  sound  signals  at  spaced 
hydrophones  requires  either  that  the  source  be  compact  or  that  it 
radiate  coherently.  Coherent  radiation  might  occur  if  the 


114 


23 

•9 

I 

5= 

o 

£L 


10. 0 


31 

\ 

£ 

■a 

41 

41 

a. 

w 


2.5h 

o.oL 

0 


b 


18  27  36  45 

Time(sec) 


Fig.  3(a)  Relative  acoustical  power,  referenced  to  lm  below 
each  wave  breaking  event.  Fig.  3(b)  Speed  of  breaking  events 
calculated  from  breaker  position  data.  Fig.  3(c)  Surface 
elevation  inferred  from  pressure  sensor. 


air-bubbles  entrained  in  the  breaking  process  oscillate 
collectively.  Alternatively,  if  the  breaking  event  consists  of 
a  distribution  of  incoherent  sources,  formed  for  example  by  the 
random  entrainment  and  consequent  radiation  from  bubbles  at  many 
different  locations  in  the  breaking  event,  then  coherence  will 
depend  upon  source  dimensions.  Since  the  breaking  wave  is 
typically  anisotropic  (nearer  a  line  than  a  point  or  a  disc)  we 
would  expect  the  coherence  to  be  anisotropic  also.  Thus 
coherence  of  the  detected  signal  should  serve  as  an  additional 
probe  of  breaking  wave  properties. 


Figure  4(a)  shows  the  power  spectral  density  (PSD)  for  a 
breaking  wave.  The  PSD  is  shown  relative  to  the  background 
sound  field  as  measured  just  prior  to  the  breaking  event.  Thus 
the  vertical  scale  is  in  dB  relative  to  the  background  power 
spectrum  and  shows  the  departure  from  this  spectrum  as  the 
breaking  event  proceeds.  Significant  departures  occur  in  the 
form  of  a  sharp  peak  at  250Hz. 
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Fig.  4(a)  Power  Spectral  Density  (PSD)  relative  to  background 
noise  levels  when  a  wave  is  breaking  close  to  the  instrument. 

Fig.  4(b)  Coherence  between  two  hydrophones  aligned 
orthogonally  to  the  wave  crest. 

Fig.  4(c)  Coherence  between  two  hydrophones  aligned  with  the 
wave  crest. 
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The  corresponding  coherence  is  shown  for  the  same  wave  breaking 
event  for  two  orthogonal  hydrophone  pairs  in  Figures  4b  and  4c. 
The  breaking  events  are  asymmetrical  and  tend  to  be  aligned  with 
the  wave  crest.  Therefor  the  linear  dimension  of  the  source 
appears  greater  when  viewed  upwind  or  downwind  than  when  it  is 
viewed  cross-wind.  The  resulting  coherence  is  less  when  the 
breaking  event  is  viewed  head-on  than  when  it  is  viewed  from  the 
side. 

The  coherence  can  be  explained  in  terms  of  differences  in  the 
path  length  from  the  source  to  the  two  hydrophones.  For  a 
source  to  be  compact  over  a  bandwidth  the  least  wavelength  of 
which  is  A,  and  thus  to  provide  coherence  between  separated 
hydrophones  of  the  array,  the  difference  in  path  length  from  a 
radiating  point  to  each  hydrophone  must  be  independent  of 
location  of  that  point  in  the  source,  to  within  a  fraction  of  A. 
Coherence  thus  depends  upon  acoustical  wavelength  A  and  the  size 
of  the  source  as  observed  by  the  hydrophones. 

Bigcy?si<?n 

Consider  first  the  well  defined  peak  in  the  power  spectrum  at 
250Hz.  Two  possibilities  exist.  Either  the  sound  is  generated 
by  entrainment  of  individual  bubbles  resonant  at  that  frequency, 
or  there  is  a  collective  oscillation  of  the  bubbles,  each  of 
which  might  individually  have  much  higher  resonant  frequency. 
A  single  bubble  oscillating  in  the  breathing  mode  with  resonant 
frequency  250Hz  would  have  a  radius  of  1.4cm.  Bubbles  of  this 
size  could  probably  be  formed  during  the  breaking  process, 
although  they  would  be  unlikely  to  last  very  long. 

An  alternative  explanation  is  that  bubbles  in  the  breaking  wave 
oscillate  collectively.  Recent  laboratory  observations  (Lamarre 

and  Melville  [5]  have  shown  the  void  fraction  /?  can  be  5-20%. 

2 

Prosperetti  [6]  gives  the  resulting  sound  speed  c»  as  C »  = 
p/p/3(l-/J),  where  p  is  the  ambient  pressure  and  p  the  water 
density.  The  lowest  eigenfreguency  for  a  void  fraction  field  of 
linear  dimension  L  is  then  <VL.  This  corresponds  to  a  bubble 
layer  of  10cm  thickness  for  an  eigenfreguency  of  250Hz  at  /S  * 
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20%,  or  18.4  cm  thickness  for  0  *  5%.  Coherence  plots  are  shown 
in  Figures  4b  and  c  for  hydrophone  pairs  orthogonal  (4b)  and 
aligned  (4c)  with  the  breaking  wave  event.  As  expected,  the 
coherence  is  generally  higher  and  extends  over  a  greater 
frequency  range  for  the  orthogonal  hydrophone  pair  (Figure  4b) 
than  for  the  aligned  pair.  If  the  sound  radiation  mechanism 
consists  of  a  distribution  of  sources,  for  example  randomly 
phased  bubbles  or  perhaps  randomly  phased  groups  of  bubbles  in 
collective  oscillation,  then  the  upper  frequency  coherence  bound 
will  be  determined  by  the  effective  width  of  the  incoherent 
source  as  viewed  by  a  given  hydrophone  pair. 

In  summary,  it  has  been  shown  that  a  simple  array  of  4 
omnidirectional  hydrophones  can  be  used  to  map  the  location  and 
movement  of  breaking  waves  in  the  open  ocean.  A  single  event 
has  been  analyzed  in  detail.  The  spectral  and  coherence 
properties  of  radiated  sound  allow  detection  of  additional 
features  of  the  breaking  events,  including  their  geometrical 
evolution.  There  is  also  some  evidence  suggesting  collective 
oscillation  of  bubbles  is  a  source  of  radiated  sound  in  the 
early  stages  of  breaking. 

It  is  worth  noting  here  that  the  development  and  testing  of  a 
wave  breaking  model  using  open  ocean  data  requires  simultaneous 
directional  wave  measurements  at  the  same  location.  While 
directional  wave  data  were  obtained  from  a  nearby  platform 
(FLIP)  during  the  SWAP P,  experiment,  it  would  clearly  be 
desirable  to  obtain  such  data  from  the  same  location  as  the 
hydrophone  array.  Recent  developments  in  acoustic  doppler 
measurement  of  surface  wave  fields  will  in  future  allow  such 
combined  observations  from  the  same  instrument. 

Acknowledgement:  This  work  received  support  from  the  U.S. 
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Summary 

Incidence  of  wave  breaking  for  pure  wind  driven  waves  has  been  studied  on  Lake  Washington  at 
wind  speeds  up  to  8  m  s_1.  Video  recordings  were  employed  to  identify  and  categorize  the  breaking 
events  in  terms  of  micro-scale,  spilling  and  plunging  breakers.  These  events  were  correlated  with 
the  magnitude  of  the  wave  spectrum  measured  with  a  resistance  wire  wave  gauge  and  band  pass  fil¬ 
tered  between  6  and  1 0  Hz.  An  equivalent  percentage  of  breaking  crests  were  found  for  spilling  and 
plunging  events. 

Wave  forcing  as  measured  by  wind  stress  (or  friction  velocity, squared)  and  by  inverse  wave  age, 
Ut/C„ ,  where  Co  is  the  phase  velocity  of  the  waves  at  the  peak  of  the  frequency  spectrum,  were 
founa  to  be  good  predictors  of  percentage  of  breaking  crests.  When  combined  in  a  two  parameter 
regression,  those  two  variables  grve  small  standard  deviation  and  had  a  high  correlation  coefficient 
(66%).  The  combination  of  w^and  u,fCp  can  be  understood  in  physical  terms.  Furthermore,  for  the 
larger  values  of  «»  the  dependence  of  wave  breaking  on  wave  age  was  stronger  than  at  the  low  end  of 
the  values  for  ul  and  u,/Cp.  Thus,  both  the  level  of  wave  development  as  determined  by  inverse 
wave  age,  which  we  may  term  relative  wind  effectiveness  for  wave  forcing  and  the  wind  forcing  on 
the  water  surface  determine  the  incidence  of  wave  breaking. 

Substituting  (/JJ5  (which  is  the  dependence  of  whitecap  cover  found  by  Monahan  and  coworkers) 
an  equivalent  correlation  was  found  to  the  prediction  by  ul.  Slightly  better  standard  deviation  value 
and  higher  correlation  coefficient  were  found  by  using  a  Reynolds  number  as  predictor.  A  two-pa¬ 
rameter  regression  involving  ul  and  a  Reynold’s  number  proposed  by  Toba  and  his  colleagues  (e  g. , 
Toba  and  Koga,  1986)  which  relates  u\  and  peak  wave  frequency,  improves  the  correlation  even 
more  but  is  less  easy  to  interpret  in  physical  terms. 

The  equivalent  percentage  of  breaking  crests  obtained  in  our  previous  study  (Wcissman  et  al.,  1984) 
was  reported  at  8.6%  for  a  short  record  obtained  at  (7lcwof  about  6  ms~l.  Typical  values  in  the  current 
study  for  similar  conditions  are  6%,  which  is  consistent  with  the  previous  study  in  view  of  the  scattei. 
In  that  study  we  did  not  have  a  video  recording  system,  so  the  observed  breaking  may  include  more  of 
the  micro-scale  breaking  events,  and  the  value,  8.6%,  is  well  within  the  range  of  highly  probable 
sampling  variability. 

INTRODUCTION 

Wave  breaking  can  be  a  dramatic  change  in  sea  surface  characteristics  and  occurs  on  many  scales.  It 
plays  a  significant  role  in  air-sea  exchanges  of  momentum,  energy  and  mass  in  various  ways  (e.g., 
Donelan,  1990;  Banner,  1990).  In  particular,  it  is  the  dominant  mechanism  responsible  for  wave  dis¬ 
sipation;  it  removes  momentum  and  energy  from  the  wave  field  and  transfers  the  momentum  to  sur¬ 
face  currents  and  the  energy  into  both  turbulence  and  currents.  The  dissipation  of  wave  energy,  due 
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to  breaking,  is  one  of  the  key  parameters  in  wave  prediction  models  which  are  based  on  the  energy 
transfer  equation: 

§  +  V  •  VE  -  S„  +  (I) 

where  E  is  the  wave  spectral  energy  density,  V  is  velocity  at  which  the  wave  energy  propagates  (i.e., 
group  velocity  plus  currents),  Sj„  is  source  function  due  to  wind  input,  S„t  is  source  function  due  to 
nonlinear  wave-wave  interactions,  and  Sjlss  is  source  term  due  to  dissipation.  In  the  state  of  the  art, 
third  generation  ocean  wave  prediction  model,  the  WAM  model  (the  WAMDI  Group,  1988),  S„, 
based  on  field  measurements  has  been  adopted  from  that  of  Snyder  et  al.  ( 1 98 1 ),  S„i  derived  on  theo¬ 
retical  grounds  has  been  taken  from  Hasselmann  et  al.  (1985)  and,  Sdiss  inferred  from  the  residual 
term  in  numerical  energy  balance  experiments  has  the  form  proposed  by  Komen  et  al.  (1984).  De¬ 
spite  its  importance,  is  the  least  known  of  these  three  source  terms. 

Whitecaps,  which  are  related  to  the  wave  breaking  but  also  includes  the  more  persistent  visible  foam 
patch,  have  been  studied  extensively  by  Monahan  and  coworkers  using  statistical  analysis  of  photo¬ 
graphs  and  video  recordings  (e.g.,  Monahan,  1968, 1971;  Monahan  and  O’Muircheariaigh,  1980; 
Monahan  et  al.,  1983;  O’Muircheartaigh  and  Monahan,  1986;  O’Muircheartaigh  et  al.,  1991).  In 
these  studies  areal  whitecap  coverage  has  been  found  to  correlate  with  the  10  m  neutral  wind  speed 
raised  to  the  power  3.75,  u\ ^  (also  see,  Wu,  1979,  1986). 

Because  of  the  increased  significance  of  small  scale  perturbations  on  the  sea  surface  for  the  return  of 
incident  radar  signals  and  for  microwave  emissions,  renewed  interest  in  defining  wave  breaking  and 
relating  its  occurrence  to  other  measurable  quantities  has  developed  (e  g.,  Banner  and  Fooks,  1985). 
Jessup  et  al.  (1990, 199Ia)andBushetal.(1991)  have  related  the  sea  spikes  in  radar  return  at  X,  C 
and  Ku  bands  to  wave  breaking  observed  from  video  records.  The  latter  studies  found  that  sea  spikes 
often  occurred  without  visible  breaking  events,  but  Jessup  et  al.  (1991b)  comment  that  the  largest 
spikes  in  their  study  were  all  directly  relatable  to  readily  visible  plunging  breakers  (i.e. ,  dramatically 
breaking  wave  crests). 

The  Bragg  scatter  is  the  dominant  mechanism  responsible  for  the  variations  in  the  normalized  radar 
backscatter  cross  section,  a0,  as  a  function  of  wind  speed  or  stress.  It  is  currently  recognized  that 
breaking  events  may  modify  this  relationship,  especially  since  it  is  unlikely  that  occurrence  of  wave 
breaking  has  the  same  dependence  on  wind  speed  or  stress  as  the  part  of  the  wave  spectrum  corre¬ 
sponding  to  Bragg  scattering  water  waves.  It  has  also  been  observed  that  wave  breaking  is  related 
not  only  to  the  wind  forcing  but  that  details  of  the  underlying  sea  state  must  also  be  considered.  Nu¬ 
merous  studies  have  considered  the  hydrodynamic  instability  of  the  water  surface  itself,  i.e.,  in  situa¬ 
tions  with  no  atmospheric  forcing  at  all  (see  other  articles  in  this  volume).  On  theoretical  grounds 
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Phillips  (1988)  predicted  that  contributions  to  a„  by  breaking  waves  should  be  proportional  to  «}, 
where  u«  is  friction  velocity  defined  through  r  0/q  ~  u*.  xa  is  wind  stress  at  the  sea  surface  and  Q  is 
air  density.  Jessup  et  al.  (1990,  1991b)  verified  this  relationship. 

Thus,  the  variability  of  processes  responsible  for  wave  breaking  events  may  also  be  responsible  for 
some  of  the  scatter  found  between  measured  radar  cross  sections  and  wind  speed  (or  wind  stress).  So 
far  as  the  relationship  to  wind  stress  is  concerned,  it  is  quite  possible  that  the  intensity  of  wave  break¬ 
ing  affects  the  wind  stress  in  a  manner  which  more  closely  parallels  the  effect  on  radar  backscatter 
than  the  relationship  between  10  m  neutral  wind  speed,  U  iQN,  and  o0.  It  is  customary  to  use  1/1W 
rather  than  the  true  wind  speed  in  this  relationship.  V 1QW  is  convertible  to  a  wind  stress  by  defining  a 
relationship  between  the  neutral  drag  coefficient,  CDN,  and  Ul0N  viz: 

r o  ~  Q  U2m  .  (2) 

This  relationship  represents  an  average  condition  if  typical  values  for  CDN  are  used  (e  g..  Smith, 
1980;  Liu  et  al.,  1979).  For  anomalous  wave  breaking  a  different  CDN  value  should  probably  be 
employed  and  a„  may  be  a  very  good  measure  of  the  effective  ra. 

In  this  study  we  extend  the  work  of  Weissman  et  al.  (1984),  who  developed  a  technique  for  identify¬ 
ing  breaking  waves  from  the  record  of  a  resistance  wire  wave  gauge.  That  study  was  based  on  a  lim¬ 
ited  time  series  and  only  visual  observations  of  the  conditions  at  the  wave  wire.  In  this  study  video 
recordings  were  employed. 

A  preliminary  study  on  sea  spikes  and  wave  breaking  by  Bush  et  al.  ( 1 991 )  with  data  obtained  on  our 
Lake  Washington  site  has  been  carried  out.  Further  work  on  the  relationship  between  wind  and  wave 
parameters,  frequency  of  occurrence  of  wave  breaking  and  radar  cross-sections  at  X,  C  and  Ku 
bands  will  be  reported  elsewhere  in  the  near  future. 

EXPERIMENTAL  SET-UP  AND  DATA  SETS  ANALYZED 

This  work  was  carried  out  at  our  field  station  on  Lake  Washington  where  wind  and  waves  arrive  after 
an  over  water  fetch  oil  km  (Figure  1  .a).  A  complete  suite  of  environmental  measurements  was  col¬ 
lected,  which  includes  mean  wind  speed,  temperature  and  humidity  at  2  m  and  8  m  heights,  turbulent 
fluxes  of  momentum,  heat  and  water  vapor  at  8  m  and  wave  height  from  a  resistance  wire  wave  gauge 
hanging  from  a  boom  extending  2  m  upwind  of  the  supporting  platform  (Figure  1  .b).  The  wave  wire 
was  made  of  stainless  steel,  100  pn  in  diameter. 

For  the  purpose  of  this  study,  10  data  sets  were  analyzed.  The  length  of  each  data  set  is  2  hours.  The 
experimental  conditions  during  these  data  sets  are  summarized  in  Table  I  where  for  each  run  the 


Figure  la:  The  location  of  our  Field  station  Figure  lb:  The  Lake  Washington  tower  with 
(MSMAST)  on  Lake  Washington.  The  tower  meteorological  instrumentation,  wire  wave 
is  15  m  offshore  and  at  a  depth  of  4  m.  The  gauge  (at  the  left  most  tip  of  the  low  level 

contours  show  the  water  depth  in  meters.  boom)  and  the  video  camera  (at  the  lower 

section  of  the  platform). 


mean  values  (the  fast  line)  and  the  standard  deviations  (the  second  line)  of  various  environmental 
variables  are  provided. 

ANALYSIS 

Weissman  et  al.  (1984)  defined  three  types  of  breaking  events;  micro-scale,  spilling  and  plunging. 
The  three  types  are  fairly  easily  separated.  Typical  examples  are  seen  in  Figure  2.  Two  independent 
observers  of  the  video  record  agreed  on  the  classification  of  the  breaking  events  into  these  three  cate¬ 
gories  with  insignificant  deviations.  For  the  event  to  be  counted  in  the  video  record  it  had  to  occur 
within  a  0. 1  m  radius  of  the  penetration  of  the  wave  wire  through  the  mean  water  level. 

For  the  wave  breaking  analysis,  wave  wire  data  were  processed  to  obtain  a  time  series  of  the  spectral 
energy  density,  £6_  10,  in  the  frequency  band  6-10  Hz  with  a  sampling  interval  of  1/8  second  (see 
Ataktiirk,  1991 ).  In  our  previous  study  (Weissman  et  al.,  1984)  we  had  devised  a  technique  to  detect 
the  breaking  events  from  such  a  time  series  by  using  the  breaking  criteria:  (i)  the  spectral  energy  in  a 
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high  frequency  band  exceeds  a  threshold,  and  (ii)  the  data  point  is  in  the  crest  region  (i.e.,  in  the 
vicinity  of  a  local  maximum).  Since  the  threshold,  i.e.,  the  absolute  value  of  the  measured  band 
energy  varies  with  wind  speed  (stress),  gustiness,  underlying  long  waves,  currents  etc.,  it  had  to  be 
determined  individually  for  each  run.  In  the  current  study,  this  difficulty  was  greatly  reduced  by  de¬ 
fining  a  new  detection  parameter,  Na,  based  on  the  fluctuating  component  of  band  energy  normal¬ 
ized  by  its  root-mean-square  value; 

N,  -  EizlfJszli.  (3, 

* a.6 -  10 


Table  I:  General  description  of  the  data  sets  analyzed.  Duration  of  each  run  is  two 
hours.  For  each  run,  the  first  row  indicates  the  mean  values  and  the  second  row  the 
standard  deviations. 


(m/s)  (m/s)  (oq  (°C) 


26  -0.27  0.67 
3  0.04  0.04 


23.13  -0.24 

0.11  0.10 


-1.83  23.09  -0.21  0.75 
0.24  0.12  0.03  0.09 


Run# 

Date 

Y/M/D 

Time 

! 

1100 

86/8/25 

15:32 

1101 

86/8/25 

17:36 

1102 

86/8/26 

11:20 

1103 

86/8/26 

15:00 

1104 

86/8/27 

12:03 

1106 

86/9/11 

18:35 

1107 

86/9/12 

14:41 

1013 

87/5/15 

12:30 

1014 

j 

87/5/15 

14:45 

89.10 

89/7/19 

17:05 

2.60  23.26  -0.25 
0.62  0.06  0.21 


.21  20.50  -0.44 
.33  0.05  0.29 


3.63 

16.29 

0.11 

0.01 

2.90 

16.41 

0.26 

0.05 

1.09 

22.06 

0.18 

0.18 

(a)  micro-scale 


(h)  spilling 


(c)  plunging 


Figure  2:  The  three  types  of  wave  breaking  characterized  from  our  video  records 


where  Eh_  10  and  E(jh_  (()  respectively,  are  the  mean  and  standard  deviation  of  £6_  l0  calculated 
from  a  record  typically  17  minutes  in  length.  (Out  of  66  records,  two  records  were  short  -8.5  minute 
in  duration.  The  statistics  from  these  runs  were  included  by  simply  doubling  the  number  of  breaking 
events. )  Also,  data  points  within  ±90°  phase  of  the  local  maximum  were  considered  to  be  on  the  crest. 

Long  wave  spectra  were  calculated  from  the  17  min  wave  height  records.  An  equivalent  number  of 
wave  crests,  N,  r(S, ,  in  the  record  was  defined  as  the  duration,  T ,  times  the  frequency  of  the  waves  at 
the  peak  of  the  spectrum,  fp 

N,  rfst  ~  fp  •  (4 ) 

From  video  records,  N  hrrah  number  of  crests  on  which  breaking  occurred,  was  found.  Percentage  of 
crests  with  breaking, 

N 

%B  -  x  100  (5) 

™ crest 

was  initially  calculated  separately  for  the  events  of  plunging,  spilling  and  micro-scale  breakers. 
Since  the  frequencies  of  occurrence  of  spilling  and  plunging  breakers  were  about  the  same  and  the 
micro-scale  breaking  turned  out  to  be  ubiquitous  and  not  well  correlated  with  any  turbulence  or  sea 
state  measure,  presentation  of  results  has  been  done  in  terms  of  the  sum  of  percentages  of  crests  with 

breaking  of  type  plungers  and  spillers,  %BS+/1. 

In  a  separate  study,  Atakturk  (1991)  has  analyzed  the  wind  stress  measurements  of  the  current  study 
and  additional  data  runs,  and  obtained  the  relationship  between  the  drag  coefficient  and  neutral  1 0  m 
mean  wind  speed  valid  for  the  fetch  and  water  surface  conditions  at  our  Lake  Washington  site; 
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CDN  *  (0  -  75  +  0  .  10 Ul0N)  x  10"3  (6) 

This  formula  was  used  with  the  Liu  et  al.  (1979)  formulation  for  calculating  turbulent  fluxes  from 
mean  atmospheric  measurements.  The  calculation  of  wind  stress  or  equivalently  the  friction  velocity 
from  mean  wind  speed  with  this  numerical  scheme  includes  corrections  for  the  influence  of  atmo¬ 
spheric  stratification. 

We  also  determined  the  inverse  wave  age,  U  1Q n/Cp  or  u,/CPt  for  each  run,  where  Cp  =  g/oJp  is  the 
phase  speed  of  the  dominant  waves  corresponding  to  the  angular  frequency,  <vp  —  2 nfp,  of  the  spec¬ 
tral  peak  and,  g  is  the  acceleration  due  to  gravity. 

%Bs+p  was  correlated  with  various  measures  of  the  atmospheric  turbulence  and  the  relative  wind 
forcing  (identically  equivalent  to  the  inverse  wave  age).  Both  single  and  dual  parameter  linear  re¬ 
gressions  (Lapin,  1983)  were  calculated  for  several  variables  using  the  statistical  program  package 
Quattro-Pro.  A  curvilinear  fit  was  also  tried  when  it  was  noted  that  a  linear  fit  for  a  certain  variable 
was  not  optimal. 

RESULTS 

Figure  3a  is  aplot  of  %B  determined  from  video  records  and  separated  into  micro-scale,  spilling  and 
plunging  types,  versus  U l0N  .  Micro-scale  breaking  occurs  to  about  the  same  extent  at  all  wind 
speeds,  while  spilling  and  plunging  type  breakers  display  a  similar  behaviour  in  frequency  of  occur¬ 
rence  which  increases  with  increasing  U  l0N .  Therefore,  further  analyses  were  carried  only  for  the 
combined  effects  of  spilling  and  plunging  breakers. 

Comparisons  of  simultaneous  video  and  wave  wire  records  showed  that,  in  general,  micro-scale 
breaking  is  associated  with  events  for  which  N0  <  8  and,  spilling  or  plunging  breaking  may  be  char¬ 
acterized  by  Na  2:  8.  Events  with  N0  Z  12wereaIwaysduetoplungers.InFigure3b,percentage 
of  crests  with  spilling  or  plunging  breaking,  %BJ+p,  determined  from  video  records  and  percentage 
of  crests  with  events  Na  2:  8  obtained  from  wave  wire  records  are  plotted  as  a  function  of  U 1W . 
Although  the  distributions  of  the  data  points  are  similar,  some  differences  in  their  magnitudes  are 
visible:  values  from  video  records  are  smaller  at  low  winds,  and  larger  at  high  winds.  These  differ¬ 
ences  may  result  from,  respectively,  (i)  sensitivity  of  wave  wire  to  small  scale  features  which  may 
not  be  visible  on  video  records,  (ii)  insensitivity  of  wave  wire  to  events  that  occur  nearby  but  do  not 
directly  touch  the  sensor.  The  latter  may  be  improved  by  using  an  array  of  wave  wires  which  would 
allow  spatial  averaging. 

In  the  studies  by  Jessup  et  al .  ( 1 990, 1991a)  and  Bush  et  al.  ( 1 99 1 )  some  spikes  in  the  radar  backscat- 
ter  were  found  not  to  correspond  to  any  visible  breaking  events.  Those  events  may  be  carried  by  the 


Wind  speed,  Ujon  (mis) 

Figure  3a:  Percentages  of  crests  with  micro-scale,  %Bm,  spilling,  %BS,  or  plunging,  %Bp, 
breaking  versus  wind  speed,  Uiqn,  determined  from  video  records. 


same  features  (for  instance  sharp  comers)  that  cause  Na  to  be  large  (but  still  Na  <  12).  This  indi* 
cates  that  the  radars  are  quite  sensitive  to  such  features,  even  if  they  do  not  cover  the  whole  radar 
footprint. 

Some  of  our  8  <  Na  <  12  events  (or  perhaps  even  a  few  of  the  Na  >  12  cases)  correspond  to 
strong  Doppler  shifts  causing  the  amplitudes  of  the  signals  at  6-10  Hz  to  be  increased  (b^ing  that 
they  are  really  due  to  surface  features  of  much  lower  intrinsic  frequency.  See,  for  instance,  Ataktiiik 
and  Katsaros  (1987)  for  a  discussion  of  Doppler  shifts  in  wave  wire  data.). 

Figure  4  shows  the  dependence  of  %B}+p,  on  Re,  (/^J3,  «,/Cpand  u\.  Reynolds  number.  Re,  was 
defined  as  (Toba  and  Koga,  1986): 


a; 

Re  =  rr~ 


Video 


Wave  wire 


o 

to  to 


. 

• 

• 

00 

« 

ii 

- 

2  CO 

* 

•5 

• 

. 

«  * 

<!■ 

• 

2 

• 

<A 

«  • 

« 

a  cm 
o  ™ 

,  • 

..  '  •  *  • 

.  •  » 

b 

•  **  : 

••  . 

o 

«  #  % 

•  • 

ff 

• 

c 

♦  '  . 

•  •  • 

o  _ 

p 

•• 

ii 

•  •  • 

• 

•  • 

Ok 

•  * 

*  , 

V  *  ♦# 

•  ■  **•  *  • 

o 

2345678  2345678 

Wind  speed,  f//oN  {mis) 

Figure  3b:  Statistics  of  breaking  events  obtained  from  video  and  wave  wire  records  versus 
wind  speed,  Ujon- 

where  v  is  the  kinematic  viscosity  of  air.  All  these  parameters  are  about  equally  good  predictors  of 
%Bt + p-  However,  from  the  statistics  of  the  regression  analysis  provided  in  Table  II  it  is  seen  that  u\ 
which  explains  62%  of  the  variations  in  %Bs+p,  is  the  best  one  among  the  individual  variables  used. 
(Although  6  gives  a  slightly  better  correlation,  for  the  limited  data  set  the  difference  is  not  signifi¬ 
cant.) 

This  point  i?  further  illustrated  in  Figures  of  %Bs+p  versus  u*/Cp  where  th“  d~  ta  points  have  been 
stratified  according  to  the  values  of  u?.  There  is  obviously  a  dependence  on  bom  the  value  of  u1.  and 
ut/Cp.  Even  though  the  two  measures  are  not  independent  (since  both  contain  u*),  it  makes  sense  to 
examine  for  a  certain  wave  age  the  variability  in  the  %Bs+p  as  a  function  of  wind  stress  (here  calcu¬ 
lated  from  U l0N).  The  regression  lines  show  that  for  strong  relative  wind  forcing  (large  inverse  wave 
age),  the  increase  in  %BS +p  as  a  function  of  «»/ Cp  is  greater  for  large  values  of  u\.  Also,  from  Table 
II  it  is  seen  that  the  pair,  ul  and  h*/Cp,  explains  a  higher  proportion  of  the  variance  of  %BJ+pthan  u\ 
alone  with  a  proportional  reduction  of  11%  in  the  previously  unexplained  variation. 

Multiple  regressions  using  {u\,Re)  or  (u\,Re,  u*jCp)  produced  still  better  statistical  results  by  ex¬ 
plaining,  respectively,  69%  and  72%  of  the  variance  of  %Bt+p.  However,  physical  interpretations  of 


128 


t/JS  ul 

Figure  4:  Linear  regressions  of  %Bs+p  for  various  predictors.  A  summary  of  the  statistics  ob¬ 
tained  from  regression  analysis  is  provided  in  Table  II. 


Table  II:  Summary  of  the  statistics  obtained  from  regression  analysis.  The  analyses 
were  carried  out  following  the  definitions  in  Lapin  (1983).  Square-root  of  the  3rd 
column  is  the  correlation  coefficient. 


Regression 

Standard  Error 
of  Estimate 

Sample  Coefficient 
of  Determination 

%BJ+p  =  0 . 03  .•  2 . 68  x  l0'3/?<? 

1.07 

0.54 

%Bs+p=  0.44  +  2.52  x  lO~3(/3$ 

1.02 

0.58 

%B,+p  -  -  3 . 97  +  79 . 48  u./Cp 

0.99 

0.60 

%Bs+P  =  -  0 .41  +  61 . 09  ul 

0.99 

0.62 

%Bt+p  =  -  2 . 47  +  32 . 87  u\  5-  42 . 31u,/Cp 

0.93 

0.66 

such  combinations  of  variables  are  not  as  clear  to  us  (but  see  Toba  and  Koga  (1986)).  Also,  in  view  of 
the  large  scatter,  it  does  not  make  sense  to  try  very  complicated  functional  forms  until  a  greater  data 
base  has  been  formed  or  a  convincing  physical  relationship  has  been  proposed.  Therefore,  these  re¬ 
sults  are  not  included  in  Table  II. 
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Figure  5:  Percentage  of  crests  with  spilling  or  plunging  breakers, %BJ+p,  versus  U*/Cp  • 
t  or  three  ranges  of  separate  symbols  and  linear  fits  have  been  used,  as  indicated  on  the 
figure. 


DISCUSSIONS 

Predictability  of  the  percentage  of  crests  with  spilling  or  plunging  breakers,  %BJ+p,  were  investi¬ 
gated  using  a  set  of  variables,  Re,  (/3073,  u./Cp  and  «*.  These  variables  were  chosen  because  such 
correlations  make  sense  from  aphysical  point  of  view.  (For  interpretations  of  the  first  two  variables, 
see  Toba  and  Koga  (1986)  and  Wu  (1979),  respectively).  In  Table  II  we  note  that  the  highest  sample 
coefficient  of  determination  and  the  minimum  standard  error  are  obtained  for  the  regression  of 
%B s+p  as  a  function  of  u\  and  u,fCp.  This  result  implies  that  for  wave  breaking  both  the  magnitude 
of  the  wind  stress  and  the  degree  of  evolution  of  the  surface  waves  are  important. 

It  is  easy  to  understand  that  young  waves  which  are  being  strongly  forced  by  a  large  wind  stress 
should  be  breaking  more  frequently.  Whether  young  waves,  which  are  also  short  (i.e.,  the  wave¬ 
length  at  the  peak  of  the  spectrum  is  short)  break  more  frequently  than  those  that  have  a  wider  spec¬ 
tral  range  through  which  to  distribute  the  wind  input  by  non-linear  interactions  -  we  intend  to  inves- 


tigate  further.  We  hypothesize  that  the  absolute  width  of  the  wave  spectrum  (or  the  value  of  the  wave 
number  at  the  peak  of  the  spectrum)  could  be  considered  as  another  parameter  for  improving  the 
prediction  of  the  inc*  Jence  of  wave  breaking. 

Jessup  et  al.  (1990)  suggested  that  the  information  content  of  the  frequency  of  spikes  in  the  radar 
cross  section  may  also  be  used  to  study  the  variability  of  wave  breaking.  We  suggest  that  the  band 
passed  data  from  an  array  of  simple  wave  gauge  wires  may  serve  the  same  purpose.  Since  we  have 
seen  that  Na  >  12  consistently  corresponds  to  visible  breaking  in  all  our  wind  wave  records,  this 
characteristic  can  now  be  used  to  count  breaking  waves.  Enough  cases  can  then  be  added  by  objec¬ 
tive  analysis  to  establish  statistically  significant  information  about  the  dissipation  of  surface  waves 
under  various  forcing  conditions  as  determined  by  wind  stress  and  relative  wind  stress  forcing.  We 
are  currently  adding  more  cases  on  the  breaking  of  pure  wind  waves  on  Lake  Washington  from  two 
more  summer  seasons. 

Once  the  interrelationships  have  been  established  for  the  simple  case  of  wind  driven  waves,  the  role 
and  importance  of  swell  (of  variable  amplitude  and  relative  direction  to  the  wind  waves)  as  well  as 
surface  currents  in  wave  breaking  can  then  be  studied  more  effectively. 
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ABSTRACT 

One  way  of  studying  the  complex  subject  of  atmospheric  surface-layer  over  the 
ocean  during  hlgh-sea  states  Is  the  consideration  of  the  waves  as  moving  drag  objects  for 
the  wind-  The  resultant  transport  equations  for  the  momentum,  temperature,  humidity, 
and  micro-water  droplets  fields  are  treated  as  inter-coupled  fields.  In  this  study,  we  have 
found  that  the  micro  droplets  produced  by  breaking  waves  is  a  major  source  of 
atmospheric  moisture  and  latent  heat  from  the  ocean.  Field  data  reduced  by  the  present 
model  gives  highly  consistent  results.  During  hlgh-sea  states,  the  vertical  energy  flux  from 
the  ocean  was  found  to  be  more  than  four  times  larger  than  the  existing  formulation.  In 
which  the  effect  of  water  droplets  was  not  taken  Into  consideration. 

INTRODUCTION 

The  world's  climate  Is  strongly  influenced  by  the  Interaction  of  9ea  and  air  during 
hlgh-sea  states.  The  mechanics  of  the  physical  process  is  not  yet  fully  understood  due  to 
Its  complex  nature.  It  is  the  purpose  of  this  paper  to  address  this  problem  through  the 
study  of  micro  air-bubbles  and  water-droplets  produced  by  breaking  waves.  Our  present 
study  has  indicated  that  the  micro  water-droplets  created  by  breaking  waves  play  a 
dominant  role  on  the  vertical  transport  of  moisture  and  heat  from  the  ocean  to  the 
atmosphere.  The  evaporation  of  droplets  provides  both  a  major  source  of  water  vapor  and 
latent  heat  to  the  atmosphere.  From  data  taken  during  the  Joint  Air-Sea  Interaction 
Project.  JASIN  1978,  and  from  the  corresponding  analytical  modeling  of  the  coupled  set  of 
momentum,  temperature,  humidity,  and  micro-droplet  fields,  we  have  found  a  simple 
empirical  expression  for  the  vertical  heat  and  moisture  fluxes  that  are  much  higher  than 
previously  expected.  This  permits  one  to  model  the  cooling  of  the  ocean  along  the  path  of 
a  storm,  and  to  simulate  the  driving  source  of  energy  for  a  storm. 

Based  on  the  measured  data,  we  have  now  determined  that  the  production  rate  of 
micro  water-droplets  from  breaking  waves  and  wind  can  be  best  expressed  as 

qs2  =  1.2x104U^q-  for  U]0>3m/s,  (1) 

where  qs2  is  the  surface  flux  of  the  20-60  fim  size  group  of  water  droplets  in  number  of 
drops/m2s,  and  U  j  q  is  the  10  m  wind  In  m/s.  The  flux  for  other  size  groups  can  be 
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related  to  this  reference  group  through  previously  determined  universal  spectrum  of  droplet 
size  distribution  * ,  More  recent  measurements  of  the  concentration  of  micro  air -bubbles 
produced  by  breaking  waves ^  were  found  to  provide  an  Independent  confirmation  for  the 
result  Indicated  by  Eq.  1 .  Several  hundred  micro  droplets  are  produced  by  the  popping  of 
each  entrained  air  bubble.  It  should  be  noted  that  both  the  temperature  and  humidity  Helds 
near  the  sea  surface  are  strongly  dependent  on  the  magnitude  of  the  water-droplet  flux. 

This  dependency  is  due  to  the  large  latent  heat  sink  and  water  vapor  source  produce  by  the 
evaporating  water  droplets;  l.e..  an  over  estimation  of  Eq.  1  will  cause  the  simulated 
temperature  to  be  too  low  and  the  humidity  too  high.  The  constant  In  Eq.  1  was 
originally  evaluated  for  the  pre-JASlN  trial  experiment3.  It  was  subsequently  found  to  fit 
equally  well  without  a  single  exception  for  all  cases  measured  during  the  JAS1N  experiment. 
With  the  successful  parameterization  of  the  water  droplet  flux,  the  analytical  model3  can  be 
used  to  predict  the  profiles  for  the  four  stated  field  quantities  under  any  atmospheric  and 
oceanic  conditions.  From  these  information,  the  net  vertical  fluxes  for  both  water  and  heat 
can  be  determined  with  confidence. 

Twenty  sets  of  selected  data  collected  from  August  2nd  to  September  10th.  1978.  in 
the  North  Atlantic  Ocean  at  approximately  59°N  and  12°W,  were  analyzed.  The 
corresponding  vertical  fluxes  for  water,  latent  and  sensible  heat  were  calculated.  The  data 
were  evaluated  at  6  wave  heights  above  the  mean  wave  trough  or  5.5  wave  heights  above  the 
mean  sea  level.  Except  during  sea  fog  and  drizzle  conditions,  most  droplets  were  found  to 
have  evaporated  above  this  level.  With  the  successful  parameterlzatloo  of  the  atmospheric 
surface  layer,  the  Integration  of  the  vertical  fluxes  over  a  vast  area  of  the  ocean  under  all 
sea  states  Is  now  possible. 

RESULTS  AND  DISCUSSIONS 

Two  samples  of  the  soundings  are  presented  in  Figs.  I  and  2.  The  analytically 
simulated  profiles3  are  plotted  as  solid  curves,  and  the  experimentally  measured  data  arc 
Indicated  as  solid  dots.  In  the  figures,  z  Is  the  vertical  distance  z  above  the  mean  wave 
trough  normalized  by  the  significant  wave-height.  T  =(  T  -  T0 1/|TW  -  T0|  ,  T  the  air 
temperature,  Tw  sea-surface  temperature.  U  wind  speed  normalized  by  the  10  m  wind 
Ujo  .  H*  relative  humidity,  K  eddy  dlffuslvlty  normalized  by  Ujq  and  the  significant 
wave-height,  and  Qn  concentration  of  the  n  size  group  of  water  droplets  Qn 
normalized  by  qs2/U  )q  .  The  subscript  n  represents  the  1-  5  droplet  size  groups  of  l- 
20/un,  20-60/zm.  60-100/rm.  100-180^m,  and  180-420/rm  droplet  sizes,  respectively.  Note 
that  in  some  of  the  droplet  concentration  profiles,  the  Qn  values  at  the  wave  trough  z  =  0 
are  beyond  the  plotting  range  of  the  graph;  their  values  are  given  on  the  right-hand  border 
of  the  figure.  Also  on  the  rlgbt-hand  side  of  each  normalized  data  plot  Is  the 
corresponding  dimensional  plot  of  the  dew  point  and  dry  bulb  temperature  soundings. 

This  data  la  provided  to  give  some  physical  connection  between  the  upper  and  sea  surface 
air.  The  height  of  the  analytical  simulation  z0  Is  Indicated  In  each  figure.  Subscript  o 
indicates  conditions  at  the  z0  level.  The  exact  upper  air  data  for  most  cases  were  not 
available,  hence  they  were  estimated  from  various  weather  data  taken  near  the  area  and 


Fig.  1.  Sounding  August  7th.  18:18:  Uj0  =  6.3  m/s.  350°;  ^=52  m;  T0=  1Q.8°C:  H£=  0.78: 

TW=13.2°C;  qyy  =5.4  x  10"^  k^m^s:  hj=32  caynn^s;  Bowen  rafio=Q.23  at  7=6. 

Indicated  as  dashed  curves.  The  estimated  dry  adiabatic  line  for  the  upper  air,  at  approx¬ 
imately  1000  m  level.  Is  shown  in  each  figure.  The  estimated  potential  temperature  of  thl3 
air  Is  Indicated  as  Tp .  Because  of  unknown  accuracy.  It  Is  only  used  as  a  rough  reference. 

Figure  1  shows  the  typical  atmospheric  conditions  before  a  storm.  There  Is  always 
a  surface  layer  of  air  which  is  cooler  than  the  sea  by  2°  to  3°C.  The  air  Is  basically 
unstable  and  humid.  The  rising  moist  air  condenses  to  form  low  level  clouds  varying  from 
150  m  to  220  m  in  height.  Due  to  the  latent  heating  of  condensing  cloud  layers,  the 
upper  air  is  generally  warmer  than  the  sea  as  Indicated  by  the  potential  temperature  Tp  . 
The  most  important  feature  to  be  noted  Is  that  there  Is  a  constant  unstable  cooler  surface 
layer  of  air  sandwiched  In  between  a  warmer  sea  and  a  warmer  upper  air.  Although  the 
present  analysis  did  not  Include  the  mechanics  of  the  upper  air.  the  very  physical  existence 
of  the  cold  surface-layer  Indicated  that  this  is  due  to  the  latent  heat  sink  of  the  evaporating 
water  droplets.  There  is  no  other  known  radiative  or  convective  heat  sink  that  Is  capable  of 
maintaining  such  a  layer.  Hence  the  unstable  cold  surface-layer  Is  an  efficient  means  for 
extracting  heat  from  the  ocean  even  when  the  upper  air  Is  warmer  than  the  sea.  This  type 
of  enhanced  convection  is  very  common  over  the  ocean. 

The  average  vertical  water  flux  during  this  period  was  qw  =  5.4x10'®  kg/m^s  or 
0.46  cm/ day.  The  corresponding  latent  heat-flux  was  H  |  =  32  cal/m^s,  and  the  ratio  of 
sensible  to  latent  heat-flux  (the  Bowen  ratio)  evaluated  at  z  =  6  was  0.23  indicating  a 
total  energy  flux  of  39  cal/ra^s  from  the  ocean. 

Figure  2  represents  data  taken  near  the  eastern  edge  of  the  storm's  eye.  Wind  was 
from  the  south.  190°.  The  upper  air  was  dry  and  warm,  and  the  sky  was  dear.  There 
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TW=12.8°C:  qyy  =4.7  x  lO'^kg/m^;  h|=280  cal/m^s;  Bowen  raho=  -0.2  at  2=6;  sfofm. 


was  very  strong  mixing  of  the  upper  and  surface  air.  The  vertical  water  flux  was  qw  = 
4.7xl0'4  kg/m2s  or  4.1  cm/day.  The  corresponding  latent  beat-flux  was  h  |  =  280 
cal/m2s.  In  this  case,  the  analytical  result  correlated  well  with  the  measured  droplet 
concentration.  Note  that  the  present  theory  gives  the  correct  temperature  and  humidity 
profiles  without  the  need  for  a  large  artificial  Increase  In  the  eddy  dlffuslvlty  for  the  heat 
and  moisture  fields.  The  stiff  temperature  profile  Is  clearly  due  to  the  strong  latent  heat¬ 
sink  produced  by  the  evaporating  droplets.  The  corresponding  profiles  of  sensible  heat- 
flux  hs  and  latent  heat-flux  h|  are  plotted  in  Fig.  3.  A  positive  heat-flux  Indicates  heat 
going  up  from  the  ocean,  and  a  negative  for  beat  coming  down  from  the  upper  air.  It  Is 
interesting  to  note  that  the  sensible  heat  hs  below  the  wave  crest  z  <  1.2  Is  positive,  and 
becomes  negative  and  constant  at  higher  levels.  There  Is  a  negative  flux  of  55  caJ/m2s 
from  the  upper  air.  At  z  >6  the  latent  heat-flux  hj  is  a  maximum  and  constant  with 
height;  l.c..  all  droplets  have  evaporated  at  this  level.  It  has  a  positive  value  of  280 
cal/m2s.  Hence,  the  net  heat  flux  from  the  ocean  Is  h|  -h$  =  225  cal/m2s.  This  Is  the 
energy  flux  that  cools  the  ocean  and  at  the  same  time  fuels  the  storm. 

Based  on  the  present  analyses  of  a  wide  range  of  sea  states,  a  simple  empirical 
equation  for  the  net  vertical  water-flux  over  the  ocean  can  be  expressed  as 

qw  =  6.54x10  7(eIQ5- ejQ)U]Q+ 5.58x10  7(ews-e)o)U]0,  (2) 

where  qw  Is  the  vertical  water  flux  in  kg/m2s.  e  jqj  the  saturated  vapor  pressure  at  10  m 
In  mbar  .  ewJ  the  saturated  vapor  pressure  at  the  sea  surface,  e  jq  the  vapor  pressure  at 
10  m.  and  UjQthelOm  wind  In  m/s.  For  low  sea  states  the  present  result  Is  very  close 
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Vertical  heat  fluxes,  cal/m2s 


Fig.  3.  Profiles  of  sensible  heat  hs  and  latent  heat  h|  for  soundings  shown  in  Fig.  2. 

to  those  obtained  in  the  AMTEX  1975  experiment4.  For  high  sea-states,  water  droplets 
from  breaking  waves  greatly  increase  the  evaporation  rate. 

CONCLUSIONS 

What  we  have  clearly  proven  thus  far  Is  the  significance  of  the  latent  heat-sink 
caused  by  the  evaporation  of  micro  water-droplets.  Failure  to  take  this  into  consideration 
is  the  primary  reason  for  all  the  previous  problems  relating  the  transfer  of  energy  from  the 
ocean  to  the  atmosphere.  From  this  study.  It  Is  also  clear  that  the  system  Is  too  complex 
to  admit  simple  universal  profile  functions  for  any  one  of  the  four  field  quantities. 

However,  It  Is  fortunate  that  a  simple  expression  for  the  vertical  water-flux  does  exist,  and 
that  it  can  be  easily  applied  to  provide  a  more  realistic  simulation  for  the  dynamics  of  sea- 
air  Interaction. 
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ABSTRACT.  Wc  review  a  series  of  laboratory  experiments  on  the  sound  production  and  air 
entrainment  by  breaking  waves.  The  acoustic  radiation  and  microwave  backscatter  from  individual 
breaking  events  are  found  to  correlate  with  the  important  kinematic  and  dynamic  properties  of  the 
breaking  waves.  Air  entrainment  measurements  show  that  the  bubble  plume  characteristics  evolve  as 
simple  functions  of  time.  A  large  fraction  (30%  to  50%)  of  the  surface  wave  energy  dissipated  is 
found  to  be  expended  in  entraining  air  against  buoyancy  forces. 

1.  INTRODUCTION 

There  has  been  much  interest  over  the  past  five  years  in  natural  sources  of  sound  at  the  ocean  surface 
[1].  Several  recent  papers  have  reported  on  direct  measurements  of  the  sound  generated  by  breaking 
waves.  Banner  and  Cato  [2]  avoided  the  difficulties  associated  with  a  large  bubble  number  density 
and  studied  quasi-stcady  gently  breaking  waves.  Correlating  the  sound  with  high  speed  movies,  they 
found  that  the  dominant  noise  bursts  were  associated  with  the  air  entrainment  at  the  leading  edge  of 
the  break,  and  with  the  coalescence  and  splitting  of  bubbles.  In  a  series  of  recent  papers  Mcdwin  and 
his  colleagues  [3,4]  have  reported  on  laboratory  experiments  in  which  breaking  results  from  intrinsic 
hydrodynamic  instabilities  of  a  uniform  wave  field.  On  the  basis  of  their  hydrophone  measurements 
they  have  concluded  that  the  laboratory  analogue  of  the  Knudsen  wind-noise  spectrum,  including  the 
characteristic  5dB/octave  slope,  results  from  the  incoherent  sum  of  the  noise  from  individual  resonant 
bubbles.  The  work  of  Medwin  and  his  colleagues  has  clearly  shown  that  for  gently  breaking  waves, 
the  dominant  source  of  sound  is  associated  with  the  relaxation  of  the  bubble  to  its  spherical  shape 
following  generation  at  the  surface. 

For  more  vigorously  breaking  waves,  it  is  not  clear  that  individual  bubble  resonances  can  be 
simply  isolated  and  identified,  nor  is  it  clear  that  the  bubble  dynamics  are  uncoupled.  Both 
Prosperetti  [5]  and  Carey  &  Browning  [6]  addressed  the  role  of  collective  bubble  oscillations  as  the 
source  of  sound  at  frequencies  less  than  1kHz.  The  significance  of  collective  bubble  oscillations  in 
acoustic  radiation  from  breaking  waves  is  of  considerable  interest,  and  evidence  of  the  phenomenon 
has  been  observed  in  the  acoustic  signals  radiated  by  a  bubble  column  in  the  laboratory  [7]. 


In  our  research  on  the  sound  production  and  air  entrainment  by  breaking  waves,  we  have 
proceeded  by  first  doing  the  simplest  acoustic  experiments:  measurement  of  the  sound  generated  by 
breaking  waves  and  its  correlation  with  the  dynamical  wave  variables.  In  addition,  measurement  of 
the  microwave  scattering  by  breaking  waves  in  both  the  laboratory  and  the  field  were  conducted.  We 
then  went  on  to  directly  quantify  the  air  entrainment  in  breaking  through  a  series  of  air  volume 
fraction  (void-fraction)  measurements.  In  this  paper  we  review  these  recent  laboratory  measurements 


Dimensions 
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w  =  0.38m 
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w  =  0.76m 


Figure  1 :  A  schematic  of  the  experimental  setup.  The  channels  labeled  48-422  and  48- 110 
correspond  to  channel  A  and  B  in  the  text. 


2.  LABORATORY  FACILITIES 


The  experiments  reported  here  were  conducted  in  two  glass-walled  steel-framed  channels  in  the  R.M. 
Parsons  Laboratory,  M.I.T.  (figure  I).  Breaking  wave  packets  were  generated  using  a  chirp  pulse, 
which  leads  to  a  focussing  of  the  waves  at  the  break  point  down  the  channel.  The  surface 
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displacement  is  measured  with  fine  resistance  wire  wave  gauges.  These  measurements  are  then  used 
to  calculate  the  surface  wave  energy  dissipated  by  breaking.  Details  can  be  found  in  Rapp  & 

Melville  [8]. 

Acoustic  measurements  were  made  with  two  omnidirectional  hydrophones  and  the  microwave 
backscatter  was  measured  with  an  X-band  CW  Doppler  scatteromcter.  Measurements  of  the  volume 
fraction  of  air  in  water  (or  void- fraction,  given  in  percent  hereafter)  were  made  with  a  three- wire 
conductivity  probe.  Details  on  the  void-fraction  instrumentation  is  given  in  Lamarre  &  Melville  [9]. 

3.  SURFACE  WAVE  DISSIPATION  AND  ACOUSTIC  RADIATION 


The  typical  experimental  arrangement  for  this  series  of  experiments  in  Channel  A  is  shown  in 
figure  1.  The  primary  aim  of  this  series  of  experiments  was  to  determine  whether  the  acoustic 
radiation  and  microwave  scattering  correlate  with  the  energy  dissipated.  Figure  2  shows  a  set  of  radar 
time-series  at  different  locations  along  the  channel  and  a  hydrophone  time  series  along  with 
photographs  of  the  breaking  wave  at  times  marked  on  the  figure  [10).  A  number  of  features  arc 
evident  from  this  figure.  First,  the  departure  of  the  acoustic  signal  above  the  background  noise  level 
marks  the  impact  of  the  surface  (i.c.  the  onset  of  breaking).  The  duration  of  the  hydrophone  signal  is 
comparable  to  the  wave  per  .A  and  the  sound  terminates  at  the  same  time  as  the  air  entrainment  at  the 
leading  edge  of  the  breaker. 

The  simultaneous  termination  of  sound  generation  and  active  air  entrainment  strongly 
supports  the  hypothesis  that  the  dominant  source  of  sound  is  associated  with  bubble  generation.  The 
dominant  microwave  signal  occurs  prior  to  wave  breaking.  That  is,  the  dominant  microwave 
scattering  is  not  from  the  whitccap  but  from  the  steepening  unbroken  wave  just  prior  to  impact. 

We  undertook  to  investigate  whether  the  sound  radiated  and  the  microwave  energy  scattered 
by  the  breaking  waves  correlated  with  the  dynamical  variables  describing  the  wave  field  [10,1 1).  The 
primary  parameter  of  interest  for  the  hydrodynamicist  is  the  dissipation  due  to  breaking.  The 
fractional  dissipation  D  is  measured  by  taking  difference  of  the  mean  square  surface  displacement 
upstream  and  downstream  of  the  break.  In  all  our  work  we  have  found  that  D  correlates  closely  with 
the  characteristic  slope  of  the  wave  packet  S;  where  S=Nak,  and  N  is  the  number  of  Fourier 
components  in  the  wave  packet  and  (ak)  is  the  slope  of  each  component.  Figure  3  shows  the 
correlation  between  the  dimensionless  mean  square  acoustic  pressure  Pd  and  D  for  a  range  of  wave 
frequencies.  The  dimensionless  mean  square  acoustic  pressure  is  defined  by 

Pd  = 


.ifW. 

(pcc2)J 


0) 
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Figure  2:  a)  Bottom  trace  is  a  hydrophone  time-series  bandpass  filtered  in  the  range  500Hz  to  10kHz, 
upper  traces  arc  radar  time  series  at  various  locations  down  the  channel  bandpass  filtered  in  the  range 
50  to  250Hz.  b)  Photographs  of  a  breaking  wave  matching  the  data  in  figure  2a.  Each  photograph 
corresponds  to  one  radar  time  series  and  the  time  the  photograph  was  taken  is  marked  in  a)  with  an 
arrow  above  the  matching  radar  time-series.  I  -  x  =  8m  l  =  1.12s,  II  -  x=8.5m  1=1. 2s,  III  -  x=9.0m 
t=  1.32s,  IV  -  x=9.5m  t=1.69s,  V  -  x=10m  t=2.03s,  VI  -  x=10.5m  t=2.34s,  VII  -  x=l  lm  l=2.54s, 
VIU  -  x=l  1.5m  l=2.72s  [10). 
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Figure  3:  Dimensionless  mean  square  acoustic  pressure  Pd  as  a  function  of  the  fractional  dissipation, 
D  ,  for  three  different  wave  packet  center  frequencies:  O  -  0.88Hz,  •  -  1.08Hz.  A  -  l.28Hz  {10]. 

where  cc  is  the  characteristic  phase  speed  of  the  water  wave.  We  conclude  from  this  data  that  the 
acoustic  energy  radiated  by  breaking  waves  is  approximately  proportional  to  the  mechanical  energy 
dissipated. 

4.  AIR  ENTRAINMENT  AND  DISSIPATION 

In  view  of  the  fact  that  the  acoustic  energy  radiated  is  only  a  very  minor  contributor  to  the  total  energy 
budget  of  the  breaking  pro<oss,  it  is  at  first  surprising  that  the  sound  radiated  should  correlate  well 
with  the  wave  energy  diss.pated.  However,  if  the  process  of  air  entrainment  is  a  dynamically 
significant  part  of  breaking  then  it  would  be  less  surprising  that  the  acoustic  processes  associated  with 
the  entrained  air  (e.g.  bubble  oscillations)  correlated  with  the  wave  dynamics. 

The  initial  aim  of  our  experimental  program  to  measure  air  entrainment  by  breaking  waves 
has  been  to  measure  the  evolution  of  the  entrained  air  and  to  determine  whether  the  moments  of  the 
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void- fraction  field  are  simply  related  to  the  wave  variables  [12],  Our  earlier  measurements  of  mixing 
due  to  breaking  suggested  that  this  would  be  the  case  [8]. 

The  two-dimensional  void-fraction  field  under  breaking  waves  generated  in  channel  B  was 
mapped  out  on  a  grid  with  a  spacing  of  5cm  (or  less).  For  each  location  of  the  void-fraction  meter  at 
least  three  repeats  of  the  experiment  were  conducted  and  the  time  series  averaged.  These  time-series 
were  then  used  to  construct  time-dependent  two-dimensional  maps  of  the  void-fraction  field.  The 
signal  to  noise  ratio  of  the  instrument  permitted  us  to  measure  the  void-fraction  down  to  a  threshold  of 
0.3%  and  to  within  3cm  of  the  surface.  (As  a  reference,  the  characteristic  wave  length  of  the  wave 
packet  is  2m).  For  small  times  after  breaking  void-fractions  in  excess  of  20%  were  sustained  for  up  to 
half  a  wave  period. 

Moments  of  the  void-fraction  field  provide  a  useful  measure  of  the  integral  properties  of  the 
mixture  as  they  evolve  in  time.  We  have  computed  the  total  volume  of  air,  V,  normalized  by  the 
initial  volume  of  air  entrained,  V0.  The  latter  was  determined  from  video  images  of  the  cylinder  of  air 
formed  as  the  surface  impacted  on  itself.  The  area  of  the  bubble  plume.  A,  within  the  0.3%  threshold 
was  measured  and  the  mean  void-fraction  calculated  by  dividing  the  total  volume  of  air  by  the  area. 
Work  is  done  against  buoyancy  forces  by  the  water  in  mixing  down  the  air.  This  work  is  defined  by 

Eb  =  P8b  /az  dA  (2) 

A 

where  a  is  the  void  fraction,  z  is  the  distance  to  the  water  surface,  and  p,  g,  b  are  water  density, 
gravity  and  channel  width.  Normalizing  Ej,  by  the  total  energy  lost  from  the  wave  field  during 
breaking  (Ed)  gives  the  fraction  of  the  energy  dissipated  by  breaking  which  goes  into  entraining  the 
air.  These  variables  arc  shown  in  figure  4  where  they  have  been  fitted  by  simple  power  law  and 
exponential  functions  of  time  normalized  by  the  characteristic  period  of  the  surface  waves.  We  see 
that  only  a  few  percent  of  the  initial  air  entrained  remains  in  the  water  column  after  one  wave  period. 
Much  of  the  air  has  been  lost  due  to  the  larger  bubbles  rising  back  to  the  surface.  In  the  same  time  the 
mean  void-fraction  is  reduced  from  0(10%)  to  0(1%).  The  area  of  the  bubble  plume  increases  rapidly 
at  first  and  then  decreases  as  the  bubbles  arc  lost.  However,  the  area  of  the  bubble  plume  is  dependent 
on  the  threshold  of  the  void-fraction  measurement.  We  anticipate  that  as  the  threshold  is  reduced  the 
rate  of  decrease  of  the  area  will  decline  and  in  the  limit  as  the  threshold  goes  to  zero  we  would  expect 
to  see  the  area  of  the  plume  continue  to  increase  as  was  found  in  the  dye  experiments  of  Rapp  & 
Melville  [8],  The  conclusion  to  be  drawn  from  figure  4  is  that  the  lower  moments  of  the  void- 
fraction  field  are  simply  related  to  the  prcbrcaking  wave  variables  and  time  [12].  Of  particular 
importance  is  the  fact  that  up  to  50%  of  the  energy  lost  from  the  surface  wave  field  is  expended  in 
entraining  the  air.  The  subsequent  decrease  in  the  normalized  potential  energy  corresponds  to  the  rise 


of  the  larger  bubbles  back  to  the  surface.  Thus  the  potential  energy  associated  with  the  bubble 
position  acts  as  a  buoyant  source  of  kinetic  energy  in  the  water  column.  This  kinetic  energy  is 
ultimately  dissipated  by  viscosity. 
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Figure  4:  a)  Air  volume  V  normalized  by  Vo.  The  data  for  the  three  waves  collapse  onto  a  simple 
decaying  exponential  for  V/Vo.  b)  Bubble  plume  cross-sectional  area  A  normalized  by  Vo/b.  The 
data  was  fitted  by  using  the  functional  form  for  V/Vo  divided  by  that  for  ba.  (This  procedure  was 
used  because  extrapolation  of  the  curves  for  V  and  Sis  evidently  better  conditioned  than  extrapolation 
of  the  data  for  A  directly.)  c)  Mean  void-fraction  a  The  data  is  well  correlated  by  a  power  law  with 
a  =  100%  near  t =  0  as  one  would  expect  for  the  initial  air  pocket,  d)  Bubble  plume  potential  energy 
Eb  normalized  by  the  total  energy  dissipated  by  breaking  Ed.  Data  is  fitted  with  a  decaying 
exponential.  Time  for  all  four  plots  is  normalized  by  the  wave  period  T.  The  center  frequency  and 
bandwidth  of  the  packet  were  both  0.88Hz  [12], 


5.  DISCUSSION 


The  work  reviewed  here  presents  the  beginning  of  our  attempt  to  investigate  the  coupling  between  die 
hydrodynamics  and  acoustics  of  wave  breaking.  Our  finding  that  the  sound  radiated  by  breaking 
waves  increases  with  the  mechanical  wave  energy  dissipated  is  supported  by  our  subsequent  finding 
that  the  entrained  air  is  dynamically  significant  (10,1 1,12].  For,  if  the  sound  is  due  to  oscillations  of 
individual  bubbles  which  break  off  from  the  initial  volume  of  air  entrained,  then  we  expect  that  the 
integral  properties  of  the  sound  field  must  be  related  to  the  initial  volume  of  air  entrained,  which  is  in 
turn  related  to  the  energy  dissipated  through  the  buoyancy  forces. 
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Summary 

Results  of  two  our  recent  studies  are  combined  to  show 
interesting  phenomena  in  the  ocean  surface  where  the  wind 
waves  are  co-existing  with  a  swell  propagating  against  the 
wind.  It  is  shown  that  the  growth  of  the  wind  waves  is  much 
intensified  by  swell  propagating  against  the  wind,  when  the 
swell  steepness  increases.  This  phenomenon  shows  clear 
contrast  to  the  attenuation  of  the  wind  waves  by  swell 
propagating  in  the  direction  of  the  wind.  Another  interesting 
phenomenon  is  that  the  drift  current  is  much  intensified  by 
swell  propagating  against  the  wind  when  the  swell  steepness 
increases.  The  increase  of  the  drift  current  velocity  is  much 
larger  than  the  theoretical  prediction  of  the  mechanism 
proposed  by  Phillips  and  Banner  (1974). 


Introduction 

Many  years  ago  Mitsuyasu  ( 1  ]  found  an  interesting  phenomenon 
that  swell  propagating  in  the  direction  of  the  wind  suppresses 
wind  waves  considerably  if  the  swell  steepness  increases. 
Phillips  and  Banner  [2]  obtained  a  similar  result  in  their 
experiment  and  presented  an  attenuation  mechanism  of  the  wind 
waves  by  the  swell,  which  explained  quite  well  the 
experimental  result. 


Quite  recently  Mitsuyasu  and  Yoshida  [3]  studied  experimental¬ 
ly  the  growth  of  wind  waves  co-existing  with  swell  propagating 
against  the  wind.  A  little  later  Cheng  and  Mitsuyasu  [4] 
studied  experimentally  the  surface  drift  current  induced  by 
the  wind  and  swell.  The  results  of  these  two  experiments  are 
combined  to  show  very  interesting  phenomena  that  both  of  the 
wind  waves  and  surface  drift  current  are  intensified  by  the 
swell  propagating  against  the  wind,  when  the  swell  steepness 
increases.  According  to  the  Phillips  and  Banner's  mechanism 
[2],  wind  waves  attenuate  even  when  the  swell  is  propagating 
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against  the  wind.  Particularly  the  intensification  of  the 
surface  drift  current  by  the  opposed  swell  should  accelerate 
the  breaking  of  wind  waves.  Therefore,  the  phenomena  found  in 
these  two  studies  are  quite  contradictory  to  the  theoretical 
prediction,  although  new  mechanisms  for  explaining  the 
phenomena  are  left  for  future  studies. 


Experiments 

The  following  two  laboratory  experiments  have  been  conducted; 
Experiment  I  (Mitsuyasu  and  Yoshida  [ 3 ]) 

The  wind  and  wind  waves  in  a  laboratory  tank  were  measured 
under  the  existence  of  swell  propagating  against  the  wind. 
The  laboratory  tank  used  in  the  experiment  is  0.8m  high  (water 
depth  0.353m),  0.6m  wide  and  with  a  usual  test  section  15m 
long.  The  arrangement  of  equipment  is  shown  schematically  in 
Fig.1.  A  centrifugal  fan  (left  outside  of  the  figure)  sends 
the  wind  from  the  left  to  the  right  in  the  flume.  The 
reference  wind  speed  Ur,  which  is  roughly  the  same  to  the 
cross  sectional  mean  wind  speed  in  the  flume,  was  changed 
stepwise  as  Ur=5.0,  7.5,  10.0,  12.5  (m/s).  A  flap-type  wave 
generator  at  the  downwind  side  generates  a  swell  (regular 
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oscillatory  waves).  Waves  were  measured  simultaneously  at 
eight  stations  (No. 1-No. 8)  by  using  resistance- type  wave 
gauges  and  recorded  on  a  digital  data  recorder  with  a 
sampling  frequency  of  200  Hz.  Vertical  wind  profiles  over  the 
water  surface  were  measured  with  Pitot-tubes  at  fetches,  F1 , 
F 2,  F3  and  F4  in  the  flume  (Fig.  1)  to  determine  the  friction 
velocity  of  the  wind. 

Experiment  II  (Cheng  and  H itsuyasu  [4]) 

The  wind-induced  surface  drift  current  was  measured  in  a 
laboratory  tank  under  the  existence  of  swell  propagating 
against  the  wind.  The  wind  and  waves  were  also  measured.  The 
laboratory  tank  used  in  the  Experiment  II  is  the  same  as  that 
used  in  the  Experiment  I.  The  arrangement  of  the  equipment 
and  the  measurements  were  almost  the  same  as  those  in  the 
Experiment  I  except  for  the  following  points;  the  waves  were 
measured  only  at  the  stations  No. 3,  No. 4  and  No. 5.  The  wind 
profile  over  the  water  surface  was  measured  only  at  the 
station  No. 4.  The  wind  speed  used  in  the  experiment  was  (Jr  = 
3,  5,  7  (m/s).  The  surface  drift  current  was  determined  by 
measuring,  with  a  digital  recording  stopwatch,  the  time 
required  for  waxed  paper  punchings  (diameter  0.5  cm)  to  travel 
a  distance  2m  between  the  stations  No. 3  and  No. 5. 

More  detailed  description  of  the  both  experiments  are  referred 
to  the  previous  two  papers,  [3]  and  [4]. 

Results 

The  effect  of  the  opposed  swell  on  the  growth  of  wind  waves . 
Figure  2  shows  some  examples  of  the  wave  spectra  of  co¬ 
existent  system  of  wind  waves  and  a  swell  propagating  against 
the  wind.  For  comparison  the  spectra  of  pure  wind  waves 
measured  under  almost  the  same  conditions  are  shown  in  the 
same  figure.  It  can  be  seen  clearly  that  the  growth  of  the 
wind  wave  spectra  are  intensified  by  the  opposed  swell.  Such 
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Fig. 2.  Comparison  of  the  wave  spectra  of  the  co-existent 
system  (solid  line)  and  those  of  pure  wind  waves  (dotted 
line).  swell,  T=0.64sec,  H=1.3cm;  wind  speed,  Ur=5m/s. 

phenomenon  is  much  different  from  the  phenomenon  observed  when 
the  swell  is  propagating  in  the  direction  of  the  wind.  In  the 
latter  case  wind  waves  are  suppressed  by  the  swell  if  the 
swell  steepness  increases  [1  J  and  [2).  In  order  to  show  the 
change  of  the  wind  wave  energy  quantitatively,  the  ratio  of 
wind  wave  energy  of  the  co-existent  system  to  that  of  the  pure 
wind  waves  is  shown  in  Fig. 3  as  a  function  of  wave  steepness 
of  the  swell  H-j/A,  where  H.)  and  A  are  the  wave  height  and 
length  of  the  swell  under  the  action  of  the  wind. 

For  comparison,  Fig. 3  also  shows,  in  the  lower  part,  the 
results  of  our  previous  study  [1 ]  where  the  swell  is 
propagating  in  the  direction  of  the  wind.  Although  the 
present  data  scatter  considerably,  the  relative  wind  wave 
energy  is  not  much  affected  by  the  swell  when  the  swell 
steepness  is  small,  but  it  increases  with  the  increase  of  the 
swell  steepness.  The  present  results,  in  association  with  the 
previous  results  [1)  and  [2],  show  that  the  effects  of  the 
swell  on  the  growth  of  wind  waves  are  much  different  depending 
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Fig. 3.  The  ratio  of  the  energy  of  wind  waves  co-existing  with 
the  opposed  swell,  Ew  to  that  of  the  pure  wind  waves,  (Ew)o. 
(a)  original  data,  (b)  sectional  mean  values.  The  previous 
result  for  the  swell  propagating  in  the  direction  of  the  wind 
(1]  is  shown  with  a  broken  line. 


on  the  direction  of  the  swell  relative  to  the  wind  waves, 
wind  waves  are  suppressed  by  the  swell  of  the  same  propagation 
direction,  while  the  wind  waves  are  amplified  by  the  swell  of 
the  opposite  propagation  direction. 

'the  effect  of  the  opposed  swell  on  the  drift  current . 

Figure  4  shows  the  effect  of  the  opposed  swell  on  the  surface 
drift  current.  In  fig. 4  the  drift  current  velocity  us 
normalized  by  the  wind  friction  velocity  u*  is  plotted  against 
the  swell  steepness  Hq/A  by  taking  the  reference  wind  speed 
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Ur  as  a  parameter.  Here  Hg  is  the  wave  height  of  swell 
without  wind  action.  It  can  be  seen  from  Fig. 4  that  us/u* 
decreases  with  the  increase  of  the  wind  speed  and  increases 
with  the  increase  of  the  swell  steepness  though  it  tends  to 
saturate  for  very  large  swell  steepness. 

In  addition  the  experiment  for  the  opposed  swell,  similar 
experiment  has  been  made  for  the  swell  in  the  same  direction 
of  the  wind.  In  this  experiment,  however,  the  change  of  the 
surface  drift  current  by  the  swell  was  much  smaller  than  that 
for  the  case  of  the  opposed  swell. 


Fig. 4.  Dimensionless  surface  drift  speed  versus  the  steepness 
of  the  swell  propagating  against  the  wind.  •  ,  Ur=3m/s; 

■,  Ur=5m/s;  A,  Ur=7m/s. 


Discussions 

Phillips  and  Banner  [2]  presented  a  theoretical  model  on  the 
change  of  wind  drift  by  the  swell  in  relation  to  the  wave 
breaking  in  the  presence  of  surface  drift  current.  According 
to  their  theory,  when  the  swell  is  propagating  against  the 
wind.  The  distribution  of  the  surface  drift  velocity  us  with 
respect  to  the  phase  of  the  swell  is  given  by 
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Us  =  -(C-u)  +  {(C-u)2  +  u  so  (  2  C  +  uso)}1//2  (1) 

where  C  is  the  phase  velocity  of  the  swell,  u  is  the  orbital 
velocity  of  the  swell  and  uso  is  the  surface  drift  current 
without  the  swell.  This  equation  (1)  shows  the  augmentation 
of  the  surface  drift  at  the  crest  of  the  swell.  However,  the 
drift  current  estimated  by  (1)  for  the  limiting  case  of  our 
present  experiment,  i.e.,  for  the  maximum  wind  speed,  Ur= 
7m/s,  and  for  the  maximum  swell  steepness  Hq/A=  0.04,  shows 
that  the  increase  of  the  drift  current  by  the  opposed  swell  is 
at  most  2%  of  the  drift  current  unaffected  by  the  swell. 
Therefore,  the  large  increase  of  the  surface  drift  current  by 
the  opposed  swell  can  not  be  explained  by  the  theoretical 
model.  Another  contradiction  to  the  theory  is  that,  according 
to  the  theory,  the  large  augmentation  of  the  drift  current  by 
the  opposed  swell  should  accelerate  the  breaking  of  the  wind 
waves  and  attenuates  them,  while  the  actual  phenomenon  show  an 
increased  growth  of  wind  waves.  Further  studies  are  needed  to 
clarify  the  augmentation  of  the  drift  current  and  wind  waves 
by  the  opposed  swell. 
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Abstract 

Packets  of  surface  gravity  waves  of  constant  frequency  and 
similar  raised  cosine  envelopes  were  generated  with  a  variety 
of  amplitudes  by  means  of  a  hydraulic  paddle.  The  behaviour  of 
each  packet  was  observed  with  two  capacitance  probes,  one  near 
the  paddle  and  the  other  some  distance  along  the  tank.  In  the 
time  domain  each  packet  was  observed  to  evolve  into  a  single 
envelope  soliton  and  a  "tail"  as  it  travelled  down  the  tank.  In 
the  frequency  domain  the  the  initial  spectral  peak  was  observed 
to  split  into  two  peaks  at  frequencies  on  either  side  of  the 
initial  frequency  in  accordance  with  the  well  known  "sideband" 
instability.  In  addition,  for  packets  in  excess  of  a  particular 
threshold,  wave  breaking  also  occurred.  The  sideband 
instability  was  observed  at  amplitudes  both  above  and  below  the 
threshold  of  breaking.  At  amplitudes  below  the  threshold, 
energy  was  partitioned  almost  equally  between  the  upper  and 
lower  sidebands  but  with  the  onset  of  breaking  a  smaller 
fraction  of  the  initial  energy  was  transferred  to  the  upper 
sideband.  The  spectral  behaviour  of  these  evolving  wave  packets 
shows  a  number  of  features  in  common  with  that  of  wind  waves 
observed  in  the  open  sea. 

Introduction 

Much  of  the  work  on  instabilities  of  surface  gravity  waves  has 
ignored  the  phenomenon  of  wave  breaking.  The  aim  of  this  study 
was  to  set  up  a  very  simple  tank  experiment  involving  a 
nonlinear  instability  so  as  to  examine  the  effect  of  breaking 
on  the  instability.  Rather  than  set  up  a  continuous  periodic 
wave  train,  only  isolated  packets  of  waves  were  used  in  the 
belief  that  periodicity  introduces  an  unnecessary  constraint  on 
a  dynamical  system,  one  not  commonly  encountered  in  nature. 

Experimental  Setup 

These  experiments  were  conducted  in  the  wave  tank  at  the 
Australian  Maritime  College  in  Launceston  Tasmania.  The  tank 
was  60m  long,  3.5m  wide  and  1.5m  deep.  At  one  end  was  a 
hydraulically  powered  paddle  hinged  at  the  bottom  of  the  tank 
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and  driven  by  the  output  signal  from  a  digital  to  analogue 
converter.  At  the  other  end  was  a  sloping  beach  to  help 
suppress  reflections.  Two  capacitance  probes,  (termed  "near" 
and  "far"),  were  set  up  in  the  tank,  at  distances  of  4.4m  and 
34.4m  from  tie  paddle  respectively. 

The  computer  driving  the  digital  to  analogue  converter  was 
programmed  to  generate  a  wave  packet,  V(t),  of  the  form 

V(t)  »  0.5  t  1  -  cos(ut)]  sin(ut)  (1) 

C  1 

in  the  range  0  s  t  s  t  where  t  =  2 n/u  was  the  period  of  the 

e  e  e 

modulating  envelope  and  ti  =  2ti/ui  was  the  period  of  the 
"carrier"  waves  themselves.  For  all  of  the  trials  t  was  set  to 

e 

15  seconds  and  t  to  one  second.  In  practice  (1)  was  programmed 
so  as  to  maximize  the  range  of  the  digital  to  analogue 
converter  and  the  amplitude  of  the  analogue  signal  was 
controlled  seperately  by  means  of  a  graduated  potentiometer. 
The  experiment  entailed  passing  the  same  waveform  to  the  wave 
maker  for  different  "gain"  settings  of  the  potentiometer  and 
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Fig.l.  Time  series  of  surface  displacement: 

(a)  near  probe,  ak  =  0.07,  (b)  far  probe,  ak  =  0.13, 
(c)  far  probe,  ak  =  0.18,  (d)  far  probe,  ak  =  0.21, 
(e)  far  probe,  ak  =  0.24. 


recording  the  surface  height  as  a  function  of  time  as  the  wave 
disturbance  passed  each  probe. 


Results 

Examples  of  time  series  recorded  by  the  probes  are  shown 
plotted  in  Figure  1.  For  a  small  initial  amplitude  (b)  the 
packet  becomes  more  dispersed  while  for  greater  amplitudes 
(c,d,e)  the  disturbance  forms  itself  into  an  envelope  soiiton 
followed  by  a  dispersed  tail.  There  is  no  obvious  difference 
between  (d)  and  (e)  despite  the  fact  that  spontaneous  wave 
breaking  was  observed  to  occur  in  case  (e)  but  not  in  case  (d) . 

The  variance  spectra  of  the  same  five  time  series  are  shown  in 
Figure  2.  The  effect  of  the  sideband  instability  can  be  clearly 
seen  in  cases  (d)  and  (e)  whereby  the  initial  carrier  frequency 
has  been  replaced  by  two  or  more  sidebands.  There  is  a 
noticeable  difference  between  (d)  and  (e)  in  that  there  is 
proportionately  less  variance  in  the  upper  sidebands  in  the 
case;  (e)  ,  for  which  spontaneous  wave  breaking  had  occurred. 


Frequency  ( Hz ) 


Fig. 2.  Variance  spectra  of  the  time  series  displayed  in  Fig.l. 
The  zeroes  are  displaced  for  display  purposes. 


158 


The  results  for  nine  different  runs  with  varying  initial 
steepnesses  are  summarised  in  Figure  3.  A  nominal  initial 
steepness,  ak,  was  defined  as  a  u '  /  g  ,  where  a  was  the 

ml  m 

maximum  excursion  of  the  water  surface  measured  at  the  first 
probe.  The  arrow  indicates  the  interval  in  which  spontaneous 
breaking  commences  when  the  initial  steepness  is  gradually 
increased.  Breaking  was  observed  during  all  of  the  runs  plotted 
to  the  right  of  the  arrow.  The  figure  shows  that  there  was  a 
nett  loss  in  variance  with  increasing  initial  steepness  and 
that  this  variance  loss  was  due  to  losses  from  the  upper 
sideband  in  the  range  of  steepnesses  for  which  breaking 
occurred . 

Conclusions 

To  first  order  the  variance  of  surface  height  is  proportional 
to  the  energy  density  of  the  wave  disturbance  and  the  missing 
variance  can  be  accounted  for  in  terms  of  the  transfer  of 
energy  by  wave  breaking  from  the  wave  field  into  turbulence. 


Fig. 3.  Ratios  of  far  probe  variances  to  near  probe  variance,  Vi. 
V 2  is  the  total  far  probe  variance,  Va  is  the  far  probe  variance 
summed  over  frequencies  less  than  1  Hz  and  Vb  is  the  far  probe 
variance  summed  over  frequencies  greater  than  1  Hz. 


The  preferential  removal  of  energy  from  the  upper  sidebands  by 
this  process  results  in  a  nett  downward  shift  in  the  average 
frequency  of  the  spectrum. 

Frequency  downshifting  is  a  common  phenomenon  of  wind  seas  in 
the  open  ocean.  Figure  4  shows  spectra  (a)  and  (e)  of  Figure  2 
replotted  using  logarithmic  scales.  The  upper  spectrum  (e) 
shows  some  other  features  in  common  with  wind  sea  spectra,  viz 
a  steep  low  frequency  roll-off,  a  power  law  high  frequency 
roll-off  and  a  peak  enhancement  above  the  power  law  trend.  This 
suggests  that  the  broad  features  of  wind  sea  spectra  may  be 
accounted  for  in  terms  of  the  sideband  instability  or  some 
similar  process  coupled  with  wave  breaking.  The  fourth  order 
wave-wave  interactions  usually  invoked  to  describe  open  sea 
spectra  are  certainly  not  applicable  to  the  present  experiment 
because  of  its  two  dimensional  nature. 
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Fig.  4.  The  variance  spectra  (b)  and  (e)  of  Fig.  2  replotted 
with  logarithmic  scales.  The  upper  curve,  (e)  ,  is  raised  by  a 
factor  of  ten  for  display  purposes. 
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Summary 

Void  fraction  meters  are  very  simple,  but  effective  automatic  sensors  for  measuring  air 
entrainment  due  to  wave  breaking.  The  maximum  void  fraction  value  measured  during 
SWADE  (Weller,  et.  al,  1991)  with  the  wind  speed  up  to  15  m/s  and  gusts  to  18  m/s  is 
about  60%.  The  duration  for  the  void  fraction  event  is  about,  on  average,  0.5  sec  at  the 
depth  of  12"  for  the  average  wave  period  of  about  5.5  sec.  Much  less  void  fraction  is 
observed  below  24".  The  void  fraction  statistics  turn  out  to  be  a  very  logical  and 
quantitative  way  for  describing  the  breaking  wave  statistics.  All  of  the  previous  five 
published  field  measurements  of  breaking  wave  statistics,  using  different  techniques,  can  be 
encompassed  nicely  by  the  present  void  fraction  statistics  in  a  more  meaningful  and  orderly 
way.  The  frequency,  or  number  fraction,  of  breaking  waves  levels  off  as  the  wind  speed 
increases. 

InUodwtion 

One  of  the  most  obvious  and  characteristic  features  of  wave  breaking  in  the  open  sea  is  the 
entrainment  of  air  by  the  plunging  of,  and/or  creeping  near,  the  crest  of  a  steep  wave,  which 
generates  in  turn,  a  series  of  bubble  plumes  beneath  and  behind  the  breaking  wave.  Our 
interest  in  this  investigation  is  concerned  equally  with  the  frequency  of  occurrence  of 
breaking  waves  and  the  amount  of  air  entrained  due  to  such  wave  breaking  in  the  moderate 
to  high  sea  states.  To  accomplish  simultaneously  these  dual,  but  related,  objectives  of  our 
research  interest,  we  decided  to  detect  the  presence  of  breaking  waves  by  direct 
measurement  of  near  surface  void  fraction,  which  is  expressed  as  percentage  of  air  content 
in  the  water,  by  means  of  a  floating  vertical  array  tethered  to  a  R/V,  on  which  several  void 
fraction  meters  are  installed  at  various  depths.  A  very  brief  summary  of  the  results  of  this 
field  measurement  on  both  the  void  fraction  statistics  and  breaking  wave  frequency  statistics 
under  moderate  to  strong  wind  are  presented  here. 
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The  cumulative  average  in  percentages  for  the  four  cases,  A-D,  during  SWADE  are  plotted 
in  Figure  1  with  the  five  ranges  of  void  fraction  denoted  by  letters  a,  b,  c,  d,  and  e, 
respectively,  and  with  the  mean  wind  speeds  at  10  and  15  m/s. 

Each  "void  fraction  event”  may  be  interpreted  as  one  "breaking  wave  event",  if  we  define  a 
breaking  wave  to  be  a  wave  which  entrains  air  into  the  water  that  becomes  a  plume  of 
bubbles  with  a  measurable  void  fraction  to  a  depth  of  12"  below  the  surface.  This 
definition  will  preclude  all  the  micro-breaking  by  the  capillary  waves  and  the 
gravity-capillary  waves  with  wave  length  shorter  than  about  2  m.  We  shall  next  compare 
our  field  measurements  with  several  published  field  measurements  on  breaking  wave 
statistics  by  various  investigators  employing  different  techniques  and  definitions  on  what 
constitutes  a  "breaking  wave". 

In  the  paper  by  Holthuijsen  and  Herbers  (1986),  the  observed  occurrence  percentage 
(fraction)  of  breaking  waves  from  five  different  field  measurements  as  a  function  of  wind 
speed  (U,„)  are  compared.  Their  Figure  7  is  reproduced  here  as  Figure  1  for  comparison 
with  our  results. 


Toba  et.  al  (1971)  and  Holthuijsen  and  Herbers  (1986)  use  the  similar  technique  of  coupling 
visual  identification  of  white  capping  with  wave  height  measurement.  Even  though  this 
method  might  be  the  most  positive  way  to  say  a  wave  is  in  the  process  of  breaking,  some 
degree  of  subjective  judgement  is  still  involved,  particularly  when  the  breaking  area  is 
small.  Thorpe  and  Humphries  (1980)  use  telephotography  in  place  of  direct  visual 
observation.  This  method  could  miss  counting  smaller  breaking  waves  in  contrast  to  the 
former  method.  As  such,  the  observed  number  of  breaking  waves  should  be  less  in  the 
latter  case,  as  exhibited  in  Figure  1.  Weissman  et.  al  (1984)  employed  the  method  of 
detecting  the  presence  of  high  frequency  components  (5-50  Hz)  in  the  waves  as  the 
definition  of  breaking  waves.  Their  measurement  at  a  low  wind  speed  of  about  6  m/s 
involved  only  very  small  breaking  waves,  which  should  agree  better  with  those  by  direct 
visual  observation  (such  as  Toba,  et.  al).  Longuet-Higgins  and  Smith  (1983)  employed  a 
"jump  meter"  to  measure  the  slope  of  large  and/or  dominant  waves  near  a  North  Sea  tower. 
Waves  with  the  steep  slope  beyond  some  chosen  threshold  values  are  then  considered  to  be 
breaking  waves.  Since  the  "jump  meter"  technique  is  designed  for  detecting  larger  waves, 
many  small  breaking  waves  are  ignored.  It  is  reasonable  to  suggest  that  small  breaking 
waves  occur  more  often  than  large  breaking  waves.  Hence,  Longuet-Higgins  and  Smith’s 
count  would  be  much  lower  than  all  of  the  other  methods  described  earlier. 
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It  is  veiy  interesting  to  note  that  curves  a  and  e  encompass  all  the  earlier  data  points,  and 
curves  b,  c,  and  d  provide  some  dividing  boundaries  to  data  points  from  different 
techniques.  The  fact  that  e  and  c  with  1%  >  VF  >  0.30%  agrees  more  with  Toba  et.  at 
(1971)  might  imply  that  Toba  and  his  colleagues  have  been  more  careful  than  the  others  to 
pick  up  many  more  smaller  breaking  waves.  The  observed  data  by  Holthquijsen  and 
Herbers  (1986)  are  bounded  nicely  by  curves  d  and  c  with  2%  >  VF  >  1%.  The  data 
obtained  by  Thorpe  and  Humphries  (1980)  fall  more  into  the  bounds  defined  by  curves  b 
and  c  with  5%  >  VF  2%.  The  data  presented  by  Longuet-Higgins  and  Smith  (1983)  seem 
to  lie  more  below  curve  b  with  VF  >  5%  and  above  curve  a  with  VF  >  10%. 

The  surprisingly  good  overall  match  between  the  void  fraction  event  statistics,  interpreted  as 
the  equivalent  breaking  wave  statistics,  from  the  five  previous  field  measurements  may 
strongly  suggest  that  the  quantitative  measure  of  void  fraction  is  physically  better  than  other 
techniques  for  detecting  breaking  waves  and  their  relative  scale  and  intensity  in  the  open 
ocean. 

A  much  more  detailed  and  complete  description  of  the  bubble  and  void  fraction 
measurement  during  1991  SWADE  shall  be  published  elsewhere  in  the  near  future. 


Figure  1.  Observed  fraction  of  breaking  waves  (a)  and  void  fraction  as  a  function  of 
wind  speed  (U10). 
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Abstract 

Observational  evidence  is  presented  that  the  wind  and  the  wind 
waves  are  in  strong  coupling  in  their  fluctuations.  In  this 
strong  coupling  the  wave  breaking  should  play  an  essential  role. 
A  4.5-hour  time  series  of  wind  profile  and  wind-wave  statistics, 
obtained  at  an  oceanographic  tower  station  under  a  winter  monsoon 
wind,  were  reanalyzed.  The  main  part  of  the  equilibrium  range  of 
wind-wave  spectra  always  follows  the  cr^-slope,  though  the  energy 
level  fluctuates  following  the  fluctuating  wind  speed.  The  time 
scale  of  the  adjustment  of  the  energy  level  to  the  fluctuation  of 
the  wind  is  of  the  order  of  ten  minutes,  and  within  this  time 
scale  over-  and  under-saturation  of  the  energy  level  occurs. 
During  this  time  scale,  there  is  significant  energy  transfer 
between  the  waves  in  the  equilibrium  range  and  those  at  the 
spectral  peak,  involving  both  upward  and  downward  cascading  of 
the  wave  energy.  The  variation  of  z0  directly  reflects  the 
degree  of  over-  and  under-saturation  of  the  level  of  the 
equilibrium  range. 


Introduction 

For  many  years  we  have  demonstrated  by  wind-wave  tank  experiments 
that  the  wind  waves  are  phenomena  which  are  strongly  coupled  with 
the  wind,  through  the  stress  distribution  along  the  phase  of  wind 
waves,  the  existence  of  a  highly  vortical  layer  under  the  crest 
which  is  frequently  accompanied  by  wave  breaking  with  or  without 
air  entrainment,  the  air-flow  separation  and  ordered  motions 
above  and  below  the  wind-wave  surfaces  (e.g.,  [ 1 ] , [ 2] , [3] , [4] ) . 
The  physics  governing  the  phenomena  is  considered  continuous  from 
laboratory  wind  waves  to  wind  waves  over  the  ocean  though 
geometrical  similarity  breaks  down;  e.g.,  the  steepness  of  wind 
waves  gradually  changes  from  steeper  laboratory  waves  to  less 
steep  field  waves  [5]. 

In  this  paper,  a  4.5-hour  time  series  of  wind  and  wind-wave 
statistics  obtained  at  an  oceanographic  tower  station  is 
presented  to  demonstrate  evidence  of  coupled  fluctuations  of 
wind,  wind  waves  and  the  sea  surface  roughness  length.  Detailed 
description  is  referred  to  [6]  and  [7], 
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Zo(m)  as  fP  (Hz)  u,(ms'’)  U,0(ms'') 


The  data  were  obtained  at  the  Shirahama  Oceanographic  Tower 
Station  of  Kyoto  University  in  November  1969  under  a  condition  of 
the  winter  monsoon  wind  with  slightly  fluctuating  wind  speed  and 
steadily  growing  wind-wave  conditions.  Detailed  description  of 
the  observation  conditions  is  referred  to  {8]. 

Detailed  investigation  of  the  time  series 

Figure  2  shows  time  series  of  the  10-m  wind  speed  u10’  the  air 
friction  velocity  u# .  the  wind-wave  peak  frequency  fp,  the  degree 
of  under-saturation  of  the  equilibrium  range  of  wind-wave  spectra 
s  and  the  roughness  length  zQ  which  is  in  one-to-one 
correspondence  with  the  drag  coefficient  CD  under  neutral 
stratification.  The  is  defined  by 

<XS  =  1-  0<s/0?s  (1) 

where  o(^  is  the  average  value  of  the  coefficient  of  energy  level 
OK's  of  the  equilibrium  range  of  wind  waves  given  by 

0(cr)  =  <xsgu#cr~4  (2) 

where  $  (<r  )  is  the  spectral  density  as  a  function  of  the  angular 
frequency  cr.  The  values  of  cXs  are  the  same  as  reported  in  16], 
and  oTs  is  0.062.  The  fluctuation  in  ^  is  caused  by  the  time 
delay  for  the  adjustment  of  the  energy  level  in  the  equilibrium 
range  to  the  variation  of  wind,  as  already  discussed  in  [6].  It 
is  seen  that  the  variation  of  zQ  is  related  to  the  variation  of 
U10.  passages  of  small  fronts,  and  also  the  variation  of  fp  and 
£(s.  In  particular,  it  is  noted  that  the  general  trend  of  z0  is 
very  similar  to  that  of  o(s- 

Figure  3  shows  a  similar  time  series  but  for  more  detailed 
fluctuations,  for  the  period  indicated  as  Ser.B  in  Fig. 2.  Many 
observations  similar  to  Fig. 2  are  recognized  here  extending  down 
to  the  time  scale  of  several  minutes. 

These  observations  lead  us  to  the  following  physical 
interpretation.  The  variation  of  U^q  on  the  time  scales  of 
several  minutes  to  one  hour  causes  the  variation  of  fp  and  6^. 
The  larger  o^g  corresponds  to  the  situation  where  the  level  of 
the  wave  equilibrium  range  is  rapidly  Increasing.  This  condition 
Is  associated  with  larger  Zn.  Probably  the  ave  components  of 


Fig. 3.  Detailed  time 
series  for  the  period 
indicated  as  Ser.B  in 
Fig. 2.  The  data  of  Uin, 


and  z r 


from 


the  3-min.  moving  average 
wind  speeds,  and  the  data 
of  fp  and  6(s  are  here  in 
1-min.  scries. 


log  <J  trad  s  > 

Fig. 4.  Ensemble  averages  of  ten  of  the  wind-wave  spectra  for 
increasing-wind  case  (left  panel),  constant-wind  case  (middle), 
and  decreasing  wind  case  (right).  The  wind-wave  spectra  were 
from  Ser.B  period  indicated  in  Figure  2. 
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the  very  high-frequency  part  of  the  wave  spectra  outside  the 
equilibrium  range  are  steeper  in  this  situation,  and  small-scale 
processes  related  to  viscosity,  surface  tension  and  wave  breaking 
will  be  more  Important  in  the  momentum  flux. 

The  variation  in  the  wave  spectral  form  corresponding  to  the 
variation  of  z0  and  (Xg  in  Fig. 3  is  shown  in  Fig. 4.  While  Sis  *s 
changing.  the  shape  of  the  spectra  of  the  equilibrium  range 
always  has  a  slope  very  close  to  O'4.  In  other  words,  it  seems 
that  there  is  a  strong  constraint  for  the  spectra  to  be  kept  to 
the  statistical  0~"4  slope  presumably  caused  by  wave  interactions 
which  may  include  wave  breaking  adjustment.  Consequently,  the 
air  momentum  entering  the  waves  due  to  the  increased  roughness  at 
the  very  high  frequency  part  of  the  spectrum  is  quickly 
transferred  to  the  entire  equilibrium  range  to  feed  the  wave 
energy  in  the  equilibrium  range  near  to  fp.  Also  the  shape  of 
the  spectral  peak  is  flatter  in  positive  £ s  periods  (left  panel 
of  Fig. 4),  and  steeper  in  negative  o<s  periods  (right  panel).  In 
the  former  case  the  wave  energy  near  the  spectral  peak  should 
have  been  cascading  downward,  and  the  latter  cascading  upward. 
The  interpretation  is  as  follows.  The  adjustment  of  the  cr”4 
slope  occurs  almost  instantaneously,  and  the  adjustment  of  the 
energy  level  of  the  equilibrium  range  occurs  within  several 
minutes.  The  development  of  the  peak-frequency  wave  cannot 
follow  such  a  quick  response  of  the  energy  level,  and  a  positive 
correlation  of  fp  with  U10  or  u,  occurs  In  the  time  scales  of  15 
minutes  as  seen  In  Fig. 2.  These  observations  Indicate  that  the 
coupling  of  wind  and  wind  waves  is  much  stronger  than  usually 
considered . 

Figure  5  shows  the  time  series  of  CTpu#/g  and  gz0/u#2,  calculated 
from  the  time  series  of  u,  and  zQ  from  che  3-min.  moving  /erage 
wind  data.  Figure  6(a)  is  the  gz0/u,2  -  (Tpu#/g  diagram  (the 
nondimensional  roughness-wave  age  diagram)  plotted  from  the  time 
series  of  Fig. 5.  Figure  6(b)  is  the  same  except  that  the  values 
were  calculated  from  the  15-mln.  moving  average  wind  data. 

As  seen  In  Figs. 6(a)  and  (b) ,  In  the  first  half  of  the  period 
when  the  wind  felt  no  land  effect,  the  averaged  variation  in  this 
diagram  Is  along  the  line  of  gzQ/u,2  =  #  (  £Tpu#/g)m  with  m  **  -1 
and,  say,  X  =  0.015.  This  corresponds  to  the  evident  averaged 
variation  of  gz0/u#2  which  has  an  inverse  correlation  with 
0~pu,/g  as  seen  in  Fig. 5.  However,  it  is  evident  that  there  is  a 
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fluctuation  of  the  data  points  which  is  transverse  to  this  line, 

i.e.,  in  the  direction  of  positive  m.  This  transverse 

O 

fluctuation  corresponds  to  the  in-phase  fluctuation  of  gz0/u, 
and  <$pU#/gr.  as  seen  clearly  in  Fig. 5  at  shorter  time  scales,  and 
this  corresponds  to  the  above  described  strong  coupling  of  wind 
and  wind  waves  as  seen  in  the  good  correlation  of  zQ  and  fp  or 
<X s  shown  in  Fig. 2. 
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Abstract 

We  discuss  possible  mechanisms  for  wave  breaking  focusing  in 
particular  on  the  modulation  of  the  short  waves,  associated  with  the  tail 
of  the  spectrum,  by  the  dominant  ones.  We  seek  confirmation  for  this  in  the 
analysis  of  accurate  wave  records  taken  from  an  oceanographic  platform  in 
the  Adriatic.  Consistently  with  the  forementioned  mechanism,  we  find 
evidence  of  grouping  of  short  waves  just  ahead  of  the  dominant  crests  in 
the  active  wind  cases,  while  no  grouping  is  found  in  the  case  of  swell. 


Time  and  space  evolution  of  a  wave  field  depend  on  three  basic 
processes:  generation  by  wind,  conservative  energy  exchange  due  to 
nonlinear  wave-wave  interactions,  dissipation  by  breaking.  Other  various 
mechanisms  can  be  present  in  shallow  water,  but  they  are  not  considered  in 
the  present  general  discussion,  that  applies  therefore  to  deep  water 
conditions.  Of  the  three  processes  mentioned  above,  generation  by  wind  is 
relatively  well  understood  and  accurate  experiments  have  provided  usable 
quantitative  estimates  of  the  energy  budget  involved.  The  nonlinear  wave- 
wave  interactions  are  mathematically  wel 1-aef ined,  and  the  limit  to  the 
accuracy  of  their  evaluation  depends  only  on  the  available  computer  power. 
On  the  contrary,  we  know  little  of  the  physics  of  breaking,  and  we, 
consequently,  face  a  poor  mathematical  description  of  the  involved  energy 
exchanges. 

The  traditional  engineering  approach  is  to  consider  the  sea  surface  as 
the  random  superposition  of  a  sufficiently  large  number  of  wave  components. 
There  follows,  at  least  under  certain  conditions,  a  Gaussian  distribution 
for  the  elevation  and  a  Rayleigh  distribution  for  the  single  wave  heights, 
defined  as  the  difference  between  the  maximum  crest  and  the  minimum  trough 
enclosed  between  two  sequential  up-zero  crossings.  Each  wave,  as  defined, 
has  a  wave  length  that,  related  to  its  corresponding  height,  establishes 
the  possible  breaking  of  the  wave  according  to  some  accepted  criterion. 
Several  arguments  point  against  this  approach,  the  basic  one  being  that  a 
random  linear  superposition  implies  an  up-down  symmetry  (no  curtosis)  of 
the  sea  surface  profile.  This  is  not  supported  by  the  experimental 
evidence. 

A  more  sophisticated  approach,  based  on  the  assumption  that  the 
breaking  is  a  strong  sparse  piocess,  weak  on  the  mean,  leads  to  a 
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statistical  quantification  of  the  loss  of  energy  at  each  spectral  frequency 
(ij  .  The  loss  depends  on  some  mean  parameters  of  the  spectrum  and, 
calibrated  on  the  experimer.cal  data  of  the  growth  curve  of  an  active  sea 
and  on  the  dynamical  equilibrium  of  the  fully  developed  conditions,  leads 
to  quite  acceptable  results  in  a  large  number  of  cases.  However,  the 
approach  is  open  to  criticism  for  two  obvious  facts:  the  relative  direction 
of  wind  and  waves  is  not  considered,  which  leads,  when  applied  to  cross 
wind-wave  cases,  to  unrealistic  results;  and  wind,  a  basic  forcing  element 
in  the  process  of  breaking,  is  neglected  too,  while  the  experimental 
evidence  shows  that,  for  a  given  spectrum,  a  sudden  change  of  wind  speed 
leads  to  an  immediate  response  of  the  intensity  of  breaking. 

We  have  explored  the  possibility  that  breaking  depends  substantially 
on  the  high  frequency  part  of  the  spectrum.  Spilling  is  considered  as  a 
consequence  of  the  modulation  of  the  short,  steep  waves  of  the  spectral 
tail  by  the  dominant  waves  in  the  spectrum.  Several  interaction  phenomena 
act  in  this  sense  -  a)  the  orbital  velocity  of  the  dominant  wave  is  felt  by 
the  short  waves  as  a  periodic  variable  current,  with  local  convergence  and 
divergence.  The  consequent  strain  enhances  the  steepness  of  the  short-waves 
on  the  front  the  large  ones;  b)  the  vertical  acceleration,  again  due  to 
the  large  wave's  orbital  velocity,  effectively  changes  the  dynamical 
behaviour  of  the  short  ones,  increasing  and  decreasing  their  phase 
velocity,  hence  wavelength,  hence  steepness.  These  two  phenomena  lead  to  a 
concentration  of  steep  wavelets  on  the  front  of  the  large  waves.  This,  in 
turn,  increases  tne  local  drag  due  to  wind  and,  while  locally  producing 
breaking  and  consequently  loss,  can  locally  increase  the  input  from  wind  to 
the  large  waves. 

To  prove  the  general  lack  of  firm  knowledge  of  the  process  it  is 
enough  to  consider  that  those  who  regard  the  breaking  from  the  atmospheric 
point  of  view  have  a  quite  opposite  attitude.  The  breaking,  and  all  its 
related  quantities,  are  parametrized  simply  as  a  function  of  local  wind 
speed  (see  e.g.  [2]  [3]  ).  It  is  our  opinion  that  much  of  the  scatter  of  the 
data  that  is  found  with  this  approach  derives,  besides  from  the  undeniable 
difficulties  of  the  experiment,  from  the  lack  of  consideration  of  the  wave 
spectrum  that  underlies  the  process. 

We  strongly  believe  that  both  the  wave  spectrum  and  the  wind  speed 
have  to  be  taken  into  account.  Possibly  the  explicit  dependence  on  the  wind 
speed  could  be  neglected  if  proper  consideration  was  given  to  the  high 
frequency  tail  of  the  wave  spectrum.  Under  the  hypothesis  that  most  of  the 
deep  sea  breaking  is  due  to  spilling  by  short  waves  riding  on  the  crest  of 
the  large  and  long  ones,  and  if,  as  it  is  believed,  the  tail  of  the 
spectrum  adapts  within  a  very  short  time  to  any  wind  change,  then  the  wave 
spectrum  carries  in  itself  the  whole  information  required  for  a  proper 
evaluation  of  breaking. 

We  have  explored  the  above  phenomenology  by  analyzing  accurate  wave 
records  taken  from  an  oceanographic  tower  in  the  Northern  Adriatic  Sea  f4j 
under  variable  sea  conditions,  ranging  from  very  active  generation  to  pure 
swell.  We  have  considered  in  particular  the  statistical  distribution  of  the 
short-waves  with  respect  to  the  dominant  ones  in  the  spectrum.  Our  still 
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preliminary  results  are  consistent  with  the  above  description  of  breaking 
as  spilling.  Fig.  la  shows  a  section  of  a  record  taken  during  active 
generation  conditions.  The  original  record,  obtained  with  a  resistence  wave 
gauge  with  a  sampling  frequency  of  4  hz,  has  been  first  filtered  with  a  +_  2 
points  cosine  function  obtaining  the  continuous  line  in  the  figure.  Its 
envelope  represents  the  distribution  of  short  waves  along  the  record,  and 
its  has  been  spectrally  and  cross-spectral ly  analyzed  versus  the  original 
record.  Fig.  1b  shows  the  spectra  of  the  original  record,  of  the  envelope 
and  of  the  filtered  record  (the  last  two  amplified  100  times).  The  envelope 
spectrum  shows  three  peaks  at  low  frequency,  likely  to  be  associated  with 
wave  grouping,  and  an  evident  peak  at  the  peak  frequency  of  the  wave 
spectrum.  The  phase,  not  shown,  places  the  envelope  peak  about  30°  ahead 
of  the  wave  peak,  i.e.  it  iocates  the  short  waves  just  ahead  of  the  wave 
crests,  consistently  with  the  spilling  hypothesis. 

By  contrast  we  can  consider  the  record  in  Fig.  2a,  taken  under  swell 
conditions.  Note  the  long  period  and  the  modulation  of  the  signal.  Note 
also,  with  respect  to  Fig.  la,  the  limited  amplitude  of  the  envelope.  The 
corresponding  spectra  a^e  in  Fig,  2b,  and  we  see  that  the  envelope  spectrum 
(amplified  here  1000  times)  is  much  smaller  than  in  the  generation  case. 
The  phase  does  not  show  any  tendency  with  respect  to  the  crests  of  the 
wave. 

If  spilling  takes  place  with  the  very  short  waves,  the  sampling 
frequency  of  the  above  records,  4  hz,  is  likely  not  to  be  sufficiently 
high  to  reveal  the  details  of  the  phenomenon.  However,  the  fact  that, 
notwithstanding  this  limitation,  the  results  are  consistent  with  this 
hypothesis  is  in  strong  support  of  it  and  an  indication  of  its  relevance. 
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a)  Active  generation  conditions.  Dash  line  =  original 
record,  continuous  =  filtered  record,  dotted  =  envelope 
of  filtered  record. 

b)  Spectra  of  the  series  in  fig.  la.  The  spectra  of  the 
envelope  and  filtered  series  have  been  amplified  100 
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Summary 

The  possible  mechanisms  of  underwater  ambient  noise  generation 
and  propagation  in  the  ocean  associated  with  the  presence  of 
breaking -wave  bubbles  are  discussed.  The  subsurface  bubble  layer 
can  promote  the  transformation  of  the  pressure  fluctuations  in 
the  atmosphere  into  acoustic  noise  in  the  ocean  due  to  scatte¬ 
ring  at  the  sound  speed  fluctuation  in  the  layer. 


Introduction 

It  is  not  a  new  idea  that  bubbles  in  the  ocean  can  play  a  sig¬ 
nificant  role  in  the  processes  of  underwater  noise  generation 
[1-33.  Here  we  will  consider  a  mechanism  of  this  influence 
which  seems  to  fall  out  of  the  previous  considerations  and, 
need  experimental  verification;  mechanism  refers  to  generation 
of  low-frequency  sound  in  the  ocean  due  to  turbulent  pressure 
fluctuations  in  the  near-water  atmospheric  layer  and  related  to 
Isakovitch-Kur 'yanov  mechanism  C 43  updating.  As  is  known,  the 
pressure  fluctuation  propagation  speed  in  the  atmosphere  can 
not  exceed  the  sound  speed  and,  therefore,  such  waves  can  not 
practically  be  radiated  into  water  due  to  the  fact  that  the 
sound  propagation  speed  in  the  sea  is  much  greater.  The  pre¬ 
sence  of  the  gas  bubble  layer  makes  it  possible,  in  principle, 
to  radiate  noise  into  the  sea  under  turbulent  pressure  pulsa¬ 
tions.  The  mechanism  of  such  a  radiation  consists  in  scattering 
at  the  sound  speed  inhomogeneities  in  a  subsurface  layer.  These 
inhomogeneities  emerge  as  a  result  of  inhomogeneous  spatial 
distribution  of  bubbles  in  the  sea. 
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Wind-turbulence  ambient  noise  generation 
in  the  presence  of  breaking-wave  bubbles 

As  it  follows  from  the  work  by  Isakovitch  and  Kur'yanov  [4] 
who  were  the  first  to  study  theoretically  the  process  of  under¬ 
water  noise  generation  due  to  the  turbulent  pressure  pulsations 
above  the  ocean  surface  the  noise  radiation  into  water  occurs 
due  to  spatial  harmonic  components  of  the  pressure  pulsations 
which  have  the  phase  speed  of  on-surface  travel  in  excess  of 
the  sound  speed  in  water.  Inasmuch  as  the  basic  energy-carrying 
components  of  the  wind  turbulence  belong  to  quite  another  range 
of  spatial -temporal  frequencies  this  radiation  proceeds  very 
inefficiently  and  depends,  to  a  great  extent,  on  a  particular 
form  of  the  corresponding  correlation  function.  Nowadays  there 
is  a  lack  of  complete  experimental  data  concerning  the  natural 
sea  environment  which  could  provide  an  exhaustive  analysis  of 
this  mechanism.  It  is  supposed  to  be  interesting  to  assess  the 
role  of  the  subsurface  bubble  layer  in  the  process  of  underwa¬ 
ter  noise  generation  due  to  wind  turbulence.  At  frequencies 
under  consideration,  up  to  several  tens  of  Hz,  the  bubble  in¬ 
fluence  leads  mostly  to  the  sound  speed  fluctuations  due  to  the 
bubble  concentration  fluctuations.  An  acoustic  field  arising 
under  the  ocean  surface  under  the  action  of  the  wind  turbulence 
will  scatter  at  the  sound  speed  inhomogeneities.  Therefore,  the 
spatial  spectrum  of  the  scattered  field  will  contain  combina¬ 
tional  spatial  frequencies  and  as  a  result  of  it  part  of  the 
energy  of  inhomogeneous  plane  sound  waves  (whose  amplitude 
falls  off  exponentially  from  the  surface  and  into  the  depth)  is 
transformed  into  the  energy  of  the  plane  waves  propagating 
depthward.  Let  us  consider  this  model.  Later  on  we  shall  adhere 
to  the  order  set  forth  by  Isakovitch  and  Kur'yanov  in  C41.  Sup¬ 
pose  that  the  surface  of  the  ocean  appearing  as  a  semiunbounded 
medium  is  under  the  action  of  a  statistically  stationary  and 
homogeneous  pressure  field  n(?,t)  (where  ^=<x,y>  is  a  vector 
An  horizontal  plane)  which  can  be  expressed  in  the  form  of  a 
Fourier  transform  in  term  of  the  spatial-temporal  harmonics 
with  6-correlated  amplitudes: 

rc(l>,  t)  =  //n(x,w)exp[  l(  j£~ut)  Idxdu 


(1) 
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<ncxlU)n*cx\uo>  =  p(x,u)6(  x-x')6Cw-w*) ,  C2) 
where  <....>  means  statistical  averaging,  *  -  stands  for  complex 
conjugation.  The  sound  speed  in  the  ocean  will  be  given  as 

c  =  c  +  Act  f\)  (3) 
where  Ac(r)  are  random  fluctuations  of  the  sound  speed  in  a 


subsurface  layer  due  to  the  presence  of  bubbles  (jAcj«  cO.  In 
order  to  find  the  Fourier-components  of  the  acoustic  field  we 
shaii  proceed  from  the  Helmholtz  equation 

ap*  +  k2(r)p'  =  0  (4, 

and  the  boundary  condition  Pjz=0  =  ^  (5) 

Taking  (3)  into  account  the  wave  number  k2  =  k2Cl  +  e#(r\)), 
where  e,  =  -2 bc/ct.  Solution  of  the  problem  (4), (5)  will  be 
sought  using  the  perturbation  method  setting 

P*  =  P.  +  <6) 

where  p.  is  unperturbed  field  C  for  e#  =  0  ) ,  which  can  be 
can  be  presented  in  the  form  of  a  set  of  plane  waves  with 
amplitudes  n(x,w)  [4] 

p/r*)  =  JllCx.u)  exptiCxIi  +  zjk2  -  x2) ] dx  (7) 


The  solution  of  (41-C61  can  be  written  as 
k*" 

p  =  -  — 1  fet(x\y\z')  p.Cx^z)  GC?',r)  dr 
4n  J 

where  GCr‘,r)  is  Green's  function.  Assuming  the  Green's  func¬ 
tion  in  the  form  of  the  expansion  in  terms  of  plane  waves  and 
the  function  et  as  a  Fourier  transform 

e.Cx.y, z)  =  jE(cf.z)  [e1<‘^5+  e-i(’^)]d^ 

<EC  z)  -E(  ,  z  * )  >  =/j(  z)  vC  <f)  $(  <|“3' )  SC  z-z ' ) 

where  jiCzl  describes  the  intensities  of  the  sound  speed  fluctua¬ 
tion  distributed  in  deph,  the  spectral  density  of  intensity 
Clp^l2)  for  the  scattered  field  can  be  obtained.  After  the 
transformations  one  can  write 

<  Ip..  |2>  =  A  f  f  FC x  w)'K^)dxd<?  + 

k2>(«$2 
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+  A  [T  FCx, u3Kc|3exp( -2zi(^*$2-k23dxdcf  (83 

k2<(34>2 

A  =  4nkf*Jz2/i(z3dz  (93 

Expression  (83  differs  from  that  for  <  |p J2>  deduced  by  Isako- 
vitch  and  Kur'yanov  in  only  changing  the  range  of  integration 
and  emerging  of  an  additional  integral  over  the  power  spectrum 
of  the  sound  speed  fluctuations 

x ,  w3  dx  +  fK  x, 
k2<x2 


u3  exp( 


'  t 


In  order  to  find  a  particular  form  of  the  scattered  field 
<  |PjJ2>  one  needs  to  have  data  on  P(x,w3  and  ’Kef)  which  are 
lacking  in  current  literature.  Therefore,  when  estimating  the 
efficiency  of  the  mechanism  considered  we  shall  make  use  of  an 
approach  due  to  Isakovitch  and  Kur'yanov  [ 4 ]  and  Wilson  [5]  who 
related  the  spectrum  P(x,u3  with  that  of  surface  seas.  As  re¬ 
gards  the  mhomogeneity  spectrum,  we  shall  assume  it  to  be  re¬ 
latively  narrow  and  unifomly  distributed  over  depth  in  a  sub¬ 
surface  layer  with  thickness  h  which  is  in  agreement  with  some 
experimental  data  (6] 

K<|3  »  6(<Hf,3 


(Uh.Oszsh  (113 

n(z3  = 

1  0,  Z>h 

Comparing  (83  and  (103  and  allowing  for  (113  one  can  use  final 
expressions  for  <  Ip-,  |  >  deduced  in  [43,  to  gain  the  purpose  of 
the  present  investigation,  performing  the  following  replacement 
in  them  It  appears,  therefore,  that  spectral  space- 

time  harmonics  of  the  pressure  pulsations  which  do  not  radiate 
sound  into  water  in  the  absence  of  mhomogeneities  as  their 
phase  speed  is  less  than  that  of  sound  in  water  (  k#<x<k 
make  a  contribution  into  the  noise  field  m  the  case  of  a 


scattered  field.  Performing  the  necessary  calculations  and 
taking  into  account  that  bubble  layer  locates  near  the  ocean 
surface  (k./!«q/«  13,  where  field  p.  is,  mainly,  inhomogeneous 
and  described  by  the  second  integral  in  (103,  one  obtains 

<|p1|2>  *  ?e  (k>/.32Cl+q/k,32<|pJ2>|z=^ 


185 


*  v<q  w2<ip.i2>|z=/j 


It  is  known  from  14]  that  inhomogeneous  part  of  field  P.jZ=f) 
differs  from  homogeneous  one  (described  by  the  first  integral 
m  (10))  by  the  multiplier  l/12(k/)^}.  This  yeilds  the  rela¬ 
tion  between  the  propagating  (homogeneous)  parts  of  the  fields 


Pi  and  pa: 


<ipi  f> 
< IP! |2> 


C»/2)-Cq  ,/k.)2 


| 


(12) 


Let  us  make  the  numerical  estimation  from  (19).  From  16]  it  is 

clear  that  the  value  of  {<  |ac \'^>  in  a  subsurface  sea  layer  at 
relatively  small  wind  speeds  attains  *15  m/s  for  the  average 
layer  depth  h-. 40  m.  To  estimate  the  values  of  qo  we  shall  use 
the  measured  quantities  of  bubble  concentration  by  nonlinear 
sound  scattering  performed  in  Arabian  sea  using  the  equipment 
described  in  [73.  Distinct  bubble  layers  are  observed  such  that 
under  the  ship  drift  speed  amounting  to  0. 2-0. 3  knots  characte¬ 
ristic  distance  between  the  layers  adds  up  to  *  100  m.  Substi¬ 
tution  this  value  into  (12)  yields  <  iPj  i^>/<  |pt  \^>  *  1  at  the 
frequency  0.2  Hz. 


Conclusion 

A  possible  mechanism  of  influence  of  a  subsurface  bubble  layer 
on  the  ambient  noise  generation  at  low  frequences  was  consi¬ 
dered  above.  From  the  estimations  of  their  efficiencies  it  is 
followed,  that  the  scattering  of  the  turbulent  wind  pressure 
pulsations  by  the  horizontal  inhomogeneities  of  sound  speed  m 
a  subsuface  bublle  layer  can  play  a  significant  role  at  very 
low  frequency  region  ( ml  Hz).  However  it  is  nessesary  to  note 
that  the  absence  of  data  on  temporal -spatial  spectra  of  turbu¬ 
lent  wind  pressure  pulsations  near  the  ocean  surface  does  not 
allow  to  make  more  reliable  estimations. 
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Summary 

This  paper  reports  on  a  study  of  the  behaviour  of  Stokes’  series  for  large  amplitude 
waves,  in  which  a  combination  of  analytical  work  (using  symbolic  computation)  and  ac¬ 
curate  numerical  calculations  performed  on  a  supercomputer  was  used.  Clear  numerical 
evidence  is  presented  showing  that  the  Stokes  double  series  appear  to  diverge  for  large 
l  amplitude  waves. 


Introduction 

The  pioneering  work  of  Stokes  on  two-dimensional,  finite  amplitude  gravity  waves  (1,2) 
was  brought  into  the  computer  age  over  a  century  later  by  Schwartz  [3]  who  developed 
a  nonlinear  recursive  relation  for  the  Stokes  coefficients  and  then  computed  them  to 
117th  order  in  wave  height  h  (half  the  distance  from  crest  to  trough).  This  limit  was 
imposed  by  numerical  roundoff  errors  resulting  from  the  nonlinearity  of  the  algorithm 
and  available  computer  precision.  Schwartz  then  employed  Pade  approximants  to  sum 
the  resulting  series  with  the  hope  of  both  extending  the  radius  of  convergence  and 
accelerating  the  rate  of  convergence.  A  similar  procedure,  though  with  a  different 
perturbation  parameter,  was  followed  by  Cokelet  [4]. 

As  is  well  known,  Stokes’  method  of  calculating  the  Stokes  wave  consists  of  first  ex¬ 
panding  the  coordinates  x  and  y  as  Fourier  series,  followed  by  perturbation  expansion 
in  some  small  parameter  e,  e.g.  the  wave  height  h,  for  the  calculation  of  the  Fourier 
coefficients,  resulting  in  a  solution  in  the  form  of  a  double  series.  This  method  has  been 
followed  by  researchers  for  over  a  century  under  the  assumption  that  it  yields  convergent 
results.  It  is  therefore  important  to  note  that  this  does  not,  in  fact,  appear  to  be  the 
case:  for  large  amplitude  waves,  the  Stokes  series  are  seen  to  diverge. 

M.  L.  Banner,  R.  H.  J.  Crimshaw  (Eds.) 

Breaking  Waver 

IUTAM  Symposium  Sydney/ Australia  1991 

C  Springer-Verlag  Berlin  Heidelberg  1992 


188 


On  the  convergence  of  the  Stokes  double  series 

An  investigation  of  the  convergence  of  the  Stokes  series  is  perhaps  best  carried  out  by 
investigating  the  surface  profile: 

*(M)  =  ~<f>~  £V+2,^-sinn^  (1) 

n=l  1=0 

M.o)  =  53  (2) 

"7  7 1 

n=l i=0 

For  given  values  of  e  and  <f>  these  are  double  series  and,  in  particular,  (2)  is  of  the  type 

oo  oo 

£  ]C  Pni 

n=l *=0 

where  the  entries  in  the  double  infinite  array  are  real  numbers.  Questions  about 
the  absolute  convergence  of  such  series  may  be  formulated  in  a  manner  analogous  to 
the  case  of  a  single  infinite  series,  except  of  course  for  the  fact  that  there  is  no  longer 
a  unique  way  of  constructing  the  sequence  of  partial  sums.  Of  particular  interest  to 
us  is  the  result  (analogous  to  those  of  Toneili  and  Fubini  for  iterated  integrals)  that  a 
necessary  condition  for  the  series  (2)  to  be  absolutely  convergent  is  that  its  value  be 
independent  of  the  particular  way  in  which  the  sequence  of  partial  sums  is  formed  [5]. 

In  the  method  employed  by  Schwartz  [3],  and  by  the  researchers  who  subsequently 
employed  his  algorithm,  the  partial  sums  are  computed  by  keeping  the  ‘row  index’ 
n  much  lower  than  the  ‘column  index’  i;  in  particular,  from  his  117th  order  solution, 
Schwartz  employed  only  the  first  thirty  harmonics  (i.e.  n  <  30)  but  retained  all  terms  up 
to  0(e117)  in  the  perturbation  series  for  the  coefficients  of  these  harmonic  components. 
Ad  hoc  methods  such  as  Pade  approximants  were  then  used  to  obtain  ‘converged  results’. 

However,  the  double  series  (1)  and  (2)  may  equally  be  looked  upon  as  perturbation  series 
in  e,  and  it  is  therefore  natural  to  construct  sums  having  an  0(eM)  accuracy  for  a  given 
M.  This  implies  that  all  terms  proportional  to  at'*  with  n  +  2i  <  M  must  be  included. 
In  particular,  for  an  0(117)  solution,  the  terms  proportional  to  <*3^(1  =  0, 1,2, . . .  ,43), 
ojj  (*  =  0, 1, 2, ... ,  42), . . . ,  Ofj®y  must  be  retained  as  they  are  of  the  same  or  lower  order 
as  terms  already  included  by  Schwartz.  By  the  theorem  mentioned  above,  and  under  the 
assumption  of  absolute  convergence,  this  sequence  of  partial  sums  should  have  the  same 
limit  as  the  one  used  by  Schwartz.  Accurate  numerical  evidence  will  now  be  presented 
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casting  serious  doubts  that  this  is  indeed  the  case  for  Stokes’  series  ( 1)  and  (2)  for  large 
amplitude  waves. 


If  the  perturbation  solution  is  carried  out  consistently  to  order  M ,  i.e.  n  +  2t  <  M,  the 
surface  profile  is  given  by 

Q)  =  —  <j>  -  sin n<j>,  (4) 

n=  1 


where 


°)  =  ^  COS  n<(> 

Ti 

n=l 

[(AT — n)/2) 

an(M,  ft)  —  J2  An+2,"n) 
*= 0 


(5) 

(6) 


with  the  symbol  [pj  representing  the  closest  integer  not  greater  than  the  rational  number 
p.  Prior  to  discussing  the  wave  profile  itself,  we  focus  our  attention  on  the  behaviour  of 
the  partial  sums  and  on  the  coefficients  zn.  We  present  here  detailed  numerical  results, 
based  on  Schwartz’  algorithm  as  implemented  on  a  Cray  X-MP  computer,  for  the  partial 
sum  (5)  of  the  y-series  at  selected  values  of  ft  and  <f>\  the  x-series  behaves  in  a  similar 


manner.  For  small  to  intermediate  wave  heights  (ft  <  0.3)  the  partial  sums  appear  to 
be  well  converged  as  M  is  increased;  however,  already  by  ft  =  0.35  the  values  of  y(<j>,  0) 
do  n>t  converge  with  increasing  M,  and  this  behaviour  worsens  with  increasing  wave 
height.  A  clear  illustration  of  this  phenomenon  is  given  in  Table  1  for  ft  =  0.4  :  If 
one  limits  the  number  of  harmonics  to,  say,  n  —  10  and  lets  i  =  0,1,..., 45,  (hence 
M  —  100)  then  the  partial  sums  appear  to  converge,  as  can  be  seen  by  reading  the  table 
across  a  row.  On  the  other  hand,  by  including  all  the  harmonics  contributing  to  the 
same  0(eM)  the  sequence  appears  to  diverge  as  is  evident  by  reading  the  table  down  a 
column  or  diagonally.  This  behaviour  is,  of  course,  also  visible  in  the  values  taken  by 
the  Fourier  coefficients  (6)  for  the  corresponding  wave  heights  exhibited  in  Table  2. 


Turning  now  to  the  wave  profile  itself,  we  give  in  Fig.  1  an  example  (again,  with  ft  =  0.4) 
which  illustrates  graphically  the  convergence  problems  associated  with  Stokes’  method, 
represented  by  the  dotted  line.  The  solid  line  represents  the  results  of  the  y(x,  ip)  method 
of  [6]  and  [7j.  We  note  that  this  method  yields  smooth  profiles  for  all  values  of  x  and  all 
wave  heights  -  without  the  use  of  artificial  or  ad  hoc  summation  techniques.  In  contrast 
to  the  Stokes  method,  the  relevant  series  converge  regardless  of  how  the  summation 
is  carried  out  This  remains  true  for  amplitudes  up  to  h—  0.443,  the  highest  Stokes 
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wave.  Clearly  the  Stokes  double  series  are  incapable  of  producing  smooth  profiles  (i.e. 
converged  results)  at  larger  amplitudes.  We  have  confirmed  this  behaviour  of  the  wave 
profile  by  repeating  the  calculation  with  the  perturbation  parameter  of  Cokelet  (4). 


We  emphasize  that  our  results  above  were  obtained  by  series  summation  -  without  the 
use  of  approximation  techniques.  0u  the  other  hand,  as  poiuted  out  above,  the  results 
presented  by  Schwart-  [3]  and  Cokelet  (4]  were  obtained  by  using  Pade  approximants 
(PAs)  to  estimate  the  series  sum.  Although  this  semi-empirical  technique  has  yielded 
the  smooth  results  presented  by  the  authors,  it  is  necessary  to  raise  the  question  as 
to  whether  these  Pade  sums  are  equal  to  the  series  sum.  Unfortunately  at  this  point, 
little  is  known  about  the  convergence  of  Pade  approximants  of  arbitrary  series,  with  the 
important  exception  of  series  of  the  Stieltjes  type.  It  is,  however,  readily  shown  (see 
Theorem  2.5  of  Vrscay  and  Cizek  (8j)  that  the  Stokes  series  are  not  of  this  type. 


Without  a  solid  framework  for  establishing  the  convergence  of  PAs,  researchers  have 
instead  relied  on  rules  of  thumb  such  as  ‘when  the  Pade  table  results  appear  to  converge, 
they  are  correct’.  Unfortunately,  this  empirical  approach  does  not  always  result  in  the 
correct  conclusion.  It  is  entirely  possible  for  the  PAs  to  have  the  appearance  of  being 
converged,  at  some  finite  order,  to  a  number  different  from  the  actual  series  sum.  A  vivid 
illustration  of  this  is  given  in  Figure  2,  reproduced  from  [9]  for  the  convenience  of  the 
reader,  where  the  lower  order  Pade  approximants  appear  to  converge  to  something  quite 
different  from  the  higher  order  ones.  We  note  here  that  the  phase  speed  results  reported 
by  Schwartz  ([3],  Table  3)  appear  to  correspond  to  the  [16,16]  Pade  approximant. 


In  conclusion,  the  non-convergent  results  obtained  by  the  method  of  Stokes,  and  its 
computer  extensions,  are  not  phenomena  resulting  from  roundoff  error.  By  using  an 
independent  method,  (c.f.  Hui  and  Tenti  [10],  Drennan,  Hui  and  Tenti  [9])  a  linear 
recursion  formula  for  the  Stokes  series  coefficients  was  derived  allowing  them  to  be  cal¬ 
culated  exactly  employing  symbolic  computation.  We  have  carried  out  such  a  calculation 
to  order  thirty-three,  and  the  non-convergent  results  for  large  h  are  already  evident  at 
that  order.  Rather,  the  phenomenon  is  the  result  of  the  increasing  relative  importance  of 
the  higher  order  harmonics  as  the  wave  height  increases,  and  of  the  incapacity  of  Stokes’ 
method  of  producing  converged  results  for  them.  In  particular,  a^(M,  h)/M  does  not 
tend  to  zero,  violating  the  necessary  condition  for  the  convergence  of  the  Fourier  series 
(5). 
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Figure  1  —  Comparison  of  wave  profiles  using  Figure  2  —  Behaviour  of  Pad6 

Schwartz's  algorithm  { *  )  (without  Pad6  appro ximants  applied  to  the 

approximants)  and  y(x,y)  formulation  (— )  Stokes  series  for  phase  speed, 

of  Refs.  161.(7]. 
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Summary 

The  effect  of  wind-generated  gravity  waves  on  the  air  flow  is  discussed  using  quasi-linear 
theory  of  wind-wave  generation.  In  this  theory  both  the  effects  of  the  waves  and  the  effect 
of  air  turbulence  on  the  mean  wind  profile  is  taken  into  account,  but  effects  of  turbulence 
on  the  wave-induced  air  motion  are  disregarded.  In  addition,  effects  of  wave  breaking  on 
the  air-sea  momentum  transfer  are  not  considered.  Nevertheless,  this  relatively  simple 
model  of  the  momentum  transport  from  air  to  water  is  shown  to  produce  realistic  results. 

The  main  result  of  this  theory  is  that  the  momentum  transfer  at  the  air-sea  interface  is 
sea-state  dependent,  explaining  the  scatter  in  plots  of  the  experimentally  observed  drag 
coefficient  as  a  function  of  wind  speed.  As  a  matter  of  fact,  a  very  good  agreement  between 
observed  and  modeled  stress  is  found,  much  better  than  when  the  usual  Charnock  relation 
for  the  roughness  length  is  used. 

A  proper  description  of  the  physics  of  the  momentum  transfer  can  therefore  only  be  given 
by  considering  a  coupled  ocean-wave,  atmosphere  model.  Results  of  the  coupling  of  a 
simple  surface  layer  model  with  a  third-generation  wave  model  will  be  discussed.  Finally, 
consequences  for  coupled  climate  models  of  ocean  and  atmosphere  arc  briefly  pointed  out. 


1.  Introduction 

For  many  practical  applications,  where  there  is  interest  in  the  slow  time  evolution  of 
random,  surface  gravity  waves,  a  spectral  description  is  appropriate.  The  two  dimensional 
spectrum,  F(f,  0),  where  /  is  rrcquency  and  0  the  propagation  direction  then  obeys  the 
energy  balance  equation 

f)  f) 

■r^F +  Cg' -qzF  -  S  *2  Sin  + Sfil  + Sdim  (1) 

where  cg  is  tl  e  group  velocity  Ouj/dk  (with  u  the  angular  frequency  u>  =  \fgk,  g  acceler¬ 
ation  of  gravity  and  k  the  wave  number)  and  the  source  terms  describe  the  generation  of 
waves  by  wind  (5,„),  dissipation  due  to  white-capping  ( Sdiss )  and  energy  transfer  due  to 
4-wave  interactions  (Sail)- 

Hence,  waves  extract  energy  and  momentum  from  ‘he  air  flow  and  in  general  this  energy 
transfer  may  be  sea-state  dependent.  However,  present-day  numerical  models  of  the 
atmosphere  assume  that  this  energy  transfer  from  air  to  ocean  only  depends  on  the  wind 
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speed  resulting  in  inconsistencies  in  the  energy  balance  at  the  air-sea  interface  when 
coupling  an  atmospheric  model  with  a  wave  model.  The  purpose  of  this  paper  is  to 
overcome  this  inconsistency  and  to  discuss  some  consequences  of  a  sea-state  dependent 
energy  transfer. 

The  program  of  this  paper  is  as  follows.  In  Section  2  we  briefly  discuss  the  quasi-linear 
theory  of  wind-wave  generation  and  we  show  (using  a  parameterised  version  of  quasi-linear 
theory)  that  the  energy  transfer  from  air  to  sea  is  indeed  sea-state  dependent.  In  Section 
3  we  discuss  some  consequence  for  wave  modeling  and  we  compare  the  surface  stress,  as 
calculated  with  this  theory,  with  observed  stresses.  The  agreement  is  good.  A  summary 
of  conclusions  and  a  discussion  of  consequences  for  atmospheric  (climate)  modeling  and 
storm  surge  modeling  is  given  in  Section  4. 

Most  of  the  results  in  this  paper  have  been  published  elsewhere.  The  quasi- linear  theory  of 
wind  wave  generation  w^s  discussed  in  Janssen  (19S2),  results  on  the  sea-state  dependent 
momentum  transfer  were  given  in  Janssen  (1989)  and  the  parameterised  version  of  quasi- 
linear  theory  is  presented  in  Janssen  (1991).  The  experimental  verification  of  the  sea-state 
dependent  surface  stress  will  be  published  shortly. 

2.  Quasi-linear  theory  of  wind-wave  generation 

A  possible  mechanism  for  the  generation  of  water  waves  by  wind  is  resonant  interaction  of 
the  gravity  waves  with  a  plane-parallel  flow  (Miles,  1957).  Resonance  occurs  at  a  critical 
height  zc  if  U{zc)  =  c(w),  where  U  is  the  air  velocity  and  c(u>)  is  the  phase  velocity  of  a 
wave  with  frequency  u.  Only  those  waves  grow  for  which  the  curvature  of  the  velocity 
profile  at  the  critical  height  is  negative.  However,  Fabrikant  (1976)  and  Janssen  (1982) 
found  that  while  the  water  waves  grow  owing  to  energy  transfer  from  the  air  flow,  the 
waves  in  turn  try  to  modify  the  flow  in  such  a  way  that  the  air-sea  energy  transfer  is 
quenched.  Thus,  there  are  two  competing  mechanisms  to  control  the  shape  of  the  wind 
profile,  namely,  turbulent  diffusion  that  would  give  a  logarithmic  wind  profile,  and  wave 
diffusion  that  would  result  in  a  linear  wind  profile.  Janssen  (1989)  discussed  in  detail 
the  competition  of  the  above  mentioned  mechanisms  and  by  numerical  solution  he  found 
that  the  air-sca  momentum  transfer  is  sea-state  dependent,  in  qualitative  agreement  with 
observations  of  Donelan  (1982). 

In  practical  application,  such  as  the  coupling  of  a  wave  prediction  model  to  the  surface 
layer  of  an  atmospheric  model,  the  numerical  solution  of  the  momentum  balance  is  too 
time  consuming.  Therefore  there  is  need  for  a  parameterisation  of  the  effect  of  waves 
on  the  wind  velocity  (Janssen,  1991).  The  basic  assumption  Janssen  made,  which  was 
corroborated  by  his  numerical  results  of  19S9,  was  that  even  for  ‘young’  wind  sea  the 
wind  profile  has  a  logarithmic  shape,  however,  with  a  roughness  length  that  depends  on 
the  sea  state  through  the  wave  induced  stress.  As  already  indicated  by  Miles  (1957)  the 
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growth  rate  7  of  the  waves  by  wind  is  then  given  by 

-  =  i0{  —  cos(0  -  4> )}2,  (2) 

U)  c 

where  t  is  the  air-water  density  ratio,  4>  is  the  wind  direction  and  0  the  so-called  Miles’ 
parameter,  which  depends  on  the  ratio  of  the  friction  velocity  u,  and  phase  speed  c  and 
on  the  profile  parameter 

ft  =  ngz0/u;,  (3) 

where  n  is  the  von  Karman  constant  and  is  the  roughness  length.  The  functional  form 
of  0  is  given  in  Janssen  (1991),  but  it  is  clear  that  the  growth  rate  7  depends  through  ft 
on  the  roughness  of  the  air  flow,  which  in  its  turn  depends  on  the  sea  state,  as  we  will  see 
in  a  moment. 

From  a  consideration  of  the  momentum  balance  of  air  Janssen  (1991)  found  that  the 
kinematic  stress  r  —  11*  is  given  as 

t  =  (KU(L)/ln(L/z0))\  (4) 

where 

20  =  <*Th\j\  -  y,  y  =  tw/t-  (5) 

Here,  U(L)  is  the  wind  speed  at  height  L  and  rw  is  the  wave-induced  stress 

=  Pw  j  dfdOunFl  7  =  k/k.  (6) 

In  practice,  the  wave  stress  points  in  the  wind  direction  as  it  is  mainly  determined  by 
the  high-frequency  waves  that  respond  quickly  to  changes  in  the  wind  direction.  Eq.  (5) 
Snows  that  the  roughness  length  is  given  by  a  Charnock  relation  in  which  the  Charnock 
constant  depends  on  the  sea  state.  Therefore,  ft  also  depends  on  the  sea  state.  The 
constant  a  was  chosen  in  such  a  way  that  for  old  wind  sea  the  Charnock  constant  has 
the  value  0.0185  in  agreement  with  the  results  of  Wu  (1982)  on  the  surface  stress  over  sea 
waves. 

The  input  source  term  Stn  in  the  energy  balance  equation  now  becomes 

Sin  =  lF  (7) 

with  7  given  by  Eq.  (2).  The  dissipation  source  function  is  based  on  Hasselmann’s  theory 
of  white  capping  and  it  reads 

Sd,„  =  cdisa  <  U ;>(<k>2  E)2[(  1  -  6)kf  <k>  +S(k/  <  k  >)2}F,  (8) 

where  Cd„,  and  6  are  constant,  E  is  the  wave  variance  and  <  k  >  and  <  u>  >  are  mean 
wave  number  and  mean  angular  frequency  respectively.  Using  the  discrete  interaction 
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approximation  for  the  nonlinear  interactions  and  the  numerical  method  of  WAMDI  (1988), 
we  present  in  the  next  Section  numerical  solutions  of  the  energy  balance  equation  (1). 
Throughout  the  rest  of  this  paper  we  choose  the  relevant  constants  as  a  =  0.01,  C*,,  = 
4.5,  and  6  =  0.5. 

3.  Results  of  coupled  wind-wave  modeling 

In  this  Section,  we  discuss  two  topics.  By  using  a  single  grid  point  version  of  the  wave 
model  we  show  that  a)  for  given  wind  speed,  the  surface  stress  r  and  hence  the  drag  coeffi¬ 
cient  Co  —  (u./f/io)2  depends  on  the  sea  state  and  b)  that  the  surface  stress  produced  by 
the  parameterised  version  of  quasi-linear  theory  is  in  good  agreement  with  observations. 


DRAG  COEFFICIENT 
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Figure  1. 

We  carried  out  a  numerical  experiment  with  the  one  grid  version  of  the  coupled  wind  wave 
model,  the  source  terms  of  which  are  discussed  in  Section  2.  The  integration  time  step 
was  3  minutes  whereas  wind  and  waves  were  coupled  every  15  minutes  so  that  there  was 
sufficient  time  for  the  wind  to  relax  to  a  new  equilibrium.  The  wind  speed  C/jo  was  chosen 
to  be  18.45  m/s,  corresponding,  in  the  absence  of  waves,  to  a  friction  velocity  of  0.85  m/s. 
Results  of  this  experiment  are  discussed  in  full  detail  in  Janssen  (1991)  Here,  we  only 
show  in  Fig.  1  the  evolution  of  the  drag  coefficient  as  a  function  of  time.  Evidently,  the 
drag  coefficient  varies  by  about  50%  and  is  larger  for  small  time  since  gravity  waves  are 
then  much  steeper  resulting  in  a  larger  wave-induced  stress. 

In  order  to  check  whether  this  model  of  the  sea-state  dependent  surface  stress  produces 
realistic  results  we  compare  in  Fig.  2  modeled  with  observed  friction  velocity.  Here,  the 
modeled  friction  velocity  was  obtained  from  an  iterative  solution  of  Eq.  (4),  where  we 


used  observed  wave  spectra  and  wind  speeds.  The  observed  friction  velocity  was  obtained 
by  independent  means  through  the  eddy  correlation  method.  The  data  were  obtained 
from  HEXMAX  (Smith  et  al,  1990).  Evidently,  the  agreement  is  good,  much  better  than 
when  the  Charnock  relation  for  the  roughness  length  is  used, 
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Figure  2. 

4.  Summary  of  Conclusions 

In  this  paper  we  have  presented  evidence  for  the  effect  of  gravity  waves  on  the  air  flow.  The 
momentum  flux  of  air  flow  over  surface  gravity  waves  depends  on  the  sea  state  because 
the  wave-induced  stress  tw  may  be  a  considerable  fraction  of  the  total  stress.  This  is 
especially  true  for  young  wind  sea  when  the  steepness  of  the  wave  is  large. 

We  applied  the  parameterised  version  of  quasi-lincar  theory  to  the  problem  of  the  coupling 
of  wind  and  waves.  The  same  formulation  was  used  in  a  favourable  comparison  between 
observed  and  modeled  surface  stress. 

The  result  is  that  when  coupling  atmosphere  and  ocean  models  we  now  have  a  consistent 
energy  balance  at  the  air-sea  interface.  Allowing  for  a  sea-state  dependent  drag  will  most 
certainly  affect  the  evolution  of  depressions,  while  there  will  also  be  impact  on  results 
from  storm-surge  models. 
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Summary 


In  Kitaigorodskii  (1983),  it  was  suggested  that  due  to  the  breaking  of  wind  waves  in 
deep  water,  the  dissipation  of  wave  energy  is  restricted  to  a  range  of  wavenumbers  much 
higher  than  the  wavenumbers  typical  for  the  so-called  equilibrium  range,  or  much  higher 
than  the  peak  wavenumber  kp  and  peak  frequency  up.  This  prediction,  similar  to  the 
prediction  of  the  existence  of  dissipation  subrange  of  KomogorofF’s  three  dimensional 
turbulence,  was  never  before  properly  verified  for  obvious  reasons:  difficulties  related  to 
the  measurements  and  interpretation  of  the  random  wave  field  properties  at  very  high 
frequencies  (or  wavenumbers).  In  this  paper  an  attempt  is  made  to  summarize  the  results 
of  recent  field  experiments  (Lcykin  and  Rosenberg  1989;  Tang  and  Shemdin,  1983;  Birch 
and  Ewing,  1986;  Hansen  et  al.,  1990;  Banner  et  al.,  1989;  Banner,  1990;  and  some  others) 
with  the  purpose  of  demonstrating  that  the  rapid  spectral  fall  off  needed  for  determination 
of  the  boundaries  of  dissipation  subrange  in  the  wavenumber  frequency  domain,  seems  to 
be  an  intrinsic  property  of  rather  well-developed  seas. 


It  is  shown  that  in  the  dissipation  sub-range,  the  spectrum  most  likely,  has  the  form 
S(u)  =  j3g2 iu"5;  (3  as  0.0025,  g  is  gravity  and  the  dissipation  of  energy  is  restricted  to 
a  range  of  frequencies  ui  >  u>g  much  higher  than  the  frequencies  of  the  dominant  waves. 
The  empirical  characteristics  of  the  transition  from  the  rear  high  frequency  and  high 
wavenumber  parts  of  the  wave  spectra  to  the  dissipation  subrange  are  summerized,  and 
it  is  demonstrated  that  they  favour  Kitaigorodskii  (1983)  prediction  about  the  movement 
of  the  transitional  region  towards  low  frequencies  and  low  wavenumbers  as  waves  grow. 


1.  Introduction 

Let  us  define  the  region  in  2-D  wavenumber  space  k  —  (k,0)  as  the  equilibrium  range 
of  F(k),  k  =  (kcos  0,  fcsin  0),  where  F(k)  is  a  statistically  averaged  characteristic  of  the 
wave  field,  if 


OF 

Dt 


(1) 


for  ( k,0 )  belonging  to  the  equilibrium  range. 


In  practice  we  are  met  with  situations  wherein  a  certain  part  of  the  k  domain 


DF 

Dt 


«  S(k), 


(2) 


where  S(k)  =  5(k)n;  +  S(k),„  +  S(k)j,„,  represents  the  sum  of  the  so-called  source  terms 


M.  L.  Banner,  R.  H. ).  Grimshaw  (Eds.) 
Breaking  Waves 

IUTAM  Symposium  Sydney/Australia  1991 
C  Springer- Verlag  Berlin  Heidelberg  1992 


in  the  wave  transport  equation 


The  condition  (2)  is  fulfilled  in  a  fetch  growth  situation  for  major  parts  of  rear  faces 
of  wind-wave  spectra,  which  means  that  they  are  in  quasi-equilibrium  (can  only  depend 
parametrically  on  t  or  x).  It  is  also  possible  that  (2)  can  be  applied  to  the  whole  en¬ 
ergy  containing  range  of  wavenumbers  and  frequencies,  and  that  is  why  the  similarity 
descriptions  of  wind-wave  development  according  to  Kitaigorodskii’s  scaling  (Kitaigorod- 
skii,  1960;  Pierson  and  Moskowitz,  1964),  and  parametric  description  of  wave  spectra 
according  to  JONSWAP  (Hasselmann  et  at.,  1 9^6)  are  both  applicable  and  successful  in 
the  prediction  of  the  growth  of  the  wind-wave  field  with  fetch  (or  duration). 

2. 

The  fact  that  we  must  talk  about  an  equilibrium,  not  only  with  respect  to  k,  but  also 
to  &,  i.e.  above  a  certain  region  k,  0  in  the  spatial  spectrum  04( k)  was  first  pointed 
out  in  Kitaigorodskii  et  al.,  (1975),  and  later  on  was  strengthened  by  Banner  (1990)  in 
connection  with  a  description  of  equilibrium  in  wave  spectra.  One  of  the  possible  forms 
of  equilibrium  conditions  in  a  wind-wave  field,  related  to  the  limitation  in  the  growth  of 
waves  imposed  only  by  gravitational  instability  —  surface  wave  breaking  (Phillips,  1958), 
is  often  called  saturation ,  or  saturation  spectra,  described  as: 

0,(M)  =  (5) 

S(u>)=0g2u>-s,  (6) 

where  B  =  2/?,  and  ip3(k,0)  is  a  symmetrical  wavenumber  spectrum.  The  range  of  scales 
where  (5,  6)  are  valid  approximations  must  be,  however,  distinguished  from  what  we 
introduce  below  as  a  general  definition  of  the  dissipation  subrange. 

As  the  boundaries  of  the  saturation  region  in  the  k,0  plane  are  not  known,  a  priori , 
no  unambiguous  conclusion  about  the  shape  of  the  wavenumber  modulus  spectra  can  be 
drawn  even  if  the  function  in  tp(0)  in  (5)  satisfying  the  standard  normalization  condition 
I^oo  y(0)d0  =  1  is  known,  unless  one  makes  an  additional  assumption  not  emanating  from 
the  similarity  theory  itself. 


On  the  other  hand,  contrary  to  the  definition  of  saturation  based  on  pure  dimensional 
arguments  (Phillips,  1958),  the  dissipation  subrange  can  be  introduced  according  to  Ki¬ 
taigorodskii  (1983),  and  Hansen  et  al.  (1990)  in  the  framework  of  equations  (2,  3),  i.e.  as 
the  range  of  wavenumbers  k  >  kg  if 

S(k)„{  -0  for  k  <  kg,  (7) 
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and 

5(k)n(  -  S(k)j,3,  =  O  for  k  5  kg.  (8) 

Here  it  is  assumed  that  the  wind  energy  input  is  negligible  near  the  transitional  wavenum¬ 
ber  kg  and  that  wave  breaking  is  important  only  at  wavenumbers  higher  than  the  -vavenum- 
ber  kg,  where  gravitational  instability  starts  to  play  a  cruicial  role.  The  kg  value  is, 
supposedly,  much  higher  than  the  spectral  peak  wavenumber  kp  and  can  depend  also  on 
direction  0.  The  basic  role  of  weak  nonlinear  interactions  in  the  whole  range  of  scales  is 
then  in  redistributing  energy  from  the  range  of  kp  <  k  <  kg  to  new  waves  with  k  $  kp 
(Kitaigorodskii,  19S3;  Zakharov  and  Zaslavskii,  1982)  and  to  dissipation  k  >  kg  in  such 
a  way  that  nonlinear  divergence  of  energy  in  the  range  kp  ^  k  <  kg  is  either  in  balance 
with  the  wind  energy  input  Sin  in  an  equilibrium  field  (Phillips,  1985),  or  simply  equal 
to  zero,  as  in  the  type  of  cascade  regime  (Kitaigorodskii,  1983).  Here  by  kg,  it  is  worth¬ 
while  to  understand  the  average  value  k9  —  fe  kg{0)d0,  so  that  angular  distribution  of  the 
boundaries  of  the  dissipation  subrange  can  be  weighted  towards  kg  and  also  the  transi¬ 
tional  frequency  can  be  related  to  kg  in  the  usual  way  through  the  isotropic  dispersion 
relationship  w?  =  ( gkg )^2  if  Doppler  shifting  is  not  taken  into  account. 

Thus  from  such  a  definition  of  the  dissipation  subrange,  it  follows  that  in  the  wavenumber 
(or  frequency)  domain,  the  subrange  has  to  occur  as  a  more  rapid  spectral  fall-off  compared 
with  one  in  the  equilibrium  range  of  the  wave  spectra,  and  that  without  the  latter,  there 
will  be  no  dissipation  subrange  at  all  if  we  follow  the  above  introduced  terminology. 
According  to  it,  S(k)„/ 5(k),„  in  the  equilibrium  range  of  spectra,  based  on  the  so- 
called  balance  of  source  terms  (Phillips,  1985),  whereas 

S{k)„i  =  S{k)in  =  0  (8a) 

is  just  a  partucular  type  of  statistical  equilibrium  which  can  be  called  Kolomogroff's 
type  of  statistical  equilibrium  and  is  statistically  governed  by  the  so-called  wave  kinetic 
equation 

5(k)„/  =  0.  (9) 


4. 

If  the  region  of  energy  input  from  wind  in  the  case  of  rather  well-developed  waves  corre¬ 
sponds  approximately  to 

kinp  -  —  -2—  «  (2  ~  3 )kp,  (10) 

ua 

where  kp  is  a  peak  wavenumber,  then  in  2-D  wavenumber  space  (k,0)  there  is  a  region 

(9~10)fcp^*>(2~3)*,  (11) 


where,  in  spite  of  the  directionality  of  the  wave  field,  the  nonlinear  interactions  can  still 
play  a  major  role  both  in  redistributing  energy  between  different  directions,  as  well  as 


giving  rise  to  smaller  scale  waves.  The  region  (8)  characterized  by  strong  directionality 
and  symmetry  relative  to  the  direction  of  propagation  of  the  dominant  waves  (or  mean 
wind  direction)  can  still  be  called  an  equilibrium  range  of  wind- wave  spectra  (contrary  to 
the  terminology  of  Phillips  (1985)  and  Banner  (1990)).  The  boundaries  ^,#,(0)  of  this 
equilibrium  range  inside  which  dissipation  due  to  the  breaking  becomes  important,  may 
also  depend  on  the  polar  angle  0 ,  i.e. 

=  W9)  =  k,[$)  (12) 

with  effective  value  kg  equal  * 

l!AW0=-  J$kdtss(d)dC  (13) 

The  transitional  frequency  ug,  which  is  supposed  to  mark  the  transition  from  the  non- 
dissipative  part  of  the  equilibrium  range  and  the  dissipative  part,  can  then  be  defined 
as 

UgZzyJ^Tg.  (14) 

The  value  of  ua  (defined  through  kg)  must  be  close,  but  not  necessarily  equal  to  ex¬ 
perimentally  derived  u>g  values  as  a  transitional  frequency  or  beginning  of  rapid  spectral 
fail-ofT  on  the  rear  face  of  the  frequency  spectra,  associated  with  the  asymptotic  approach 
to  saturation  form  (3,  4). 

Actually  (Glazman,  1990),  the  spectral  fall-off  can  identify  a  more  rapid  decrease  of 
energy  with  fc  or  w  than  in  (5,  6).  However,  by  careful  analysis  of  existing  data,  we 
(Kitaigorodskii,  1991)  were  able  to  present  the  results  of  different  experiments  in  a  way 
which  allowed  us  to  determine  the  transition  to  the  dissipation  subrange  as  a  function  of 
the  stage  of  wave  development. 

5. 

Some  of  the  results  of  such  data  analysis  are  presented  herein  (Fig.  1  and  Table  1).  It 
follows  from  the  data  in  this  figure,  which  shows  the  variation  of  transitional  frequency 
u)g  —  with  non-dimensional  peak  frequency  u>p  =  -E~s‘,  that  the  assumption  about 
the  existence  of  the  dissipation  sub-range  (Kitaigorodskii,  1983)  is  well-proven  since  in 
most  of  the  cases  the  transition  found  above  can  be  definitely  associated  also  with  the 
existence  of  an  energy  cascade  pattern  in  wind-wave  spactra  at  the  scales  larger  than  the 
transitional  scale  Xg  =  This  conclusion  is  a  consequence  of  the  observed  (see  Fig. 
1)  trend  of  the  movement  of  the  lower  (in  wavenumber  and  frequency)  boundary  of  the 
dissipation  subrange  towards  the  lower  frequencies  with  wind-wave  growth  (or  decrease 
of  wp),  which  is  in  agreement  with  the  prediction  (Kitaigorodskii,  1983),  that 
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and 

^=c‘/2-77J-  (U*> 

<o 

where  C  is  a  numerical  constant,  not  necessarily  of  the  order  of  one  (because  the  dis¬ 
sipative  process  associated  with  wave  breaking  is  not  well  defined  either  physically  or 
formally).  In  (13a,  14b)  to  =  fgt(0)d0  represents  a  constant  (independent  of  k)  en¬ 
ergy  flux  from  the  region  of  energy  input  through  the  non-dissipative  part  of  the  spectra 
towards  high  wavenumbers  which,  according  to  the  general  expectations  as  well  as  the 
results  of  numerical  calculations,  must  increase  with  wave  growth  (with  a  decrease  in  u)p). 

The  value  of  C  can  be,  in  principle,  related  to  the  values  of  universal  constant  B  (5)  and 
another  universal  constant  A  in  the  expression 

4,,{^0)  =  A<l0,39~ll2k~1,2m  U«>) 

according  to  Kitaigorodskii,  (1983);  Hansen  et  a!.,  (1990)  in  the  following  way: 

MI)2- 

With  B  =  2/3  —  0.005,  A  =  0.12  (Hansen  et  ah,  1990)  it  leads  to  C  ~  1.6  x  10~3  in 
agreement  with  the  first  guess  in  Kitaigorodskii,  (1983). 
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Abstract 

On  the  basis  of  the  wave  energy  balance  equation,  a  model  for  the  res¬ 
ponse  for  random  breaking  waves  is  derived.  The  results  show  that,  the 
dissipations  of  white-capping  tend  to  increase  rather  than  to  slow  down 
the  turning  rate  induced  by  the  wind  generation.  For  fully  developed  wind 
waves,  the  dissipation  due  to  white-capping  forces  the  mean  wave  direc¬ 
tions  to  turn  to  the  wind  directions.  This  model  can  be  used  in  the  case 
of  random  nonbreaking  waves,  and  the  models  for  slowly  turning  wind  di¬ 
rections  and  in  inhomogeneous  situations  are  derived  with  the  same  me¬ 
thods  . 


Introduction 

The  information  of  wave  directions  is  very  important  for  engineering. 
However,  it  is  poorly  understood  because  of  the  lack  of  theoretical  re¬ 
searches  and  observat ions .  Especially,  the  response  of  wave  directions 
to  changing  wind  directions  has  not  been  deeply  researched.  In  our  know¬ 
ledge,  reasonable  models  for  this  response  have  not  been  presented  or 
combined  with  numerical  wave  modellings.  But  in  practical  situations 
winds  always  change  their  directions.  Therefore,  many  researchers  have 
devoted  to  studying  these  problems  in  recent  years  and  several  models  are 
presented  (Gunther  et  a  1 . ,  1981;  Hasselman  et  al.,  1980;  Allender  et  a!., 
1983;  Holthuijsen  et  al . ,  1988;  and  Li  Luping  et  al.,  1990).  Among  these 
models,  the  Holthuijsen  et  al.'s  is  the  first  one  to  be  derived  theoreti¬ 
cally.  This  approximation  model  is  based  on  the  mean  wave  direction  de¬ 
fined  with  Pitch-and-Rol 1  Buoy  observations  and  derived  using  the  wave 
energy  balance  equation.  It  is  pointed  out  that  the  time  scale  of  the 
response  can  be  estimated  from  the  rate  of  wave  growth. 

Li  Luping  et  al.  (1990)  directly  derived  a  new  model  for  the  response 
based  on  the  wave  energy  balance  equation  under  the  same  assumptions  as 
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Holthuijsen  et  a!,  did.  This  model  can  be  used  for  a  sudden  change  in 
wind  directions  and  for  slowly  turning  wind  directions  in  homogeneous  and 
inhomogeneous  situations.  The  results  show  that  the  time  scale  of  the 
response  is  not  only  related  to  the  rate  of  wave  growth,  but  also  to  the 
directional  energy  distributions  and  the  angles  between  the  mean  wave 
direction  and  the  wind  direction.  From  the  models  the  regulation  of  the 
change  in  the  mean  wave  direction  is  derived  theoretically.  Therefore, 
the  change  of  mean  wave  directions  with  time  can  be  numerically  calcu¬ 
lated.  However,  these  models  presented  by  now  only  can  be  used  in  the 
case  of  random  nonbreaking  waves,  that  means  that  the  time  scale  of  the 
response  for  these  models  includes  no  contributions  of  the  dissipation 
due  to  white-capping.  It  is  noted  that  G.  Ph .  Van  Vledder  et  al.  (1988) 
estimated  the  effects  of  wind  generation  and  white-capping  and  nonlinear 
wave-wave  interactions  on  the  directional  response  of  waves  in  a  turning 
wind  field  using  a  numerical  model  to  compute  to  a  high  degree  of  accu¬ 
racy  nonlinear  wave-wave  interactions  of  wind  generated  waves.  It  is 
pointed  out  that  nonlinear  wave-wave  interactions  and  dissipations  due  to 
white-capping  tend  to  slow  down  the  turning  rate  induced  by  the  wind 
generation . 

The  purpose  of  this  paper  is  to  estimate  theoretically  the  contribution 
of  white-capping  to  the  directional  response  of  waves  on  the  basis  of  the 
wave  energy  balance  equation.  A  model  for  the  response  of  wave  directions 
to  changing  wind  directions  for  random  breaking  waves  has  been  derived. 
From  this  study  some  results  are  presented  for  fully  developed  wind  waves. 
The  results  show  that,  under  the  turning  wind  directions,  the  dissipation 
due  to  white-capping  like  wind  generation  increases  the  rate  of  wave  di¬ 
rection  turning  to  the  wind  direction  and  for  fully  developed  wind  waves 
the  dissipations  due  to  white-capping  force  the  mean  wave  direction  to 
continue  turning  to  the  wind  direction.  In  this  paper  quantitative  ver¬ 
sion  of  calculating  the  mean  wave  directions  for  fully  developed  wind 
waves  has  been  given. 

Derivation  of  a  Model  for  the  Response 

On  the  basis  of  the  wave  energy  balance  equation  for  deep  water,  we  have: 

+  v  •  [c  m  •  E(fM = sum 

at  * 


(1) 


in  which: 
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E  (f,9  )  -  two  dimensional  wave  spectrum 

Cg(f,8  )  -  energy  propagation  velocity  of  frequency  f 

and  in  direction  0  in  *-y  space 

S(f,  9  )  -  source  function 

V  -  gradient  operator  in  x~y  space 

For  a  homogeneous  wave  field  Eq.(l)  reduced  to: 


mm 

at 


=  S{f,0) 


(2) 


Here  the  source  function  S(f,8  )  represents  the  sum  of  all  processes  of 
wave  generation  (wind  input)  and  dissipation  (white-capping)  and  non¬ 
linear  wave-wave  interaction . i .e  . . 


S(f,6)  -  SJf,0)  Hr  SJf,0)  +  SdJ/,0) 


(3) 


To  arrive  at  a  simple  model,  the  following  assumnptions  are  made  here. 
That  is,  the  shapes  of  the  directional  distr ibutions  of  E(f,9  )  and 
S(f,9  )  are  frequency  independent,  equal  to  each  other  and  symmetric 
around  their  mean  directions.  Therefore  we  have: 

E(f,0)  =  E(f)-£>(0)  (4) 

Sjm  =  SJ/)-D'(0)  (5) 

Sjm  =  SJf)*D"(0)  (6) 

Sdlt(m  =  Sdu{f)’  D'”{0)  (7) 


From  the  knowledge  available  it  is  reasonable  to  assume  that  the  two- 
dimensional  spectrum,  the  dissipation,  and  nonlinear  wave-wave  inter¬ 
action  source  functions  have  the  same  directional  distributions .  There¬ 
fore  we  ha  e : 
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D(0 )  -  D"(0)  =  D"'(0) 


Eq.(8)  means  that  in  the  past  study  it  is  not  correct  to  assume  that  the 
source  function  of  wave  generation  S/»  (f,  8  )  •  the  source  function  of 
dissipations  due  to  white-capping  Sjic  (f .  8  )  and  nonlinear  wave-wave 
interaction  S,,  ( f ,  9  i  are  of  the  same  directional  distribution .  But  up 
to  now,  all  of  the  models  presented  use  this  assumption.  In  fact,  these 
models  equivalently  did  not  consider  the  influence  of  the  dissipations  of 
white-capping  and  nonlinear  wave-wave  interaction  on  the  response  of  wave 
directions.  According  to  the  above  assumptions  the  directional  distribu¬ 
tions  of  two  dimensional  spectrum  can  be  written: 


D(0)  =  K>  cos\0-0a) 


2,  /  0  —  0  \ 
£>(0)  =  /(s)  •  cos  (  — - —  J 


-R<0-0o<n 


In  general,  F.q.(lO)  has  a  narrow  directional  distribution  because  s  >  10 
is  suitable  for  wind  waves.  For  developing  wind  waves,  we  would  like  to 
use  Eq.(9)  for  convenience.  Therefore  the  directional  distribution  of 
wind  generation  source  functions  is 

2 .  _  xc  „  „  x  (11) 


D'{0)  =  K  •  cosi(0-0) 


in  which  0  *  is  the  new  wind  direction.  From  Eg.  (2)  to  (1J)  the  wave 
energy  balance  equation  can  be  written  as: 

-  [£(/)  •  Kcos\9  -  0#)]  =  SjJi  •  Kcos\0  -  0 
31  (12) 

+  SJf )  •  Kcos\0  -  0O)  +  Sdu(f )  •  Kcos\0  -  0O) 

Based  on  the  wave  energy  balance  equation,  for  a  fixed  point,  we  have'. 

J  <*f~llSJf)  +  SJf)  +  Sdlt(f  ))df  ( 1 3 } 

i  • 

in  which,  nonlinear  wave-wave  interaction  has  a  property  of  conservation. 
That  is: 


jsjf)df=  0 


(14) 
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Therefore,  Eq .  (13)  reduces  to' 


"  Jm.  * 

J S*. (/W/=-T7 l-  iSJfW 

0  '“'•a 


(15) 


in  which  mo=  /  o  E(f)  df  is  the  total  wave  energy.  For  any  intervals  with 
0  <  a  <  ^  —  Ww~  0OI  \0  m  ~  O0\  Eq  .  ( 12)  can  be  written  as : 


9t 


[  J  lE{f)-Kcos*(0-0'\dm‘~  J  fS  (/)  •  Kcos2(0  —  0  )dfdO 


+  J  lS,J/)’  Kcos1  (0-0  JJfdO 


(16) 


in  which  8  »  and  a  are  independent  to  time  t.  After  some  straightforward 
manipulations,  Eq.(16)  can  be  reduced  as: 

40 

~  lm0(2*  +  sinla  •  cos2(0w  -  0O)]  =  f  SJf  ){2«  +  sin2a\df 

to  * 

+  lS,u(f)[2*  +  sin2<x  •  cos2(Qw-00)\df  (17) 

ft 

Using  Eq.(lS),  then  Eq.(l7)  reduces  to  the  following  model  for  random 
breaking  waves: 

1  t  _  . .  1 

(18) 


**  -  1  -  \s»vwv  ,  •  *«.  -  ».» 


3t 


m. 


at 


’0  •  ''  w  O' 

It  should  be  pointed  out  that  Eq.(18)  is  directly  derived  from  the  wave 
energy  balance  equation  which  includes  the  influence  of  the  dissipations 
due  to  white-capping  on  the  response  of  wave  directions  to  changing  wind 
directions.  It  is  called  a  model  for  the  response  for  random  breaking 
wave  in  order  to  make  a  distinction  from  the  presented  models.  Further¬ 
more,  using  the  Eq - (19) ,  we  can  get  the  time  scale  of  the  response  for 
random  breaking  waves: 


aOn  j 

_0.  =J_.  sin{0  w~0  0) 
at  x 


-k 


1 


l-zr-ls.'ifwti  *2  cos(0w-0a) 


at 


} 


-  I 


(19) 

(20) 


Because  the  dissipation  of  white-capping  )  (f)  df  is  negative,  we 

can  come  to  the  following  conclusion:  the  dissipation  of  white-capping 
tends  to  increase  rather  than  to  slow  down  the  turning  rate  induced  by 
the  wind  generation.  Eq.(20)  shows  that  the  time  scale  of  the  response  is 
not  only  related  to  the  rate  of  wave  growth,  directional  energy  distribu¬ 
tion  and  the  angle  between  the  mean  wave  direction  and  the  wind  direction, 
but  also  to  the  dissipation  of  white-capping. 
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Nunerical  Results  of  the  Model  for  Fully  Developed  wind  Waves 
All  of  the  models  presented  by  now  base  shown  that  the  time  scale  of  the 
response  approaches  to  unlimited  for  fully  developed  wind  waves.  That 
means  that  for  fully  developed  wind  waves  the  mean  wave  direction  does 
not  response  to  the  change  in  wind  directions.  This  conclusion  is  obvious¬ 
ly  disagreement  with  the  observations. 


For  fully  developed  wind  waves,  we  have- 

am,  ■  * 

=  \SJf)df+\S,u(f)df~Q 


(21) 


E<|.(21)  is  replaced  in  Eq.<18)  we  have: 


sin(Q_  —  0„) 


(22) 


Therefore,  the  time  scale  of  the  response  can  be  written  as 


T  =  f“  \Silt(f)df/mXX  *  2 cos(0r-0o)  (23) 

» 

Eq.(22),  (23)  show  that  for  fully  developed  wind  waves  the  dissipation 
due  to  white-capping  forces  the  mean  wave  directions  to  turn  to  the  wind 
directions.  This  shows  theoretically  that  the  dissipation  due  to  white¬ 
capping  plays  an  important  balance  role  in  the  response  of  wave  direc¬ 
tions  . 

On  the  basis  of  the  general  form  for  the  dissipation  due  to  small  scale 
white-capping  processes  (llasse  lmann ,  K.,  1974),  We  have: 


SM  (o).0)=  —  1.6<u(=)2  *  5 2  •  E(co.O) 

O) 

in  which  S  =  m^o)*  /  %2 ,  <y  =  m~  da)  dO 


(24) 


For  fully  developed  wind  waves,  one  dimensional  spectrum  can  be  chosen  PM 
spectrum  which  has  the  following  form 

E fU(<o)  =  *K1(o~iexp{  ~P(y  *'■”)  }  (25> 

|9.5 

in  which  a  =8.10»IQ'3,  (J  =0.74,  Dio.s  is  the  wind  speed  at  19, 5m  above 
the  sea  level . 
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After  some  straightforward  manipulations,  the  dissipations  due  to  white- 
capping  for  fully  developed  wind  waves  can  be  calculated: 


\sJU{Mf=  -1.6 


•  m 


_2 

4 


•  X 


The  total  wave  energy  is: 


(26) 


mo~  27.36  x  10-4  • 


(27) 


According  to  Eq.(23)  the  time  scale  of  the  response  of  wave  directions  to 
changing  wind  directions  for  fully  developed  wind  waves  can  be  obtained: 

t  =  (0.43  x  10  /  U  •  2  cos(0m-  00)  (28) 


The  maximum  of  the  dimensionless  time  scale  of  the  response  is 

t  =  4.65  x  10*  •  A  (29) 

in  which  r  =  gr  SVto.  A  =  Hi o.s/Uio  <  J.i,  Vio  is  the  wind  speed  at  iO 
meters  above  the  Sea  level. 


Based  on  Eg. (22),  for  fully  developed  wind  waves,  the  changes  of  the  mean 
wave  directions  can  be  obtained: 

0o(i )  =  0 w  —  arcsin[e  '  •  sin{0w  —  0o(O))l  (30) 

Eg. (30)  gives  the  regulation  of  change  of  the  mean  wave  directions  and 
shows  that  under  the  change  in  wind  direction  the  wave  directions  for 
fully  developed  wind  waves  are  agreement  with  the  wind  direction  with  the 
increase  in  time. 


Cone  I usion 

In  this  paper,  a  model  for  the  response  of  wave  directions  to  changing 
wind  directions  for  random  breaking  waves  has  been  directly  derived  based 
on  the  wave  energy  balance  equation.  The  results  show  that  the  dissipa¬ 
tions  due  to  the  white-capping  tend  to  increase  rather  than  to  slow  down 
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the  rate  of  the  response  of  wave  directions  to  changing  wind  directions 
reduced  by  the  wind  generations. 

For  fully  developed  wind  waves,  the  dissipations  due  to  white-capping 
force  the  mean  wave  directions  to  turn  to  the  wind  directions.  The  change 
of  the  mean  wave  directions  has  been  obtained  and  the  maximum  nondimen- 
sional  time  scale  is  about  t  =  46.5*10  . 

This  model  can  be  used  in  the  case  of  random  nonbreaking  waves,  and  slow¬ 
ly  turning  wind  diections  and  inhomogeneous  situations.  But,  it  should  be 
pointed  out  that  in  this  model  the  contribution  of  nonlinear  wave-wave 
interaction  to  the  turning  rate  of  the  response  isn’t  included  because  ol 
the  property  of  conservation  of  nonlinear  wave-wave  interactions. 
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Summary 

The  paper  presents  a  brief  review  of  the  author’s  recent  results  on  wave 
transformation  and  instability  due  to  a  shear  current.  The  review  covers  both 
linear  and  nonlinear  mechanisms  in  the  models  with  vertical  or/and  horizontal 
shears. 

1.  Critical-layer  instability 

Linear  instability  of  a  free  surface  of  a  fluid  influenced  by  an  air  shear 
flow  was  discovered  by  Miles  (1957)  to  explain  wind  wave  generation  and  hereafter 
will  be  referred  as  Miles’  instability.  This  instability  takes  place  owing  to  the 
existence  of  the  so-called  critical  layers,  where  real  part  of  surface  wave  phase 
velocity  for  chosen  harmonic  component  matches  the  flow  velocity.  Here  we  shall 
briefly  examine  the  geophysically  important  problem  of  stability  of  drift  oceanic 
currents  with  free  surface  (for  details  sec  Shrira  (1991)). 

Mathematical  statement  of  the  problem  is  as  follows.  W t  s»^n  with  the 
boundary-value  problem  consisting  of  the  Raleigh  equation  and  standard  boundary 
conditions  at  the  free  surface  at  infinity  or  bout  m.  The  exact  solution  to  this 
boundary-value  problem  can  be  obtained  in  i-’rms  of  a  converging  scries  in  certain 
parameter  e,  defined  as  a  ratio  of  characteristic  mean  liov.  *,onieiv  gradient  to 
the  product  of  wave  frequency  and  wave  number.  £  proved  to  be  small  for  the  whole 
range  of  wave  scales  and  shear  flow  parameters  relevant  for  the  ocean,  which 
provides  very  rapid  convergcncy  of  the  series  and  allows  us  within  the  context  of 
our  problem  to  confine  ourselves  to  consideration  of  the  solution  leading  order 
term  only.  If  Re  C  belongs  to  flow  velocity  interval  [ U  .  ,U  ),  the  eigenvalues 

nun  mix 

C  (C  =  0)  /M  are  always  complex.  The  criterion  of  instability  is: 

U''(z  )  >  0, 

c 

where 

Re  C  =  U(zc) 
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is  the  definition  of  the  critical  layer  z=Z£.  Growth  rate  T  is  given  by  a  simple 
explicit  formula 


(the  subscript  <oj  denotes  values  taken  at  the  surface).  The  instability  described 
by  these  formulae  is  a  direct  analogue  of  Miles’  instability.  However,  the 
instability  of  surface  waves  upon  drift  current  has  its  specific  features 
important  for  water  wave  dynamics: 

i)  unstable  waves  propagate  against  the  wind  (as  their  phase  velocity  is  smaller 
than  the  wind  driven  current  at  the  free  surface); 
it)  r  does  not  depend  on  air/water  densities  ratio  and  therefore  can  noticeably 
exceed  Miles’  increments; 

in)  the  bandwidth  of  instability  is  very  narrow,  the  necessary  condition 


selects  narrow  band  in  capillary-gravity  range  under  typical  conditions; 

iv)  T  depends  strongly  on  the  fine  structure  of  the  thin  subsurface  layer; 

v)  in  contrast  to  Miles’  case  we  have  an  explicit  expression  for  the  growth  rate. 

However,  there  is  a  large  gap  between  our  idealized  model  and  reality.  Among 
the  factors  omitted  the  most  important  we  believe,  is  the  effect  of  long  waves 
upon  the  wave  range  under  consideration.  We  expect  that  taking  the  effect  of  long 
waves  into  account  entails: 

i)  considerable  broadening  of  the  instability  band;  the  necessary  condition  will 
become  much  milder 


C  <  U  +  U  , 

0  max  wmax 


where  U  is  the  maximal  long  wave  orbital  velocity; 

WltlK 

ii)  essential  increase  of  growth  rate  F. 


If  we  calculated  the  effect  of  long  waves  and  had  reliable  data  on  the 
skin-layer  current,  we  could  evaluate  me  importance  of  this  instability  for  short 
wave  breaking. 

2.Explosive  instabilities 

The  term  explosive  instability  (El,  hereafter)  is  commonly  used  for  the 
instabilities,  where  field  amplitude  tends  to  infinity  in  finite  time  (within  the 
framework  of  weakly-nonlinear  theory).  The  simplest  way  to  elucidate  the  El 
phenomenon  is  to  use  the  ’quasi-mode’  concept  (Shrira  1989).  Indeed,  suppose  we 

have  a  shear  flow  of  uniform  density  of  boundary  layer  type  with  vorticity 
localized  near  the  boundary  within  the  thin  layer  of  scale  h.  If  this  current  has 

no  inflection  points,  the  corresponding  boundary-value  problem  has  only  continuous 
spectrum,  but  an  arbitrary  initial  perturbation  of  scale  exceeding  greatly  shear 
scale  h  evolves  as  if  belonging  to  a  certain  single  discrete  mode  characterized  by 
the  dispersion  relation 

C  -  *  P  k-  cy  k2 

within  the  temporal  interval 

(k  ft) ' 1  «  t  «  (k  h)  ‘ 3 . 

In  other  words,  the  ’quasi-modes’  are  intermediate  asymptotics  of  the  Cauchy 
problem.  This  fact  allows  us  to  treat  nonlinear  interaction  of  surface  waves  with 

continuous  spectrum  perturbations  both  in  wind  or  in  drift  current  as  as  standard 

3-wave  interaction. 

Consider,  as  an  example,  dynamics  of  a  wave  triad  constituted  by  two  surface 
gravity-capillary  waves  and  a  quasi-mode  in  air  boundary  flow  (Romanova,  Shrira 
1989). 

For  the  explosive  instability  to  develop,  the  ’negative  energy'  waves  should 
exist  and  resonance  conditions  should  be  satisfied 


tOj  ♦  to2  +  =  0;  kj  +  k2  +  k3  =  0; 

where  the  sign  of  the  frequency  to  has  been  chosen  to  coincide  with  the  sign  of  the 
wave  energy.  These  conditions  proved  to  be  easily  satisfied.  We  stress  the 
remarkable  feature  of  these  triads:  the  explosive  instability  can  occur  in  absence 
of  linear  instability. 
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Wave  amplitude  evolution  with  cubic  nonlinearity  taken  into  account  is 
governed  by  the  following  equations: 

V.  -  VA',\  * icA ,  (P..IM* * 

II  A  =  VAA,  [  B  »  3  +  (C  V)] 

This  system  predicts  mat  a  singularity  will  appear  for  all  amplitudes  in  finite 
time  if  the  cubic  terms  are  neglected,  A.  ~  (t  -  tj.  However,  the  cubic 
nonlinearity  changes  behavior  qualitatively:  nonlinear  frequency  shift  violates 
the  resonance  at  large  amplitudes  and  the  explosion  turns  into  a  sequence  of 
spikes.  The  heights  of  the  spikes  depend  on  the  initial  parameters  and  specific 
features  of  the  system.  For  example,  in  the  case  of  water-air  explosive  triads  the 
interaction  coefficient  V  is  proportional  to  square  root  of  the 

air-to- water-densities  ratio,  i.e.  is  small.  Thus,  the  cubic  terms,  being  even  in 
the  initial  moment  of  comparable  order,  effectively  limit  the  explosion  intensity. 
For  water  wave  -  current  interaction  there  is  no  a  priori  smallness  and  one  should 
expect  much  more  pronounced  bursts,  which  can  provide  a  possible  mechanism  for 
wave  breaking  in  gravity-capillary  range. 

3.Wavc-packct  collapse 

Let  us  consider  a  weakly  nonlinear  wave  packet  propagating  through  a  slowly 
varying  media.  Under  rather  general  and  well-known  assumptions,  its  evolution  is 
governed  by  the  nonlinear  Schrodinger  equation  (NS),  which  in  the  reference  frame 
moving  with  the  group  velocity  we  cast  in  the  form  (Malomed,  Shrira  1991) 

tu  +  2a(t)\u\2u  +  -  tyu  =  0 

The  collapse  can  occur  when  wave-packet  passes  through  the  points  where  dispersion 
coefficient  p  changes  its  sign.  The  necessary  extrema  of  group  velocity  always 
take  place  for  short  internal  gravity  waves  in  the  ocean  and  for  ’skew’  or  cross 
water  waves.  In  the  vicinity  of  the  critical  point  the  NS  equation  is  convenient 
to  present  in  the  form 


iu  +  2|u|2«  -  tu  =  iyu 

l  11  XJC  XXX 
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In  this  notation  t  is  the  distance  between  the  packet  and  the  critical  point.  We 

shall  focus  our  attention  on  the  case  when  (J  changes  sign  from  positive  to 

negative,  while  a  is  fixed.In  the  case  of  constant  a  and  (5  (  ap  >  0  )  and  zero  y, 
the  NS  equation  possesses  the  well-known  soliton  solutions 

u  =  2rj  sech  (2x\x)  exp  (4h\1t) 

In  the  case  of  slowly  varying  media,  soliton-like  solutions  exist  and  their 

amplitude  is  slowly  varying.  It  is  easy  to  calculate  adiabatic  transformation  of 
soliton  parameters  (neglecting  higher  order  dispersion  term): 

u  ~  tm  and  /  -  tm. 

I 

Thus  we  have  described  within  the  one-dimensional  NS  equation  the  wave-packet 
collapse  or  explosion  (amplitude  tends  to  infinity  in  finite  time,  while  the 

characteristic  soliton  width  contracts  down  to  zero).  We  note  that  the  wave 

radiation  due  to  non-adiabatic  effects  does  not  affect  noticeably  this  behavior 

(Malomed,  Shrira  1991).  Third-order  dispersion  provides  limitation  of  the 
amplitude  growth,  but,  typically,  at  a  rather  high  level. 

We  expect  that  the  packet  collapse  can  act,  where  occurs,  as  a  very  effective 
mechanism  causing  wave  breaking. 
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Summary 

This  paper  contains  a  brief  review  of  our  recent  theoretical 
and  experimental  investigations  of  nonlinear  acoustic  phenome¬ 
na  in  sub-surface  bubble  layers  produced  by  breaking  waves  and 
results  concerning  linear  and  nonlinear  acoustic  methods  of 
bubble  measurements. 

The  review  of  nonlinear  scattering  effects. 

What  do  we  mean  by  nonlinear  sound  scattering?  As  is  well 
known,  a  bubble  in  a  liquid  is  a  monopole  scatterer  with 
prominent  nonlinearity.  When  a  harmonic  acoustic  wave  affects 
a  bubble,  the  spectrum  of  the  scattered  wave  contains  a  second 
harmonic  component.  When  a  biharmonic  wave  affects  a  bubble, 
the  spectrum  of  the  scattered  wave  contains  second-harmonic 
components,  and  components  of  sum  and  difference  frequencies. 

The  level  of  these  components  can  be  calculated  from  the 
formula  given  in  [1J.  We  introduced  the  new  parameter- 
nonlinear  cross-section  of  bubble,  which  relates  the  pressure 
amplitudes  of  nonlinear  components  in  the  scattered  waves  with 
the  incident  waves  .  The  results  of  calculations  for 
nonlinear  cross-sections  were  given  in  [2-31. 

There  are  many  bubbles  in  subsurface  bubble  layer  and  the  non¬ 
linear  scattered  field  from  this  layer  can  be  obtained  by  sum¬ 
mation  of  the  fields  scattered  by  separate  bubbles.  The  scat¬ 
tered  field  consists  of  a  coherent  and  noncoherent  part.  Non- 
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linear  noncoherent  scattering  is  similar  to  linear  noncoherent 
scattering  (acoustic  reverberation).  The  difference  of  non¬ 
linear  reverberation  from  the  linear  one  is  in  the  scattered 
frequency  and  the  specific  dependence  of  signal  amplitude  on 
distance  to  scattered  volume  C23.The  estimates  show  that  the 
level  of  scattered  field  at  second  harmonic  frequency  can  be 
quite  observable  for  various  types  of  sonars.  The  nonlinear 
reverberation  takes  place  at  the  difference  frequency  for  pa¬ 
rametric  array. 

The  coherent  part  of  the  nonlinear  scattered  field  can  be  cal¬ 
culated  in  a  continual  approximation  where  the  bubble-liquid 
mixture  is  treated  as  a  continuous  medium  with  some  averaged 
parameters.  For  the  medium  with  bubbles  of  different  sizes  the 
nonlinear  parameter  was  considered  in  [4,61.  The  value  of  e 
can  reach  103  and  even  more  while  the  nonlinear  parameter  e  of 
water  is  equal  to  3.5:  Such  a  prominent  nonlinearity  can.  in 
principle,  increase  the  efficiency  of  the  parametric  array  in 
the  upper  layer  of  the  ocean.  Calculations  [5,6,81  show  that 
only  a  two-  or  three-  fold  increase  of  the  parametric  array 
field  due  to  bubbles  is  possible.  Such  low  increase  is  due  to 
the  strong  attenuation  of  primary  waves  in  bubble  medium, 
which  decreases  the  effective  length  of  the  parametric  array. 

An  interesting  possibility  is  associated  with  the  interaction 
of  acoustic  beams  in  a  bubble  layer.  In  particular,  the  scat¬ 
tering  of  a  biharmonic  wave  normal  to  the  layer  produces  dif¬ 
ference-frequency  waves  propagating  in  both  directions  from 
the  layer  [9,103.  The  cross -interact ion  of  two  beams  in  the 
layer  gives  the  difference  frequency  radiation  in  a  direction 
different  from  that  of  the  incident  waves,  thus  making  it  pos¬ 
sible  to  scan  the  directive  pattern  of  a  parametric  array 
[113.  In  the  case  where  the  frequency  of  one  of  the  incident 
waves  is  twice  as  large  as  the  frequency  of  the  other,  the 
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difference-frequency  radiation  is  phase-conjugate,  so  that  a 
spherically  divergent  front  turns  to  a  convergent  one  (12]. 


Acoustic  diagnostics  of  gas  bubbles  in  the  sea. 

The  importance  of  the  problems  of  bubble  spectroscopy  in  ocean 
acoustics  stems  from  the  role  of  bubbles  as  an  ocean  factor, 
as  well  as  a  possible  additional  source  of  sea  noise,  an  indi¬ 
cator  of  biological  objects,  etc.  Methods  of  bubble  diagnos¬ 
tics  are  based  on  the  main  physical  peculiarities,  which 
distinguish  bubbles  among  any  other  sea  particles,  namely, 
their  acoustic  resonance  and  strong  acoustic  non-1 inear lty. 
These  methods  can  be  classified  by  the  measured  factcrs  (dam 
ping, scattering, non-1 mear lty) .  Linear  methods  based  on  the 
measurement  of  resonance  attenuation  and  scattering  were  deve¬ 
loped  just  after  World  War  II  and  have  been  used  (with  some 
modifications)  up  to  now  (133. 

Measurements  of  damping  are  performed  now  on  a  relatively 
small  base  (1-2  m)  but  in  a  wide  frequency  interval  (143.  An 
advantage  of  this  method  is  the  independence  of  the  dumping 
factor  on  losses  in  a  single  bubble,  so  that  it  is  determined 
only  by  the  concentration  of  resonance  bubbles.  The  method 
permits  direct  measurement  of  the  distribution  function  of 
bubbles  in  radii.  However,  this  method  is  effective  only  for 
rather  high  concentrations  of  bubbles  because  losses  are  quite 
a  "rough"  parameter.  Recently  a  method  based  on  the  linear 
scattering  of  sound  by  bubbles  has  been  used  more  widely  . 
The  first  measurements  using  this  method  were  performed  at 
several  single  frequencies  (15-173  but  recently  the  bubble 
concentration  in  a  wide  range  of  sizes  (from  2  10'3  to  10*acm) 
has  been  registered  by  a  parametric  array  operating  in  a  wide 
frequency  band  (183. 
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Nort-1  inear  acoustic  methods  are  based  on  the  features  of  a 
bubble  as  a  scatterer  with  prominent  non-linearity.  Here  the 
registration  of  the  signal  takes  place  at  the  second  harmonic, 
as  well  as  at  summary  or  difference  frequencies  of  the 
incident  waves  12,3,191.  The  advantages  of  these  methods  are 
associated  with  a  possibility  to  distinguish  the  bubbles  among 
other  scatterers  and  especially  to  register  them  in  the 
presence  of  strong  reverberation,  for  example,  near  reflective 
boundaries.  The  sensibility  of  such  methods  is  sufficient  for 
the  registration  of  single  bubbles  of  measuring  5-50  microns. 
Comparative  analysis  of  the  methods  for  the  second  harmonic 
[2,3]  and  difference  frequency  [19]  shows  that  the  signal 
scattered  at  the  second  harmonic  is  several  orders  of 
magnitude  stronger.  This  simplifies  realization  of  the  method 
(for  example,  the  receiver  may  be  not  so  sensitive  and  the 
signal /noise  level  is  higher).  On  the  other  hand,  the 
difference-frequency  method  has  its  own  advantages:  a 
relatively  easy  frequency  variation  and  more  precise 
localization  of  a  bubble  due  to  higher  operating  frequencies. 


Fig.  1.  Ocean  measurements  of  bubble  concentration. 
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Some  results  of  measurements  of  bubble  concentration  in  the 
sea  by  various  methods  are  presented  in  Fig.l.  One  can  always 
observe  a  monotonic  growth  of  bubble  concentration  with  a  dec¬ 
rease  in  their  radii.  This  dependence  can  be  represented  by 
the  formula  n  ~  R'n,  where  the  values  of  n  lie  within  the  li¬ 
mits  from  2.5  to  4.5  with  a  most  typical  mean  value  3.5 
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Introduction 

A  Boundary  Element  Method  (BEM)  which  solves  the  exact  nonlinear  equations  of  po¬ 
tential  flow  is  used  to  generate  irregular  waves  and  follow  their  development  to  possible 
breaking  in  a  “Computational  Wave  Tank.”  This  is  made  possible  by  using  the  BEM 
directly  in  the  physical  space  (rather  than  in  a  conformally  mapped  region).  This  pa¬ 
per  describes  some  of  the  problems  that  need  to  be  solved  for  such  an  application  and 
presents  results  for  breaking  of  solitary  waves  on  plane  slopes. 

The  Boundary  Element  Method 

A  detailed  description  of  the  basic  feature  of  the  BEM  method  used  has  been  given 
by  Grilli  et  al.,  1989.  The  method  is  computational  and  solves  the  exact  equations  of 
the  potential  flow  of  nonlinear  water  waves.  Integration  is  performed  in  time  and  each 
time  step  basically  consists  of  two  steps. 

The  first  step  consists  of  solving  the  Laplace  equation  for  the  velocity  potential 
4>{x ,  t)  which  is  formulated  as  a  boundary  integral  equation 

a(x,  t)<f>(x,  t)~  Jr  |^(x„)G(x,  *<>)  ~  X-~dT  (1) 

where  a  for  a  2D  boundary  curve  is  the  opening  angle  between  the  tangents  at  the  two 
sides  of  point  x.  A  free  space  Greens  function  is  used  for  G(x,  x0).  To  solve  (1),  either 
4>  or  d<j>/dn  is  specified  along  the  boundary  of  the  fluid  domain  studied  and  the  solution 
of  (1)  then  provides  <f>n  where  <j>  was  specified  and  <f>  where  4>n  was  known. 
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The  second  step  is  the  integration  in  time  which  is  governed  first  of  all  by  the  free 
surface  boundary  conditions  written  in  the  form 

=  W  (2a) 

=  -gz  +  \  IW|2  -  (2b) 

Z  p 

where  x  is  the  position  vector  for  points  on  the  free  surface. 

Other  versions  using  (1)  and  (2)  have  been  used  by,  e.g.,  Longuet- Higgins  &  Cokelet 
(1976),  Vinje  &  Brevik  (1981)  and  Dold  &  Peregrine  (1984),  which  all  use  mapping  or 
complex  variables.  The  important  feature  of  the  present  version  is  that  the  equations 
are  solved  directly  in  the  physical  space.  This  typically  implies  that,  in  addition  to  the 
free  surface  and  the  (arbitrary)  bottom  boundary,  the  flow  domain  studied  is  enclosed 
between  boundaries  stretching  from  surface  to  bottom,  such  as  the  paddle  of  a  wave 
maker  or  a  vertical  or  sloping  fixed  boundary.  Thus  corners  are  created  on  the  boundary 
where,  e.g.,  the  free  surface  and  a  wave  maker  intersects  (Fig.  1). 


Dx 

Dt 

D4> 

Dt 


Figure  1:  Example  of  computational  region  with  definition  of  symbols. 

It  turns  out  to  be  of  crucial  importance  for  accuracy  and  stability  of  the  computations 
how  the  equations  are  approximated  numei  ically  near  such  corners.  Equivalent  problems 
occur  at  other  points  as  well,  such  as  in  overturning  jets,  splashes,  etc. 

In  the  following,  these  accuracy  problems  are  briefly  discussed  along  with  solutions 
that  greatly  improve  the  computational  performance,  and  in  reality  constitute  the  dif¬ 
ference  between  failure  and  success  of  the  method.  The  method  is  then  used  to  analyze 


the  criteria  for  breaking  of  solitary  waves  on  a  plane  slope  and  it  is  shown  that  the 
numerical  computations  yield  results  substantially  different  from  results  obtained  by  a 
Boussinesq  approximation. 

Accuracy  Problems  in  the  BEM  Method 

The  critical  accuracy  problems  for  solutions  in  physical  space  can  briefly  be  divided 
into  three  types: 

\  Loss  of  accuracy  in  the  calculations  of  the  integrals  of  <*>Gn  and  G4> n 
where  the  geometry  varies  significantly  between  two  nodes. 

ii.  A  singularity  at  the  corner  between  the  free  surface  and  a  moving  body 
occurring  when  the  angle  between  the  corner  tangents  of  the  two  surfaces 
are  ir/ 2. 

iii.  A  high  sensitivity  to  errors  in  the  solution  process  at  the  same  corners 
as  in  ii)  when  the  angle  a  between  the  tangents  is  ^  n/2. 

The  accuracy  problem  described  in  i)  occurs  in  situations  like  those  shown  in  Fig. 
2  They  are  all  characterized  by  a  significant  variation  within  the  interval  between  each 
two  nodes  (j,j  +  1)  on  the  distance  vector  r  (originating  at  collocation  point  i)  and 
its  orientation  relative  to  the  normal  vector  of  the  boundary.  This  implies  equivalent 
strong  variations  of  G  and  Gn  in  the  integrals  of  (1),  whereas  the  variations  of  <2  and 
4>n  are  often  less  important. 


Figure  2:  Situations  where  loss  of  integration  accuracy  is  significant. 
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The  remedy  used  against  this  consists  in  establishing  a  high  order  integration  pro¬ 
cedure  within  the  intervals  in  question,  including  emphasis  on  a  proper  approximation 
of  the  geometry.  This  was  discussed  in  detail  by  Grilli  and  Svendsen  (1000). 

The  singularity  at  a  90  degree  corner  point  may  occur  where  a  free  surface  (with  4> 
specified  for  the  solution  of  Laplace's  equation)  meets  a  solid  body  (with  <?„  specified). 
In  principle,  a  vertical  body  surface  and  a  horizontal  free  surface  at  rest  at  t  =  0  contain 
all  the  features  of  the  problem.  For  our  purposes,  that  situation  also  occurs  at,  e.g.,  the 
cold  start  of  a  wave  maker  in  a  wave  tank.  This  was  first  pointed  out  by  Kravtchenko 
(1954).  Following  contributions  by  Peregrine  (1972),  Chwang  (1982)  and  others,  the 
cold  start  of  a  plate  was  analyzed  in  a  linear  context  by  Roberts  (1987)  and  later  by 
Joo  et  al.  (1990).  Roberts  showed  that  several  types  of  singular  behavior  are  possible, 
but  the  problem  remains  non-singular  as  long  as  the  acceleration  of  the  solid  surface 
remains  bounded.  Notice  that  the  conflict  leading  to  the  singularity  occurs  if  <j>,  along 
the  fi  ee  surface  where  4>  is  specified  differs  from  <j>n  on  the  solid  body. 

In  real  physical  problems,  solid  bodies  are  always  associated  with  a  finite  mass 
whence  unbounded  accelerations  would  require  unbounded  force  or  totally  inelastic  im¬ 
pacts  between  two  physical  bodies  (such  as  a  sledge  hammer  hitting  a  wall,  Greenhow  &: 
Lin,  1983).  Hence  in  most  physical  problems,  the  acceleration  of  the  body  will  remain 
bounded  and  no  singularity  occurs. 

In  numerical  computations,  however,  (for  example,  a  wave  starting  from  rest)  finite 
time  steps  simulate  finite  changes  in  velocity  that — over  the  single  time  step  where  the 
angle  remains  90° — -will  start  oscillations  that  may  grow  later  on  in  the  computation. 
Therefore  in  such  situations,  the  motion  £(t )  of  the  body  is  specified  so  that  ((t)  remains 
bounded  (for  a  cold  start  of  a  wave  maker  £(0)  =  £(0)  =  0,  £  ^  0  is  used). 

The  nonlinear  case  of  finite  amplitude  and  non-orthogonal  intersection  of  surface 
and  solid  body  has  not  been  analyzed  analytically  in  the  literature.  It  is  fairly  straight 
forward  to  see,  however,  that  under  such  conditions  there  is  no  singularity  at  the  corner: 
If  we  assume  that  <p  is  the  specified  variation  of  the  velocity  at  the  free  surface  and  <4n 
the  specified  normal  derivative  on  the  solid  body  and  a  ^  rr/2  then  the  problem  is  well 
posed  (Fig.  3).  Hence,  the  Laplace  solution  will  always  be  able  to  establish  a  value  <j>n 
of  the  normal  derivative  of  4>  at  the  free  surface  side  of  the  corner  which  together  with 
the  4>*  (the  tangential  derivative  of  the  specified  4>  along  the  surface),  will  correspond 
to  the  <£,  specified  for  the  solid  body.  That  implies  both  boundary  conditions  at  the 
corner  point  are  satisfied  and  no  conflict  or  singularity  occurs. 

In  the  numerical  c  ...putations,  however,  small  errors  occur  in  the  solution  of  the 
Laplace  equation.  Fig.  3  illustrates  that  situation.  When  a  is  close  to  90°,  the  solution  is 


very  sensitive  to  such  errors  and  it  turns  out  that  this  often  induces  unwanted  oscillations 
to  the  solution. 
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Figure  3:  ^  and  £n  specified  boundary  conditions,  <£_,  is  derived  from  36,  4>n  determined 
by  solution  of  Laplace’s  equation.  A<j>n  is  discrepancy  between  specified  and  computed 
velocity  normal  to  the  body. 

The  problem  is  solved  by  replacing  one  of  the  equations  in  the  matrix  solution  for 
Laplace  (i.e.,  (1))  by  an  equation  that  ensures  that  the  boundary  conditions  on  the  two 
sides  of  the  corner  are  satisfied  by  the  Laplace  solution.  In  essence,  this  implies  that  we 
slightly  modify  the  specified  boundary  values  4>  of  4>  iear  the  corner.  The  best  results 
axe  obtained  when  only  </>  at  the  corner  point  itself  is  modified. 

Breaking  Criteria  for  a  Solitary  Wave  on  a  Plane  Slope 


The  method  has  been  applied  to  the  run-up  and  breaking  of  solitary  waves  on  a 
plane  slope.  Using  a  nonlinear  shallow  water  approximation,  this  problem  was  studied 
analytically  by  Synolakis  (1987).  He  found  that  a  solitary  wave  propagating  onto  a 
plane  slope  from  a  region  with  constant  depth  would  break  in  the  uprush  on  the  slope 
if  the  relative  wave  height  H/h  on  the  constant  depth  satisfied  the  relation. 

—  >  0.8182{cot/3)-lo/9  (3) 

where  0  is  the  angle  of  the  slope. 

The  computations  using  the  BEM  show  that  waves  much  steeper  than  given  by  (3) 
still  do  not  break.  As  Fig.  4  shows,  in  general,  the  waves  have  to  be  almost  4  times  as 
steep  as  indicated  by  (3)  before  they  break  on  a  given  slope.  And  if  the  slope  is  steeper 
than  approximately  12°,  even  the  steepest  solitary  wave  of  H/h  ~  0.775  which  remains 
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Figure  4:  Breaking  limit  for  solitary  waves  on  slopes.  O  breaking  waves  □  non 
breaking,  -  -  -  (3),  —  (4) 


stable  on  a  constant  depth  (Tanaka  et  al.  1987)  will  not  break  on  the  uprush.  The 
actual  limit  shown  in  Fig.  4  corresponds  to  breaking  occurs  when 

>  8.404  cot  0~l  62  (4) 

In  order  to  achieve  high  accuracy  of  the  results,  the  solitary  waves  used  in  the  com¬ 
putations  were  assumed  present  at  t  =  0  in  the  constant  depth  part  of  the  computational 
region.  India!  values  of  the  surface  profile  fj(xy0)  and  the  surface  value  of  the  velocity 
potential  4>(x,0)  were  determined  by  the  integral  method  developed  by  Tanaka  (1986). 
The  crest  of  the  wave  was  initially  so  far  from  the  toe  of  the  slope  that  the  surface 
elevation  at  that  point  was  only  10“^  times  the  wave  height. 

__  Fig.  5  shows  a  wave  of  height  H/h0  =  0.75  on  three  different  slopes.  Only  the  part 
of  the  computational  domain  closest  to  the  shoreline  is  shown.  In  part  a,  the  slope  angle 
js  30°  and  the  wave  does  not  break  at  all  but  runs  up  to  a  total  height  of  2.5 h0. 

In  Fig.  5b  the  slope  angle  is  7.12°  (1:8)  and  the  wave  is  breaking  almost  at  the 
undisturbed  shoreline.  The  height  of  the  wave  actually  remains  almost  unchanged 
through  out  the  process  although  the  water  depth  decreases  from  1  to  almost  zero  i 
front  of  the  wave  at  the  last  profile.  At  that  point  the  front  of  the  wave  essentially  forms 
a  vertical  wall. 
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The  last  part.  Fig.  5c  shows  a  traditional  plunging  wave  breaking  occurring  on  a  slope 
3.81°  (1:15).  Again,  the  wave  height  has  remained  virtually  unchanged,  the  maximum 
value  having  increased  from  the  initial  0.75  to  0.80  h0  at  breaking.  However,  due  to  the 
decrease  in  depth,  the  index  H/h  at  breaking  is  2.28. 

The  three  cases  in  Fig.  5  correspond  to  waves  well  to  the  right  of  the  curve  in  Fig. 
4  (5a),  approximately  on  the  curve  (5b)  and  to  the  left  of  the  curve  (5c),  respectively. 
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Abstract 

The  effect  of  modulational  instability  on  the  formation  of  wave  groups  is  investigated 
for  wave  fields  with  various  bamhvidths  of  the  energy  spectrum.  By  numerical  study  of 
the  modified  K-dV  equation  and  the  nonlinear  Schrbdinger  equation  derived  from  it,  it 
is  shown  that  the  nonlinearity  generally  enhances  the  formation  of  wave  groups  when 
the  system  is  modulational!}'  unstable  while  suppresses  it  when  the  system  is  stable.  It 
is  also  shown  that  this  tendency  remains  noticeable  even  when  the  energy  spectrum  of 
the  wave  field  becomes  broad. 

Introduction 

It  is  well  known  to  coastal  engineers  that  a  big  wave  in  the  ocean  rarely  comes  alone,  but 
it  usually  comes  as  a  member  of  a  group  of  successive  big  waves.  In  other  words,  the  wave 
energy  is  not  distributed  uniformly  along  a  wavetrain,  but  it  tends  to  be  concentrated 
from  place  to  place  along  a  wavetrain  to  form  groups  of  relatively  energetic  waves.  We 
call  this  tendency  as  “grouping”  in  this  paper. 

According  to  the  recent  numerical  study  by  Yasuda  and  Ito[l]  on  the  evolution  of  the 
field  of  surface  gravity  waves  with  broad  energy  spectrum,  the  “groupiness  factor”  CF 
which  they  used  as  a  measure  of  nonuniformity  of  energy  distribution  along  a  wavetrain 
behaves  in  a  very  much  different  manner  when  the  water  was  deep  and  shallow.  From 
this  result,  they  suggested  that  the  modulational  instability  was  playing  an  essential 
role  in  the  formation  of  wave  groups. 

However,  the  concept  of  modulational  instability  naturally  applies  to  a  wavetrain 
with  a  narrow-banded  spcc*r"m  and  the  meaning  of  ‘modulational  instability’  itself  is 
not  quite  clear  for  such  wave!  rains  with  broad  energy  spectra  as  those  studied  by  Yasuda 
and  I  to.  Moreover,  the  analytical  studies  on  the  evolution  of  random  inhomogeneous 
wave  field  by  Alber[2]  (for  the  NLS  equation)  and  Crawford,  Salfman  and  Yuen[3]  (for 
Zakharov’s  equation)  show  that  the  growth  rate  of  the  modulational  instability  dimin¬ 
ishes  as  the  spectral  bandwidth  increases,  and  it  finally  disappears  when  the  bandwidth 
exceeds  some  critical  value  of  O (ale).  Bearing  this  result  in  mind,  the  conjecture  by 
Yasuda  and  Ho  that  the  modulational  instability  can  still  have  a  significant  effect  on 
the  evolution  of  wave  field  with  such  a  broad  energy  spectrum  might  sound  peculiar. 

To  understand  the  phenomenon  more  clearly,  we  investigate  here  how  strongly  the 
modulational  instability  can  affect  the  evolution  of  wave  field,  especially  the  formation 
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of  wave  groups,  when  the  bandwidth  of  the  energy  spectrum  becomes  broad.  To  thi. 
purpose  it  proves  to  be  beneficial  to  introduce  a  system  governed  by  the  modified  K-dV 
equation  (MKdV  for  short), 

du  d3u du3 

dt~  fa3  ~±17  {11} 

instead  of  the  complicated  water  wave  equations.  Needless  to  say,  the  numerical  inte¬ 
gration  of  the  MKdV  is  much  easier  and  less  time  consuming  than  that  of  the  water 
wave  equations.  Another  and  much  more  important  reason  to  choose  the  MKdV  is  as 
follows. 

The  nonlinear  Schrodinger  equation  (NLS  for  short)  for  the  complex  amplitude 
d(j%/)  of  a  weakly  nonlinear,  narrow-banded  wavetrain  with  carrier  wavenumber  &o 
can  be  written  as 

.  ( d A  .. .  ,<9/t\  d2 A  .  . 


d2A  2 

,U°  Oz)  +Pdx2  ~  A’ 


and  p  =  3ko,  <7  =  T3Ao/4  when  the  evolution  of  »  is  governed  by  the  MKdV.  This  shows 
that,  in  the  system  governed  by  the  MKdV,  any  wavetrain  is  unstable  to  modulation 
irrespective  of  its  carrier  wavenumber  when  the  sign  of  the  nonlinear  term  of  the  MKdV 
(1.1)  is  positive,  while  no  wavetrain  is  unstable  when  the  sign  is  negative.  Thus  we  can 
change  the  stability  of  the  system  at  our  will  just  by  changing  the  sign  of  the  nonlinear 
term,  which  enables  us  to  compare  two  cases  which  are  identical  except  for  the  only 
difference  in  the  stability  to  modulation.  In  the  original  water  wave  equation,  on  the 
other  hand,  we  have  to  change  the  water  depth  in  order  to  change  the  stability  of  a  given 
wavetrain.  But  this  at  the  same  time  changes  various  factors  that  affect  the  evolution 
of  the  wave  field,  such  as  the  strength  of  dispersion  relative  to  the  nonlinearity  etc.,  and 
it  would  be  difficult  to  single  out  the  effect  of  modulational  instability.  In  this  respect, 
the  system  governed  by  the  MKdV  seems  to  be  much  more  suitable  for  our  purpose 
than  the  original  system  of  water  waves. 

Numerical  Study  of  the  MKdV  Equation 

The  MKdV  (1.1)  is  integrated  numerically  by  the  split-step  Fourier  method.  u(z,t)  is 
assumed  to  be  periodic  in  x  with  period  L  which  is  taken  as  64a,  and  512  mesh  points 
are  distributed  with  a  constant  interval  within  0  <  x  <  L.  The  spatial  derivatives  are 
evaluated  in  the  spectral  space  by  using  FFT,  and  the  aliasing  error  which  appears  in 
the  calculation  of  the  nonlinear  term  is  removed  from  each  product  of  u(z,  t )  by  doubling 
the  number  of  Fourier  cocfficents  with  zeros  for  the  additional  wavenumbers. 

We  assume  that  the  initial  energy  spectrum  is  given  by  the  Gamma  distribution 


£(/fc)  =  ’e-"*, 


and  the  phase  of  each  Fourier  mode  is  random.  As  a  measure  of  the  bandwidth  of  the 


energy  spectrum,  we  use  W  defined  by 


W  =  J  (k  -  k)7  E(k)dk  j  k2  j  E(k)dk , 

i"OQ  j  t  oo 

ib  =  ^  kE(k)d!‘  J  j  E(k)dk, 


By  normalizing  the  initial  energy  spectrum  such  that  Jl*  =  1,  it  reduces  to  the  following 
form 

E(k)  =  £7(1)  x  exp  {(1  -  fc)/W  +  (1  fW  -  1)  In  i t}  ,  (2.4) 

which  are  shown  graphically  in  Fig  l  for  various  values  of  W .  The  spectral  peak  kp 
is  at.  1  —  IV.  E'(  1 )  is  always  determined  in  such  a  way  that  the  ‘significant’  steepness 
kpn\/3  of  the  initial  wave  field  is  equal  to  0.3.  When  W  —  1/3,  E{2kp)/ E(kp)  is  about 
51%,  and  it  is  about.  20%  when  W  —  1/5,  indicating  that  the  initial  spectrum  is  fairly 
broad  for  these  values  of  W .  It  may  be  worth  noting  that  for  the  Wallops  spectrum  with 
m  =  7  ~  11,  which  is  often  observed  for  a  swell  which  has  propagated  a  long  distance, 
W  is  0.35  ~  0.17. 


Initial  energy  spectrum  for  various  values  of  Wo 


We  evaluate  the  degree  of  wave  group  formation  by  the  “groupiness  factor”  GF 
which  is  defined  from  the  envelope  function  a(x,f)  by  the  relation 


GF{t)  =  yzj0 


whore  nil)  is  the  average  of  a(*,f)  with  respect  to  x. 
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Fig.2(a)  Initial  wave  profile  u(r,0)  with  its  envelope  function  a(x,0); 
(b)  The  evolution  of  GF  given  by  the  MKdV.  ( W0  =  0.1). 


i/w0 


Fig. 3  GF  vs.  l/W0  given  by  the  MKdV. 


The  evolution  of  GF  is  shown  in  Fig. 2  when  Wo  =  0.1.  Figure  2a  shows  the 
initial  profile  n(x,  0)  together  with  its  envelope  function  a(x,0),  while  Fig.2b  shows 
the  evolution  of  GF  for  the  unstable  and  the  stable  case.  Figure  3  shows  GF  as  a 
function  of  W0.  This  figure  clearly  shows  that  the  nonlinearity  has  an  opposite  effect  on 
the  formation  of  wave  groups  depending  on  the  stability  of  the  system  to  modulation. 
When  the  system  is  unstable  to  modulation,  nonlinearity  enhances  the  formation  of 
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wave  groups,  while  it  suppresses  when  the  system  is  stable.  Although  this  effect  seems 
to  be  diminishing  as  the  bandwidth  increases,  it  still  remains  noticeable  for  the  case 
of  the  broadest  spectrum  treated  here.  Alber[2j  and  Crawford,  Saffman  and  Yucn[3j 
show  analytically  that  the  modulational  instability  disappears  when  the  bandwidth 
of  a  random  wave  field  exceeds  some  critical  value  of  0 (ok).  Therefore  it  should  be 
quite  unexpected  that  the  modulational  instability  still  has  some  noticeable  effect  on 
the  evolution  of  wavetrain  with  such  a  broad  energy  spectrum. 

Comparison  with  NLS  Theory 

In  this  section,  we  study  the  behaviour  of  GF  not  by  the  MKdV  (1.1)  itself  but  by  the 
NLS  (1.2)  derived  from  the  MKdV.  As  the  bandwidth  is  assumed  to  lie  0(Ci)(<C  1) 
when  the  NLS  is  derived,  we  expert  I  he  NLS  to  give  a  correct  prediction  for  GF  only 
when  IV  is  very  small.  The  initial  condition  /l(x,Q)  for  the  NLS  can  be  obtained  from 
u(j,0)  by  the  standard  method  based  on  tire  Hilbert  transform  (or  numerically  by 
just  one  FFT  and  inverse  FFT),  and  the  spectral  peak  kp  of  the  initial  condition  (i.c., 
bp  ~  1  —  I  Vo)  is  used  ns  the  carrier  wavenumber  A’o  which  appears  in  the  NLS. 


I /W0 


Fig.d  GF  vs.  J/IV0  given  by  the  MKdV  (solid  symbols)  and  the  NLS  (open  symbols). 


Figure  d  shows  GF  given  by  the  NLS  together  with  those  given  by  the  MKdV 
as  a  function  of  Wq.  At  the  first  sight,  it  appears  to  be  a  very  crude  approximation 
to  express  a  wave  field  with  such  a  broad  energy  spectrum  with  IV  >  1/5,  say,  as  a 
modulated  wavetrain  and  try  to  describe  its  evolution  by  the  NLS.  Nevertheless,  the 
67*'  predicted  by  the  NLS  agrees  surprisingly  well  with  those  given  by  the  MKdV  for 
the  whole  range  of  1V0  treated  here,  i.c.,  1  / 1 00  <  fV0  <  1  /3. 
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We  have  restricted  our  attention  to  the  system  governed  by  the  MKdV  so  far  How¬ 
ever,  the  fact  that  the  NLS  derived  from  the  MKdV  also  shows  the  same  behaviour  of 
(IF  strongly  suggests  that  a  similar  type  of  dependence  of  GF  on  the  stability  charac¬ 
teristics  of  the  system  as  well!  as  the  spectral  bandwidth  would  be  observed  generally  in 
any  nonlinear  dispersive  system  which  supports  the  niodulalional  instability.  We  have 
confirmed  this  statement  by  studying  the  same  problem  for  another  system  which  is 
governed  by  the  model  equation  for  waves  in  moderately  deep  water  (see  Tannkafl]) 


du  ,  .  .  „ 

+  /'(»)  =  0, 


(3.1) 


where  u  is  the  free  surface  displacement,  h  the  water  depth,  g  the  gravity,  and  L  is  a 
linear  operator  corresponding  to  the  dispersion  relation  u >  ~  ^/i/ibtanh(Th).  (See  Fig. 5) 


Fig. 5  (IF  vs.  1/Wo  given  by  the  Model  equation  (solid  symbols)  and  the  NLS 
(open  symbols). 
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Summary 

A  numerical  simulation  of  the  one  dimensional  development  of  a  moderately  steep  wavetrain  is  investi¬ 
gated.  We  use  evolution  equations  that  are  correct  to  fourth  order  in  the  wave  steepness,  [X],  [2}.  To  these 
we  add  terms  simulating  the  effects  of  wave  breaking  and  windstress.  When  only  breaking  is  taken  into 
account,  we  find  the  so-called  down-shift,  frequently  observed  in  wavetank  experiments,  [3j.  When  both 
und  breaking  are  taken  into  account  the  evolution  is  quantitatively  the  same  for  low  winds.  With 
increase  of  the  wind,  the  modulational  instability  is  delayed,  and  for  larger  winds  seems  to  disappear 
altogether  as  found  experimentally  by  Bliven  et  a],  [4j. 


1  Introduction 

The  so-called  modulational  instability  (M.I.)  of  Stokes  waves  has  been  extensively  studied 
following  its  prediction  by  LighthiU  [5],  and  experimental  verification  by  Feir  [6].  Today 
it  is  well  documented  experimentally  and  fairly  well  understood  theoretically. 

In  connection  with  the  M.I.  there  are  two  rather  characteristic  phenomena  that  have 
long  remained  unexplained.  The  first  is  the  frequency  down-shift  first  reported  by  Lake 
et  al.  (7).  In  their  experiment  a  continous  wavetrain  of  frequency  u  is  generated  at  one 
end  of  a  wavetank.  At  some  distance  from  the  paddle  the  M.I.  appears  as  the  growth 
of  essentially  two  sidebands  a?  ±  Au>.  The  resulting  groups  develop  a  characteristic  skew 
shape.  Further  down  the  wavetank  an  approximate  recurrence  seems  to  occur,  except  the 
dominant  frequency  is  now  shifted  from  wtow-  Au>.  This  down-shift  seems  to  happen 
only  if  the  initial  steepness,  ka0,  of  the  wavetrain  is  sufficiently  large  (Melville  [8]  gives 
fca0  >  016).  It  seems  that  whenever  down-shift  occurs,  there  is  also  some  wavebreaking. 

A  second  phenomenon  was  described  by  Bliven  et  al.  [4].  In  an  experiment  with  wind 
along  a  wavechannel  they  investigated  the  evolution  of  a  paddle  generated  wavetrain. 
They  found  rather  to  their  surprise  that  the  wind  reduced,  and  (for  stronger  winds)  even 
suppressed  the  M.I. 

In  an  earlier  paper  {3j  we  studied  the  down-shift,  using  evolution  equations  correct  to 
(!)(€*)  (e  is  a  characteristic  wave  steepness),  to  which  we  added  a  term  simulating  the  effect 
of  breaking.  The  numerical  simulations  (3)  did  show  a  down-shift.  We  believe  that  the 

’Current  address:  Parsons  Laboratory,  Department  of  Civil  Engineering,  Massachusetts  Institute  of 
Technology,  Cambridge,  MA  02139,  USA. 


M.  L.  Banner,  R.  H.  J.Grimshaw  (Eds.) 
Breaking  Waves 

IUTAM  Symposium  Sydney/Australia  1991 
C  Springer-Verlag  Berlin  Heidelberg  1992 


244 


role  of  breaking  is  to  selectively  damp  the  upper  sideband.  This  seems  possible  because: 
1)  Spatial  separation  of  the  different  frequencies  occur  during  the  development  of  a  M.I. 
(see  Melville  [9],  and  c.f.  figure  1,  and  2)  It  so  happens  that  the  steepest  parts  of  the 
modulated  wavetrain  contain  largely  frequency  components  from  the  upper  sideband. 

Hara  and  Mei  [10]  using  a  fourth  order  equation  with  windaction,  a  current  shear  in 
the  water,  and  viscous  damping  found  a  frequency  down-shift.  They  also  found  that  the 
combined  action  of  wind  and  shear  in  the  water  reduces  the  initial  development  of  the 
M.I.  The  magnitude  of  this  effect  seems  to  be  rather  sensitive  to  the  type  of  shear  chosen. 

In  the  present  paper  we  modify  our  previous  model  equations  [3],  to  include  the  effect 
of  wave  growth  induced  by  wind.  This  is  done  by  adding  a  linear  growth  term  with 
an  empirical  growth  rate  factor.  Numerical  simulation  with  this  model  show  qualitative 
agreement  with  the  observations  of  Bliven  et  al.  [4]. 


2  The  model  equations 

For  the  slowly  evolving  wavetrain,  we  assume  a  Stokes-like  expansion  for  the  elevation,  (, 
and  the  velocity  potential,  <f>: 

<t>  =  $  +  Aek,+it  +  +  •  •  •  +  c.c.,  ,  . 

C  =  ^  +  Beif  -f  B2e2il  -f b  c.c.,  ^  ’ 

where  6  =  k-x—ut  and  k  =  |k|.  The  complex  coefficients  A,  B  (O(e)),  and  An,  Bn  (0(en)) 
are  assumed  to  be  varying  slowly,  on  the  scales  et  and  ex ,  where  e  is  some  characteristic 
wave  steepness  ka0.  Inserting  this  into  the  basic  equations  (the  kinematic  and  dynamical 
boundary  conditions,  and  Laplace’s  equation)  a  hierachy  of  evolution  equations  are  found. 
To  0(e3)  the  N.L.S.  equation  emerges.  To  0(e*)  the  modified  equations  described  by 
Dysthe  [l],  and  Lo  and  Mei  [2]  are  found. 

Transforming  to  a  coordinate  system  moving  with  the  group  velocity,  dimensionless 
variables  are  introduced  as  follows  [2]: 

€7(2  kx  —  wf)  — *  e2kx  — ►  7, 

A  _  -iz*LA)  4  _  wa^(  (2) 

B  — »  a0B ,  (  — ♦  aoC 


All  simulations  are  done  with  periodic  boundary  conditions  on  (,  and  7  is  a  scale  factor 
to  normalize  the  domain  of  £  to  (0,2tt). 

The  transformed  equations  read 

=  0,  (3) 


_  +  I-A|Ai’  +  8£7pM2^ 


d $  n  , 

—  =  0  for  z  -♦  -00. 
oz 


(5) 
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Figure  1:  Wavetrain  perturbation  by  the  M.I.  The  upper  profile  is  the  surface  displace¬ 
ment,  £,  superimposed  with  jj4|,  both  with  zero  level  shifted  to  8.0.  The  middel  profile 
is  the  first  harmonic,  Be'*  +  c.c.,  superimposed  with  its  amplitude,  2|i3j,  both  with  zero 
level  shifted  to  4.0.  The  lowest  graph  is  the  wavenumber  of  the  modulation,  where 
B  =  |2?|  expt'V’. 
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The  surface  elevation  in  the  new  coordinates,  is 


<(£,*?)  = 


(6) 


where  the  phase  function  becomes  $  =  f/cy  — j;/e2.  For  a  homogeneous  wavetrain  {d/d£  = 
0)  (6)  reduces  to  a  third  order  Stokes  wave. 

We  now  introduce  the  effects  of  wind  and  breaking  in  an  ad  hoc  manner  by  adding  two 
source  terms  S\  and  S2  to  the  right  hand  side  of  (3). 

For  Si,  representing  the  action  of  wind,  a  natural  choice  is  a  linear  term  PA,  where 
the  dimensionless  coefficient  P  is  related  to  the  wind  induced  spectral  energy  growth 
rate,  7u>,  by  /?  =  ‘yw/(eiu).  For  7„  we  use  an  empirical  estimate  given  by  Plant  [11]: 
7„  =  mw(u./c)J,  where  the  dimensionless  constant  m  is  estimated  as  0.04  ±  0.02,  u„  is 
the  friction  velocity,  and  c  the  phase  velocity.  Thus 


The  wave  breaking  term  Si  we  model  as  follows  [3]: 

Sa  =* -±4  [(i£)  "1]H(l'4l-^)>  (8) 

where  H  is  the  unit  step  function,  r,  r  and  Ac  are  real  positive  constants.  If  |j4|  exceeds 
the  critical  value  Ae ,  the  term  S2  ensures  a  relaxation  towards  Ac  on  the  timescale  r/r, 
which  should  be  of  the  same  order  of  magnitude  as  the  duration  of  a  typical  breaking 
event. 

Simulations  show  that  as  long  as  r/r  is  much  less  that  a  typical  timescale  for  the  M.I., 
the  results  are  not  sensitive  to  the  values  of  r  and  r  chosen.  The  important  parameter 
in  Si  is  therefore  Ac.  Since  the  simulated  wave  steepness  is  somewhat  larger  that  t\A\, 
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Figure  2:  Growth  rate  of  the  M.I.  as  a  function  of  perturbation  wavenumber.  I:  for 
initial  wave  steepness  0.23  and  u.  —  0.  II:  for  wave  steepness  kAe(  1  +  (3r)lfr  (slightly 
supercritical). 

as  can  be  appreciated  in  figure  1,  the  “critical  wave  steepness”  tAe  should  therefore  be 
smaller  that  the  limiting  steepness  of  ~  0.39  (see  Melville  [8]).  In  our  simulations  we  have 
used  eAc  =  0.35,  r  =  2,  and  r  =  0.125. 

If  Si  +  Si  are  substituted  into  the  right  hand  side  of  (3),  and  the  complex  equation  is 
written  as  two  coupled  real  evolution  equations  (for  amplitude  |Aj  and  phase  arg  A)  it 
is  seen  that  the  source  terms  enter  the  equation  for  d\A\/dri  only.  This  means  that  the 
influence  of  wind  and  breaking  terms  on  the  phase  is  only  indirectly  through  their  action 
on  the  wave  amplitude. 

3  Numericpl  simulation  and  conclusions 

We  have  chosen  «  =  0.23,  7  =  0.229,  and  initial  carrier  amplitude  A0  =  1.  A  linear 
stability  analysis  for  a  uniform  wavetrain  with  these  parameters,  and  with  u.  =  0,  give  a 
growth  rate  for  the  different  perturbation  wavenumbers  shown  in  figure  2.  A  quasispectral 
method  is  applied  [2]  with  periodic  boundary  conditions  in  £.  The  spectral  representation 
of  the  perturbation  have  only  integral  wavenumbers  of  which  only  ±1,  ±2,  ±3  and  ±4  are 
unstable,  with  ±3  being  the  most  unstable.  The  initial  profile  [3]  is  taken  as  a  carrier 
wave,  with  all  unstable  and  some  stable  modes  present  at  the  1%  level. 

In  figure  3a  a  simulation  with  u,  =  0  is  shown.  It  is  identical  to  the  evolution  shown  in 
[3],  and  the  down-shift  can  be  clearly  seen.  For  an  explanation  of  the  physical  mechanism 
prod  icing  this  effect,  we  refer  to  [3]. 

For  small  winds  (u./c  <  0.3),  nothing  much  seems  to  happen.  When  the  wind  increases 
somewhat,  .  s  in  the  figures  3b  and  3c,  the  down-shift  effect  becomes  more  dramatic,  and 
the  two  lower  sideband  modes  —3  and  —2  a:e  competing  for  dominance.  It  is  also  seen 
that  the  wind  growth  of  the  carrier  wave  is  bringing  its  amplitude  near  to  the  critical  one 
(which  is  a  little  less  than  1.5  on  the  scale  shown). 

For  still  stronger  winds  (u./c  >  0.5),  the  evolution  changes  more  drastically  as  shown 
in  figure  4.  Tb<*  carrier  wave  now  reaches  the  critical  level  before  the  initial  growth  due 
to  the  M.I.  has  produced  appreciable  sidebands.  Once  the  critical  level  is  reached  the 
sideband  development  becomes  very  slow,  thus  delaying  the  development  of  the  more 


Figure  3:  Evolution  of  wavetrain  for  different  wind  velocities.  The  two  columns  show  spec 
tral  development  with  upper  sidebands  (left  column)  and  lower  sidebands  (right  column) 
In  a)  u,/c  =  0,  b)  u„jc  —  0.33  and  c)  u./c  =  0.40 
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Figure  4:  Spectral  development  of  carrier  and  lower  sidebands  for  different  u./c  a)  0.46 
b)  0.48  c)  0.50  d)  0.52 


rapid  phase  of  the  M.I.  To  understand  how  this  happens,  observe  that  the  evolution 
equation  has  a  uniform  wavetrain  solution  when  |A|  =  j4e(l  +  /Jr)1/',  which  is  slightly 
supercritical  (giving  an  “equilibrium”  between  windgrowth  and  breaking).  Analysing  the 
stability  of  this  solution  we  find  that  it  is  unstable  with  a  growth  rate  shown  in  figure 
2,  which  is  practically  independent  of  windspeed.  Observe  that  the  growth  rate  is  less 
that  approximately  1/8  of  that  for  the  initial  wavetrain  of  amplitude  Ao  (and  no  wind). 
Thus  when  the  carrier  has  grown  to  a  critical  value,  the  growth  rate  of  the  sidebands  is 
drastically  reduced.  They  continue  to  grow  at  this  slow  rate  till  the  sidebands  have  a 
sufficient  amplitude  for  the  rapid  phase  of  ;he  M.I.  to  start. 

In  the  experiment  by  Bliven  et  al.  the  initial  wave  steepness  was  approximately  0.24,  and 
the  M.I.  was  found  to  be  drastically  reduced  at  u./c  =  0.34,  and  to  disappear  altogether 
at  u,/c  =  0.43.  The  length  of  their  wave  channel  corresponds  to  rj  ~  11.  In  our  simulation 
the  appearance  of  the  M.I.  is  moved  beyond  the  point  t)  ~  11  when  u./c  Si  0.5.  Thus 
there  is  a  qualitative  agreement  with  [4],  but  quantitatively  we  seem  to  need  somewhat 
too  large  winds.  Hara  and  Mei  (10]  found  that  a  shear  current  in  the  water  would  tend 
to  lower  the  initial  growth  rate  of  the  M.I.  Any  effect  that  would  reduce  the  initial  M.I. 
growth  rate,  would  make  the  “saturation  delay”  described  above  to  happen  for  smaller 
winds. 
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Introduction 

Breaking  waves  at  sea  are  approximately  twice  as  energetic  as  the  waves  of  spectral  mean 
height,  and  their  steepness  lies  mainly  in  the  range  .05  <  a(,k  <  .20,  Holthuijsen  &  Herbers 
(1986).  It  has  been  repeatedly  observed  at  sea  that  the  energetic  breaking  waves  tend  to  occur 
within  wave  groups  and,  typically,  near  and  just  forward  of  the  group  center:  Donelan, 
Longuet-Higgins  &  Turner  (1972);  Thorpe  &  Humphries  (1980);  Su  (1986);  Holthuijsen  & 
Herbers  (1986).  It  has  also  been  observed,  both  at  sea  and  in  the  laboratory,  that  breaking  is 
immediately  preceded  by  a  deformation  of  the  waveform  in  which  the  trough  is  reduced  and  the 
crest  moves  forward,  causing  a  steepening  of  the  forward  face:  Bonmarin  (1989),  Figure  1  and 
Kjddsen  &  Myrhaug  (1980).  The  latter  have  defined  a  waveform  deformation  parameter 
corresponding  to  breaking,  see  Figure  2.  It  is  important  that  this  deformation  has  a  strong 
asymmetric  component. 

The  laboratory  observations  of  Su  &  Green  (1984)  on  wave  instability  and  breaking  in  a  long 
wave  tank  (100  m)  strongly  suggest  a  connection  between  wave-breaking  and  side-band 
instability,  see  Figure  3,  as  first  noted  by  those  authors.  This  suggestion  is  supported  by  the 
short  tank  experiments  of  Melville  (1982),  and  the  recent  numerical  calculations  of  Cointe,  et  al 
(1991).  These  results  connect  with  the  correlations  between  breaking  and  wave  groups,  since 
there  is  growing  evidence  that  wave  groups  at  sea  are  a  consequence  of  side-band  (Benjamin- 
Feir  (1967))  instability.  The  observed  connections  are  summarized  in  Figure  4.  We  are  left, 
however,  with  questions  as  to  the  details  of  the  underlying  mechanisms  leading  to  breaking,  and 
with  the  need  for  a  quantitative  theory.  The  overlap  between  observations  at  sea  and  in  the 
laboratory  and  in  theory,  gives  hope  that  the  phenomena  involved  are  not  crucially  dependent  on 
the  effect  of  wind.  Therefore,  standing  with  the  point  of  view  that  waveform  deformation  is 
crucial  to  breaking  inception,  the  present  authors  have  undertaken  to  provide  a  quantitative 
theory  of  wave  deformation  in  its  relation  to  side-band  instability.  We  utilize  a  method  for  the 
evaluation  of  energy  change  within  a  half-wave  control  volume  moving  through  the  three  wave 
system;  the  formulation  is  initially  exact,  and  the  validity  of  the  results  only  depends  upon  the 
approximations  made  in  describing  the  pertinent  wave  system. 
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Quantitative  results  are  obtained  which  show  that  within  a  three  wave  system,  intra-wave  energy 
transfers  intermediated  by  the  resonant  side-bands  cause  a  substantial  excess  of  energy  to 
accumulate  within  the  breaking  quadrant  (front  face)  of  the  wave  when  it  reaches  the  center  of 
the  wavegroup.  The  results,  which  are  consistent  with  both  at  sea  and  laboratory  measurements, 
provide  a  quantitative  understanding  of  the  mechanics  of  wave  deformation  leading  to  breaking. 


At  the  onset  of  Benjamin-Feir  instability,  the  finite  basic  wave,  T),  =  a  cosx  +  1/2  ka2  cos2x 
gives  rise  to  the  two  nascent  side  bands  r\z  =  e+  cosx+  +  £~  cosx'.  where  the  phases  x+.  X  are 
shifted  in  wavenumber  by  ±8k/k0and  in  frequency  by  ±8oVo>0,  and  shifted  in  phase  x.  too.  Of 
course,  the  perturbation  solutions  corresponding  to  three  waves,  include  higher  order  terms  in 
a,  e+,  £-,  and  their  products.  For  the  analysis  of  intra-wave  transfer  we  require,  for  reasons 
which  will  be  apparent  later,  that  terms  of  the  form  cos3x  (or  3x+,  3x)  which  appear  in  the 
products  i)2  or  Tjtj)  be  correct  to  fourth  order  in  the  generalized  wave  amplitude  a;  (a,  =  a,  £+,  £  ). 
This  must  be  done  taking  into  account  that  8<o/co0  =  1/2  Sk/lqj  =  (ak)0  as  may  be  shown  from  the 
dispersion  relation  which  arises  for  this  system;  this  requires  that  terms  proportional  to  aj(  ka^, 
and  (5o)/(o0)ka,aj  be  included  in  the  perturbation  expansions.  The  expansions  for  Tj  and  <j>  are 
given  in  the  appendix,  including  the  nonlinear  dispersion  relation. 


If  R  is  the  region  occupied  by  liquid  and  it  is  bounded  by  the  surface  S  (which  may  be  in  motion 
with  the  velocity  vn  normal  to  S),  then  the  sum  of  kinetic  and  potential  energy  of  the  fluid  within 
R,  E,  is  (John  (1949)): 

We  take  R  as  a  column  bounded  above  by  the  free  surface,  and  the  right  and  left  sides  by 
vertical  planes;  the  water  here  is  infinitely  deep.  When  R  is  taken  moving  with  the  basic  wave, 
then  (1)  becomes 


rp 

^  =  I  P  (<?>t  $x  + 1  +  4>y)  +  gy]  cpJ  dy  .I 

(/-“  JX=l«i  Jkxt 

where  X)  and  x2  are  horizontal  coordinates  in  the  moving  system. 


Upon  substitution  of  the  appropriate  expressions  fort)  and  <|>,  and  integrating  in  depth,  the 
results  are  expressed  as  the  sum  of  6  terms,  [1]  -  [6]  consecutively, 

=  {  Pi.j  a.aj  cos(Xi-Xj)  +  Ptj  (Sm/wo)  a^j  cos(Xi-Xj)  +  Pi.j.k  Wpk  cos(x,±Xj±Xk) 
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«  -  "W 

+  Pi.j.k  (sW^o)  a^a*.  cos(Xi±Xj±Xk)  +  Pi,j.k.i  W*3'  cos(x,±XJ±Xk±Xi)} 

JrkoXj 

koX| 

where  the  {3  coefficients  are  known  in  terms  of  the  perturbation  expansions.  Inter-wave  transfer 
arises  from  the  limits  x2  =  x,  +  A*,,  which  are  non-zero  for  terms  [1],  [2],  [5],  and  [6):  term  [1] 
produces  the  wave  group  envelope  corresponding  to  the  sum  of  the  three  Linear  waves;  term  [2J 
and  [5]  produce  a  second  and  third  order  distortion  of  the  linear  envelope,  term  [6]  gives  the 
resonant  interactions  among  waves.  Intra-wave  transfer  arises  from  the  limits  x2  =  Xj  +  \J2. 
The  transfer  between  trough  and  crest  (T-C)  or  back  and  front  (B-F)  may  be  found  through 
appropriate  choice  of  These  transfers  can  arise  only  from  terms  [3]  and  [4],  but  calculations 
show  that  term  [3],  which  is  of  lower  order  than  [4],  is  null(!). 


[pi.j.k.i  a.a^ai  sinfx^jiXkhXt^X 


The  evaluation  of  term  [41,  with  £+  =  £-,  and  then  integration  of  E  gives  rise  to  the  following 
expression  for  AE,  the  excess  of  energy  within  a  given  half  wave;  it  is  seen  to  depend  on 
position  within  the  wave  group,  r  =  e/a,  and  (ak)0;  we  have  taken  the  cumulative  phase  of  the 
side-bands  as  nj2,  corresponding  to  their  maximum  growth  rate: 


3 

-  — ~'a— °— V  p*'f  [cos  j[5k(X-Xo)+tt5co/ci)o3  +  cos  j[5k(X-Xo)-Jt5o)/coo]]  (4) 
Eo  it(l+2r2)3/2^ 

where  X  i:  the  coordinate  moving  with  the  group  speed.  Below,  c  and  f  denote  crest  and  front. 


Pc,  =  2VI(2+3r2),  pc2  =  15/2  r,  pc3  =  2VIr2  (5) 

Pf!  =VI(I+6r2),  pf2  =  9/2r,  pf3  =  2VTr2  (6) 

These  equations  show  that  around  the  center  of  the  wave  group,  there  occurs  a  loss  of  energy  in 
the  wave  trough,  simultaneous  with  a  gain  in  the  front,  of  similar  magnitude,  leading  to  the 
same  type  of  deformation  observed  by  M  &  K  at  sea  and  by  Bonmarin  in  the  laboratory.  This 
change  of  wave  energy  (T-*C),  AE/E0,  nondimensionalized  by  the  corresponding  half  wave 
energy  in  the  original  wave  (amplitude  ao)  is  shown  as  a  function  of  position  within  the  group, 
for  e/a  =  Ufl,  and  (ak)0  =  0. 1 ,  in  Figure  5.  Also  shown  is  the  group  envelope  amplitude  A/a0. 


The  loss  of  trough  and  steepening  of  the  face  are  preceded  by  a  gain  in  trough  (C->T)  at  the 
beginning  of  the  wave  group,  and  this  kind  of  deformation  has  also  been  observed  by  Bonmarin 
prior  to  the  breaking  deformation.  According  to  the  theory,  the  time  of  passage  of  the  wave 
from  the  beginning  of  the  breaking  deformation  to  its  maximum  is  simply  (4  aoko^'T,  where  T 
is  the  wave  period.  In  the  case  of  Bonmarin,  Figure  1,  (ak)0  is  0.25,  and  the  entire  duration  of 
breaking  is  one  wave  period,  precisely  as  predicted. 
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Breaking  occurs  in  the  upper-front  wave  quadrant,  and  the  excess  energy  in  this  quadrant  arises 
both  from  the  transfer  (T-»C)  and  (B-*F)  and  is  their  sum.  The  total  maximum  excess  energy 
there  is  shown  in  Figure  6  over  a  wide  range  of  variables  (ak)0  and  e/a.  These  maxima  occur  at 
the  center  of  the  wave  group.  The  severity  of  waveform  deformation  increases  with  the  value  of 
AE/E0,  but  the  present  theory  does  not  provide  a  prediction  of  limiting  values  corresponding  to 
breaking,  (AE/E0)*.  However,  experimental  measurements  of  breaking  can  be  used  to  estimate 
(AE/E0)*,  in  conjunction  with  the  theoretical  results  presented  in  Figure  6.  Melville  (1982) 
studied  wave  instability  and  observed  breaking  for  a  wave  of  (ak)Q  =  .23  and  found  that 
breaking  began  for  values  of  e/a  in  the  range  =  ( 1/2— ♦  1  yV2).  We  show  this  in  Figure  6  as  a  small 
darkly  shaded  region,  corresponding  to  values  of  (AE/E0)*  of  .35  to  .40.  More  experiments  are 
required  to  confirm  whether  breaking  actually  corresponds  to  a  critical  value  of  (AE/E0)*, 
exclusive  of  other  factors.  Meanwhile,  we  note  that  theory  predicts  a  minimum  value  of  (ak)0 
for  any  particular  value  of  (AE/E0)*  less  than  .65.  In  the  case  of  (AE/Eq)*  as  determined  above, 
this  value  lies  in  the  range  .06  -.08,  or  approximately  .10  for  the  local  wave  steepness. 

Summary  and  Conclusions 

1)  The  breaking  of  energetic  waves,  which  occurs  over  a  wide  range  of  wave  steepness 
and  usually  within  a  wave  group,  is  believed  to  result  from  a  very  rapid  deformation  of  the 
waveform,  one  to  four  wave  periods  in  duration. 

2)  This  breaking  deformation  is  caused  by  intra-wave  energy  transfers  which  are 
intermediated  by  the  same  two  resonant  side-bands  which  result  from  the  Benjamin-Feir 
instability  and  are  responsible  for  the  formation  of  the  wave  groups. 

3)  This  three-wave  interaction  mechanism  leads  to  transfer  of  energy  between  the  trough 
and  crest  (T-*C),  and  back  and  front  (B-»F).  Over  the  middle  section  of  the  wave  group  the 
energy  of  the  crest  and  of  the  front  are  simultaneously  increased  at  the  expense  of  the  trough  and 
back,  reaching  a  maximum  at  the  center  of  the  wave  group. 

4)  Theoretical  predictions  of  the  maximum  energy  excess  in  the  breaking  quadrant  of  the 
waveform  are  given,  reaching  a  maximum  of  about  65%  at  a  value  of  initial  wave  steepness 
(ak)0  of  0.17.  Based  on  measurements,  it  is  deduced  that  excess  energy  values  of  35-40%  are 
sufficient  to  induce  breaking.  In  this  case,  ail  finite  waves  of  steepness  greater  than 
approximately  .07  will  eventually  be  caused  by  that  mechanism  to  deform  and  break. 

5)  The  predictions  of  this  theory  are  both  quantitatively  and  qualitatively  in  accord  with  the 
observations  of  Bonmarin  (1989)  and  consistent  with  at  sea  observations  of  wave  defomiation 
and  wave  breaking  in  groups,  as  well  as  laboratory  studies  of  wave  instability,  deformation, 
and  breaking. 


Non  DtmcAitod«!  £*cea  E/wfy. 
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Figure  3,  Regions  of  Breaking  vs.  Tank  Length 
from  Long  Tank  Experiments  of  Su  A  Green  (1984) 


Mate  A  Iwagiki  (1986) 

Figure  4.  Connections  of  Wave  Breaking  to  Side-Band 
Instability,  Wave  Grouping  &  Wave-Form  Deformation 


Group  ptu*.  6k  <X  x0)  Figure  6.  Excess  Energy  in  Breaking  Quadrant 

Figure  5.  Excess  Cxct t  Energy  v$.  Position  in  Group  (r/i*t//2,  (ak)c«0  \)  |  g  (jjUa  0f  Melville(l982)t  (ak)<j*0.23,  (c/a^-l/YI | 
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Appendix 

The  solution  for  wave  elevation  -q, 

Tl  =  -ni+Tho  +  Tht 

with  rj,  =  acosx  +  e+cos%+  +  e-cosx' 

TI20  =  1/2  ka2  cos  2x  +  1/2  ke*2  cos2x+  +  1/2  ke-2  cos2x' 

+  ka  e+  cos(x++x)  +  ha  £-  cos(x+X‘)  +  ke+e  cos(x++x  ) 

1321  -  (Sw/coq)  ke+2  cos2x+  ~  (Sco/coq)  ke-2  cos2x' 

+  (Sto/o>0)  ka  £+  cos(x++x)  -  (Stu/ug)  ka  e-  cos(x+X") 

-  3/2  (Sto/ojo)  ka  e+  cos(x+-X)  - 1/2  (5oVco0)  ka  e-  cos(x*X  ) 

-  2  (6m/ (%)  ke+e-  cos(x+-X  ) 
and  solution  for  the  potential  6, 

$  =  010  +  011  +  021 

with  <t>!0  =  o)0/kasinxek>-t-m0/k(i+6k/k)e+sinx+e<k+5k)y  +  (o0/k(i-5k/k)e-sinx'e^-5k^ 
0i ,  =  (6w/ wq)  tDo/k  (l+6k/k)  e+  sinx+  e(k+5k)y  -  (eco/Wo)  0)(/k  (l -  5k/k)  £'  sinx'  e(k  8k)y 
02,  =  -  co0ae+  sin(x+-x)  e6ky  -  o)0ae-  sin(X-X)  e6ky  -  cOyE+E-  sin(x+-x)  e25ky 

where 

X+  =  X  +  A  -  Yf,  X'  =  X  -  A  -  T".  X  -  hx  -  cot,  A  =  5k  x  -  60)  t. 

And  also  the  nonlinear  dispersion  relation  becomes, 

(o  =  co0  [  1  +  1/2  (ka)2  +  (ke+)2  +  (ke)2  +  (k2e+E)  cos(yf+Y“)]- 
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Summary 

Based  on  the  generalized  circulation  theorem,  it  is  shown  that  there  are  two  possible 
mechanisms  to  create  rotational  fluid  motion  (i.e.  vorticity)  at  a  two-fluid  interface:  baroclinic 
torque  and  viscous-shear  torque.  When  the  surface-tension  forces  are  included,  an  additional 
torque  is  possible  due  to  the  discontinuity  in  stress  tensor  at  the  interface.  Both  baroclinic  and 
viscous-shear  torques  require  the  presence  of  fluid-density  gradients.  Vortical  flows  which 
appeared  at  wave  breaking  must  have  been  created  by  those  mechanisms. 


Introduction 

The  majority  of  water-wave  problems  are  described  based  on  the  potential-flow  theory.  The 
theory  is  adequate  since  vortical  flows  generated  at  a  solid  boundary  remain  in  the  thin  boundary 
layer  due  to  the  oscillatory  nature  of  the  flow;  the  rotational  pan  of  the  flow  plays  little  role  in 
the  irroiational-flow  dynamics.  Even  during  the  process  of  wave  breaking,  flow  irrotationality 
persists  .  Numerical  results  based  on  the  boundary-integral-equation  method  (e.g.  Longuet- 
Higgins  &  Cokelet,  1977)  have  evidently  demonstrated  an  over-turning  wave-front  motion  of 
irrotational  flow.  Nevertheless,  once  the  over-turning  fluid  touches  down  and  reconnects  to  the 
water  in  front  of  the  wave,  the  potential-flow  theory  breaks  down;  strong  flow  circulation 
appears  and  the  fluid  motion  becomes  vortical  and  generates  turbulence. 

A  jet  entering  a  quiescent  ambient  fluid  body  also  causes  eddy  motions;  the  initially  quiescent 
(irrotational)  ambient  fluid  becomes  vortical.  In  this  case,  fluid  rotation  is  created  in  the 
boundary  layer  at  the  wall  of  jet  nozzle  and  is  then  advected  into  the  ambient  fluid  body.  The 
same  is  true  for  a  barotropic  mixing  layer.  Vorticity  is  introduced  to  the  fluid  domain  from  the 
upstream  boundary  layers  such  as  that  created  along  a  split  plate.  On  the  other  hand,  eddies 
associated  with  wave  breaking  are  not  caused  by  vorticity  advection  from  the  solid  boundary. 
During  wave  breaking,  fluid  rotation  must  be  created  at  the  free  surface  (i.e.  the  air-water 
interface)  from  the  initially  irrotational  state;  the  rotational-flow  formations  are  evidently 
different  from  the  case  of  a  jet  or  mixing  layer.  The  question  is  how  the  vorticity  is  generated. 

First,  vorticity  creation  mechanisms  are  reviewed  in  terms  of  flow  circulation.  The  generalized 
circulation  theorem  is  then  applied  to  a  two-layer  fluid  system.  In  a  continuous  stress  field, 
there  are  only  two  possible  mechanisms  which  produce  fluid  rotation  at  the  interface  of  two 
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fluids;  namely,  barociinic  torque  and  viscous-shear  torque.  When  the  surface-tension  effect  is 
included,  an  additional  torque  is  possible  due  to  a  discontinuity  in  stress  tensor  at  the  interface. 

The  air-water  interface  is  a  two-fluid  interface  and  is  often  treated  as  a  'free1  surface  in  a 
traditional  water-wave  problem;  i.e.  the  stresses  vanish  at  the  free  surface  and,  consequently,  it 
is  a  barotropic  surface.  The  concept  of 'free'  surface  is  an  approximation  based  on  the  fact  that 
the  air  density  is  much  smaller  than  that  of  water,  hence  the  air  dynamics  do  not  influence  the 
dynamics  of  water  flow.  Contrary  to  this,  it  is  shown  that  the  free-surface  condition  of 
vanishing  stresses  is  not  a  good  approximation  in  terms  of  the  production  of  fluid  rotations.  In 
order  to  correctly  evaluate  vortical-tiu»v  production  at  the  interface,  the  surface  must  be  viewed 
as  an  air-water  two-layered  fluid  system;  i.e.  the  existence  of  air  cannot  be  neglected  in  the 
analyses. 

Generalized  Flow-Circulation  Theorem 

Fluid  rotation  can  be  measured  in  terms  of  flow  circulation  T,  which  is  defined  by 

r  =  |u  dx  =  JwdA,  (1) 

where  u  is  the  fluid  particle  velocity,  G)  is  the  vorticity  (i.e.  curl  u),  x  is  the  position  vector  of  a 
closed  integration  contour  c,  and  A  is  the  area  vector  of  the  surface  s  whose  boundary  is  a 
single  closed  curve  c,  see  Fig.  1. 


Figure  1.  A  closed  integration  contour  c  on  a  surface  S;  the  surface  s  is  enclosed  by  c  and  is 
defined  by  the  area  vector  A:  s  e  S;  n  is  the  normal  unit  vector  in  the  two- 
dimensional  space  S  pointing  outward  from  the  surface  s. 
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The  rate  of  change  in  circulation  T  following  fluid  parcels  that  make  up  the  curve  c  can  be  found 
to  be 

(Du/Dt)  •  dx,  (2) 


where  D/Dt  is  the  material  derivative.  Applying  Newton's  second  law  of  motion  to  the  fluid 
parcels  along  c,  (2)  becomes 


DT  _ 
Dt 


div  Cij  +  fj  •  dx  , 


(3) 


where  p  is  the  fluid  density,  o,y  is  the  stress  tensor,  and  f  is  the  body  force  per  unit  mass. 
Under  the  action  of  conservative  body  force,  the  integration  of  f  along  a  closed  path  vanishes 
and  (3 )  becomes 


DC  = 

Dt 


dx  . 


(4) 


For  Newtonian  fluids,  the  stress  tensor  a-  is  expressed  as 

Oij  =  -  P  5 ij  +  Sij ,  (5) 

where  P  is  the  pressure,  5,;  is  the  Kronecker  delta,  and  Sy  is  the  deviatoric  stress  tensor: 

=  2  p  |e,j  - 1  (div  u)  8,y) ,  (6) 

p  is  the  dynamic  viscosity  of  the  fluid,  and  ctJ  is  the  rate-of-strain  tensor: 

ei;  =  ^  (grad  u  +  (grad  u)T)  ,  (7) 

where  the  superscript  T  denotes  the  transpose. 


Assuming  the  fluid  to  be  incompressible,  inviscid,  and  homogeneous  (the  fluid  density  p  being 
uniform  in  the  entire  fluid  domain) ,  (4)  is  reduced  to  the  well-known  Kelvin  theorem: 


DC  ,  .1 

Dt  p 


1 


(grad  P) 


dx  =  -  C 

P 


ldP*0' 


(8) 


Equation  (8)  states  that  flow  circulation  F  around  a  closed  curve  c  moving  with  the  fluid  remains 
constant.  In  other  words,  if  the  flow  field  is  initially  irrotalional,  flow  circulation  cannot  be 
created  in  an  inviscid,  homogeneous  fluid  domain.  Because  the  integration  surface  s  is  arbitrary 
in  (1),  Kelvin’s  theorem  indicates  that  no  vorticity  is  created  in  the  fluid  domain. 
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If  the  fluid  is  homogeneous  and  viscous,  then  (4)  becomes 


Cf  „  t  [  v2  u  •  dx 

Ot  pjc 


P 


O)  •  dA 


•si 


(gradit  0)J  •  n  dc  , 


(9) 


by  using  the  Stokes  theorem  and  the  two-dimensional  form  of  the  divergence  theorem.  In  (9), 
V  is  the  Laplacian  operator,  co^  is  a  component  of  the  vorticity  vector  which  is  normal  to  the 
surface  s,  grad,  is  the  two-dimensional  gradient  operator  taken  in  the  direction  on  the  surface  S 
which  contains  the  integration  surface  s  (s  e  S,  see  Fig.  1),  n  is  the  normal  unit  vector  in  the 
two-dimensional  space  S  pointing  outward  from  the  surface  domain  s.  Equation  (9)  represents 
the  time  rate  of  change  in  flow  circulation  due  to  molecular  diffusion  of  vorticity  across  the 
boundary  of  integration  surface  s  that  is  enclosed  by  the  line  c.  Hence  the  flow  circulation  is 
changed  due  to  the  flux  of  vorticity  from  the  surroundings.  Since  the  closed  line  c  is  arbitrary, 
suppose  that  the  line  c  is  expanded  to  the  boundary  of  the  entire  (homogeneous)  fluid  domain. 
Then,  it  is  evident  that,  if  the  flow  is  initially  irrotational  everywhere,  fluid  rotation  can  only  be 
caused  by  the  molecular  diffusion  flux  from  the  boundary  but  cannot  be  created  within  the  fluid 
domain. 


In  the  case  of  non-homogeneous  and  in  viscid  fluids,  flow  circulation  can  be  produced  within 
the  fluid  domain  whenever  the  fluid  is  displaced  from  a  state  in  which  the  pressure  gradient  and 
the  density  gradient  are  parallel,  and  (4)  becomes 

dx  =  j  -E(grad  p  x  grad  p)  •  d  A  ,  (10) 

J  s  ” 

where  x  denotes  the  vector  (cross)  product.  This  is  often  called  the  Bjerknes  theorem  (see,  for 
example,  Lamb,  1932,  art.  no.  166  a),  and  represents  the  time  rate  of  change  in  circulation  by 
’baroclinic  torque'  following  fluid  parcels  that  make  up  the  curve  c  :  see,  for  example,  Yeh 
(1991)  for  a  physical  interpretation  of  baroclinic  torque. 


Assuming  an  incompressible  Newtonian  fluid  and  a  conservative  body  force,  but  allowing 
variations  of  fluid  density  and  viscosity,  (4)  becomes 


^Dt" =  j  p^  fp  ^r3C*  ^  X  ®raC*  ^  +  ^ 


-Mgrad  p  x  div  (2p  e,y))  +  grad  n  x  V2u  J  •  dA  . 


(ID 


The  first  term  in  the  integrand  represents  the  production  of  fluid  rotation  by  baroclinic  torque; 
the  second  term  represents  the  diffusion  of  vorticity  from  the  surroundings;  the  third  term 
represents  the  creation  of  fluid  rotation  due  to  non-uniform  fluid  acceleration  caused  by 
inhomogeneous  fluid  media  (this  mechanism  is  termed  as  viscous-shear  torque  —  see  Yeh 


(1991)  for  a  physical  interpretation);  the  last  term  represents  the  torque  produced  by  a  spatial 
variation  of  viscous  force. 


Consider  a  fluid  domain  which  consists  of  two  homogeneous  fluids  separated  by  a  sharp 
(discontinuous)  interface.  As  discussed  earlier,  within  a  homogeneous  fluid  domain,  there  is  no 
mechanism  to  create  fluid  rotation;  any  rotational  motion  must  be  created  at  the  boundary  and 
then  transferred  into  the  fluid  domain  via  diffusion.  This  is  also  true  for  a  two-layer  fluid 
system.  The  only  source  for  fluid  rotation  is  at  the  boundaries  and  the  interface  of  two  fluids. 
The  production  of  fluid  rotation  at  a  solid  (no-slip)  boundary  was  discussed  by  Lighthill  (1963) 
and  here  I  focus  on  a  two- layer-fluid  interface.  Again  assuming  the  body  force  to  be 
conservative  and  using  the  Stokes  theorem,  (4)  can  be  expressed  as 


=  I  -  -Mgrad  P  x  div  aJ  +  i 
a  \  P2  P 

Js 


-*-  curl  div  CF|.  -  dA  . 
P 


Note  that  the  gradient  of  fluid  density  is  always  in  the  direction  normal  to  the  interface  of  two 
fluids.  Suppose  that  a  contour  path  c  is  taken  along  the  interface  as  shown  in  Fig.  2. 


fluid  1 


5  =  * 


^  "  o 


fluid  2 


Figure  2.  Integration  contour  c  enclosing  the  interface  of  fluids  1  and  2;  the  ^-coordinate  points 
in  the  direction  along  the  interface;  I,  and  Lj  are  the  segments  of  the  contour  c, 

which  are  parallel  to  the  interface  £  €  (0,A.j  and  are  separated  by  5;  n  is  the  normal 
unit  vector  pointing  outward  from  fluid  2. 
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Taking  the  limit  as  the  thickness  5  — » 0  ot  the  narrow  strip  area  enclosed  by  the  contour,  (12) 
can  be  reduced  to 


-Hm  4-  aM-I  n  x  div  a,i  +  -L  curl  div  a, 
Dt  *-*<>  JJs  \p/  p 


•  dA 


(l  3a) 


•x. 

=  J  (a(1)  nx  div  o,yj  •  nA  d£ 


(13b) 


where  A(l/p)  -  (1/p,  -  l/p2),  n  is  the  normal  unit  vector  pointing  outward  from  fluid  2  as 
shown  in  Fig.  2,  and  nA  =  A/1AI  is  the  unit  vector  on  the  interface  pointing  perpendicular  to  the 
integration  curve  from  0  to  X.  The  second  integrand  in  (13a)  vanishes  as  5  — » 0  because  the  net 
force  acting  on  a  fluid  parcel  (=  div  a,j)  is  continuous  ard  Finite  across  the  interface  (this  is  not 
true  if  the  surface-tension  effect  is  considered).  Equation  (13b)  indicates  that  flow  circulation 
can  be  produced  at  the  interface  due  to  the  singularity  in  grad  (1/p).  For  Newtonian  fluids,  oiy 
can  Nr  expressed  by  (5),  hence  (13b)  is  expressed  as 


where  the  subscript  l;  in  the  second  integrand  denotes  the  ^-direction  component  rf  (div  S ;y),  the 
net  viscous  force  acting  on  a  fluid  parcel.  Equation  (14)  evidently  indicates  that  there  are  only 
two  mechanisms  to  create  fluid  rotation  at  the  interface  of  a  two-layer  fluid  system:  baroclinic 
torque  and  viscous-shear  torque,  i.e.  the  first  and  third  terms  in  (1 1),  respectively. 

The  surface-tension  force  becomes  important  when  the  curvature  of  an  interface  is  large.  If  the 
value  of  surface  tension  is  constant,  the  dynamic  boundary  condition  (i.e.  the  equality  of  forces 
on  the  surface  of  each  fluid)  becomes 

(oUj  -  o2.,y )  •  n  =  -  y  (Ri'1+R21)  n  .  (15) 

where  a^y  is  the  stress  tensor  evaluated  in  fluid  1  at  the  interface,  a2a y  is  the  stress  tensor 
evaluated  in  fluid  2  at  the  interface,  R  [  and  R2  are  the  principal  radii  of  curvature  of  the 
interface,  y  is  the  surface  tension  (assumed  to  be  constant)  between  the  two  fluid  media,  and  n 
is  the  unit  noimal  vector  pointing  outward  from  fluid  2  as  shown  in  Fig.  2.  Then,  (14)  is  no 
longer  valid  since  div  ot -tJ  is  discontinuous  across  the  interface.  Note  that  as  long  as  y  is 
constant,  the  surface-tension  force  only  affects  the  normal  component  of  stresses  but  not  the 
tangential  components.  Considering  a  two-dimensional  flow  domain  for  simplicity  and 
assuming  the  normal  component  of  viscous  stresses  to  be  negligible  (e.g.  in  the  case  of  a  thin 
boundary-layer  flow),  the  surface-tension  effect  (15)  can  be  reduced  to 
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Pi  -  P2  =  Y  £ 


t_(l • 

where  R  is  the  radius  of  curvature,  T]  is  the  elevation  of  interface  which  is  a  function  of  the 
horizontal  position  x  and  time  t,  rj  =  r)  (x,t),  and  d  denotes  partial  differentiation  with  respect  to 
the  letter  subscript.  Instead  of  the  surface-integral  form  of  (12),  the  contour  integration  in  the 
form  of  (4)  is  used  to  evaluate  the  time  rate  of  circulation  production.  Taking  the  closed  contour 
as  shown  in  Fig.  2  with  diminishing  thickness,  i.e.  6  — >  0,  the  contribution  to  the  closed 
contour  integral  is  the  integrals  along  the  lines,  £i  and  £2.  parallel  to  the  interface.  Then, 

d?  ■JrJpd'vH  dx 

-(  *'7, 

J  J  L 2 


Using  (16), 


3_(p  p  ,  M  i  -3a.n(3„if 

*  ‘  (1  *Mf 


Substituting  (18)  into  (17)  yields. 


L\  .  |Ail(div s,i  +  -3a,n (gwn)2)  I  .. 


Pi  (l  + 


11  apt  u  lW^..  e.a  ,  y  Infill  +  (d„r))2) -3a,r|(a„r|f| 


|AI  — i  -  |a— |(div  S,yj  + 
p)  dt  p  s 


P2  ( 1  +(5,-nff 


Note  that  (19)  reduces  to  (14)  by  neglecting  the  surface-tension  effect. 
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Air-Water  Interface 

At  the  air-water  interface  (considering  fluid  1  to  be  air  and  fluid  2  to  be  water  in  Fig.  2),  the 
fluid  density  of  air  (»  0.0012  gm/cm3)  is  much  smaller  than  that  of  water  (=  1.0  gm/cm3):  p, 

«  p2.  Based  on  (14),  even  though  the  values  of  8P/34  and  (div  Sy)^  are  infinitesimal  (as  often 
ignored  at  the  'free'  surface  boundary  condition  in  a  traditional  water-wave  problem),  the 
production  rate  of  fluid  rotation  is  not  necessarily  infinitesimal  due  to  the  large  value  of  A(i/p). 
In  fact,  Yeh  (1991)  showed  using  the  order-of-magnitude  analysis  that  the  production  rate  of 
circulation  is  finite  at  the  air-water  interface  of  a  steadily  advancing,  fully  developed  bore.  He 
further  showed  that  the  dominant  generation  mechanism  of  fluid  rotation  at  the  front  face  of  a 
bore  is  the  baroclinic  torque  caused  by  the  dynamic  pressure  variation  along  the  interface;  the 
magnitude  of  viscous-shear  torque  is  insignificant. 

The  surface-tension  effect  on  circulation  production  is  included  in  (19).  It  is  emphasized  that 
the  surface-tension  force  acts  in  the  plane  of  interface;  therefore,  it  cannot  form  a  torque  and  is 
not  capable  of  directly  creating  fluid  rotation.  However,  the  (constant)  surface-tension  can 
create  a  variation  in  the  normal  component  of  fluid  stresses;  the  variation  in  stresses  is  what 
produces  imbalanced  forces  (torque)  and  triggers  fluid  rotation,  i.e.  the  second  integrand  in 
(13a)  no  longer  vanishes.  According  to  (19b),  the  surface-tension  effect  can  be  neglected  if  the 
pressure  field  in  the  air  is  known  because  A(l/p)  »  1/pj  »  l/p2;  i.e.  the  magnitudes  of  first 
and  second  terms  in  (19b)  dominates  over  the  last  term.  On  the  other  hand,  if  the  circulation 
production  rate  is  computed  with  the  pressure  field  in  water,  the  term  representing  surface- 
tension  effect  is  not  negligible  and  must  be  included  in  (19a).  In  order  to  compute  the  pressure 
variation  along  the  air-water  interface  of  a  bore,  Yeh  (1991)  applied  the  Bernoulli  theorem  to  the 
water  domain  neglecting  the  surface-tension  effect  in  his  order-of-magnitude  analysis.  Since  the 
evaluation  of  surface  tension  effect  is  difficult,  it  is  not  clear  whether  this  deficiency  causes 
significant  errors  in  the  results. 

The  assumption  of 'free’  surface  is  not  only  the  absence  of  stresses  at  the  interface  but  also  the 
negligence  of  the  fluid  (air)  itself  at  the  other  side  of  the  interface,  i.e.  hypothetically  considered 
to  be  a  vacuum.  Such  a  state  is  of  course  physically  impossible.  It  is  emphasized  that  based  on 
the  fundamental  analysis  of  the  flow-circulation  theorem,  there  are  only  two  mechanisms  to 
create  fluid  rotation  at  a  two-fluid  interface:  baroclinic  torque  and  viscous  shear  torque.  The 
only  possible  modification  to  these  mechanisms  is  due  to  surface-tension  force.  The  vortical 
flows  which  emerge  from  wave  breaking  must  be  created  by  the  mechanisms  discussed  herein:  1 
can  find  no  other  explanation. 


This  work  was  completed  during  my  visit  to  Cornell  University.  I  thank  Dr.  Philip  Liu  for  his 
hospitality. 
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Summary 

A  numerical  wave  model  with  a  full  solution  to  the  nonlinear  spectral  transfer  terms  is 
used  to  determine  whether  the  atmospheric  input  and  dissipation  source  terms  proposed 
in  previous  wave  model  studies  are  consistent  with  observed  fetch  limited  data.  It  is 
shown  that  existing  representations  are  at  variance  with  observed  data  and  that  their 
spectral  form  is  biased  by  assumptions  made  to  reduce  the  computational  time.  A  more 
appropriate  representation  is  developed  with  an  input  source  term  proportional  to  the 
square  of  the  inverse  wave  age  and  a  dissipation  source  term  proportional  to  the  square 
of  the  wave  number.  The  results  also  raise  questions  as  to  the  applicability  of  presently 
used  directional  spreading  models. 


1.  Introduction 

The  source  terms  currently  used  in  third  generation  wave  prediction  models  such  as  the 
WAM  Model  (WAMDI  group,  1988)  have  been  developed  from  a  combination  of  theo¬ 
retical  considerations,  field  data  and  numerical  experiments  using  fetch  limited  models 
with  full  solutions  to  the  nonlinear  terms.  These  numerical  experiments  have  determined 
the  dissipation  term  required  to  balance  the  other  source  terms  and  produce  growth  rates 
consistent  with  measurements.  Little  effort  has,  however,  been  devoted  to  determining 
whether  the  selected  dissipation  term  also  reproduces  the  observed  detail  structure  of  the 
spectrum.  With  the  recent  availability  of  more  detailed  directional  spectral  data  (Donelan 
et  al.,  1985;  Banner,  1990),  a  more  critical  assessment  of  presently  used  source  terms  is 
now  possible.  This  paper  will  present  the  results  of  a  detailed  set  of  numerical  experiments 
to  determine  whether  existing  source  terms  produce  fetch  limited  spectral  development 
in  agreement  with  the  observed  data.  Alternative  representations  which  may  be  more 
suitable  will  also  be  explored. 

2.  Numerical  Model 

For  fetch  limited  conditions  the  two-dimensional  energy  balance  equation  can  be  simplified 
to  the  one-dimensional  form  (Komen  ct  al.,  1984) 


M.  L.  Banner,  R.  H. ).  Grimshaw  (Eds. I 
Breaking  Waves 
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C?—  cosO  =  S,„  +  Sni  +  Sda  =  Stot  (1) 

where  Cg  is  the  group  velocity  and  E  =  E(f,0)  is  the  directional  wave  spectrum  which 
is  a  function  of  frequency  and  direction.  The  source  terms  on  the  right  of  the  equation 
represent  the  processes  of  atmospheric  input  from  the  wind,  nonlinear  interactions  within 
the  spectrum  and  dissipation,  respectively.  Representations  for  S,n  and  Sda  will  be  pre¬ 
sented  below.  For  the  present  application,  a  full  solution  to  the  nonlinear  term,  S„i  using 
the  method  of  Resio  and  Perrie  (1991)  has  been  used.  A  similar  model  was  used  by 
Komen  et  al.  (1984)  to  determine  an  appropriate  representation  for  Sd3-  Full  solutions  to 
Sni  are  computationally  very  expensive  and  to  reduce  this  expense,  Komen  et  al.  (1984) 
performed  explicit  calculations  only  for  frequencies,  /  <  2.5/p,  where  fp  is  the  frequency 
of  the  spectral  peak.  For  frequencies  above  this  limit  a  diagnostic  tail  proportional  to  /~s 
was  imposed.  As  we  arc  interested  in  the  detailed  behavior  of  the  high  frequency  spectral 
region,  such  a  tail  has  not  been  imposed  in  this  work.  Instead,  explicit  calculations  have 
been  performed  to  the  high  frequency  spectral  limit  of  the  computational  grid  (ss  1  Hz). 
Due  to  the  nature  of  the  nonlinear  interactions,  it  is  important  that  possible  interactions 
with  spectral  components  at  frequencies  beyond  this  cut-off  also  be  considered.  In  order 
to  account  for  such  interactions,  the  energy  at  these  non-grid  points  was  estimated  by 
extrapolating  the  spectrum  beyond  the  high  frequency  limit  with  an  /~4  tail.  A  number 
of  sensitivity  tests  were  conducted  to  determine  whether  this  tail  had  significant  influ¬ 
ence  on  the  computations.  Provided  the  computational  grid  is  extended  to  relatively  high 
frequencies,  as  in  the  present,  calculations,  the  tail  has  negligible  impact. 

Equation  (1)  was  integrated  using  a  first  order  explicit  finite  difference  scheme.  The 
space  step  Ax  was  chosen  dynamically  so  as  to  maintain  both  accuracy  and  numerical 
stability  { Komen  et  al.,  1981).  The  size  of  Ax  was  controlled  by  the  the  high  frequency 
regions  of  the  spectrum  where  the  waves  react  rapidly  to  the  source  terms.  Since  explicit 
calculations  are  carried  out  to  quite  high  frequencies,  Ax  is  necessarily  small.  Typical 
values  ot  Ax  are  between  1  and  2  metres. 

3.  Exit  mg  Source  Term  Representations 

In  order  v  asses'-  the  adequacy  of  existing  source  terms,  the  forms  for  Sin  and  Sd ,  proposed 
by  Kom'u  et  al.  (1984)  were  used. 

S,„  =  3  x  10-4u>  -cosO  -  1  E(f,0)  (2) 

Sda  =  3.33x  io-5ujf=)"f^4-)  E(f,0)  (3) 

\otpM  J 

where  w  =  2irf  is  the  radian  measure  of  frequency,  u*  is  the  friction  velocity,  C  is  the 
wave  ph.  se  speed,  u>  is  the  mean  spectral  frequency,  q  is  a  spectral  steepness  parameter 
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and  dpi/  is  the  value  of  a  at  the  Pierson- Moskowitz  limit.  These  final  three  parameters 
are  defined  in  Komen  et  al.  (1984).  Komen  et  al.  (1984)  set  both  n  and  m  in  Equation 
(3)  at  a  value  of  2. 

Figure  (1)  shows  a  plot  of  the  total  energy  (/ E(f,6)dfd0)  as  a  funct*  -n  of  the  fetch 
x  for  a  case  were  the  wind  velocity  U\q  =  10ms-'1.  The  result  is  also  compared  with 
the  JONSWAP  (Hassclmann  et  al.,  1973)  growth  relationship  and  the  Pierson-Moskowitz 
asymptotic  limit  (Pierson  and  Moskowitz,  1964). 


o 

o 


X 

Figure  (1)  Fetch  limited  growth  curves  for  a  wind  speed  Uxo  =  1 0ms-1  for  models  with  an  unconstrained 
tail  and  an  /“*  diagnostic  tail  for  /  >  2.5 fp.  The  JONSWAP  and  PM  relationships  are  also  shown. 

It  is  quite  clear  that  the  growth  rate  is  significantly  lower  than  the  JONSWAP  relationship 
and  that  the  energy  will  asymptote  to  a  value  lower  than  the  Pierson-Moskowitz  limit. 
Figure  (2)  shows  the  wind  direction  slice  of  the  wave  number  spectrum  normalized  by 
the  factor  k .  Based  on  observational  data,  Banner  (1990)  has  argued  that  the  high  wave 
number  region  of  the  wind  direction  slice  is  proportional  to  k~i.  The  model  yields  a  high 
wave  number  region  approximately  proportional  to  k~4  (fc-3  7),  but  the  constant  of  pro¬ 
portionality  is  more  than  a  factor  of  two  higher  than  the  Banner  (1990)  result.  Although 
detailed  spectra  were  not  published  by  Komen  et  al.  (19S4),  the  present  calculations  do 
not  appear  to  be  consistent  with  their  results.  To  determine  whether  the  Komen  et  al. 
(1984)  results  were  biased  by  the  inclusion  of  the  high  frequency  diagnostic  tail,  a  second 
simulation  was  performed  with  an  /~5  tail  imposed  for  /  >  2.5 fp.  The  growth  rate  and 
wind  direction  slice  of  the  wave  number  spectrum  arc  shown  in  Figures  (1)  and  (2),  respec¬ 
tively.  The  influence  of  the  diagnostic  tail  is  clear,  with  a  significantly  enhanced  growth 
rate  and  a  wind  direction  slice  with  a  significantly  reduced  proportionality  constant  at 
high  wave  numbers. 
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k(cpm) 

Figure  (2)  The  wind  direction  slice  of  the  wave  number  spectrum  normalized  with  the  factor  fc4.  Results  for 
the  model  with  an  unconstrained  tail  and  the  diagnostic  tail  as  well  as  the  Banner  (1990)  result  are  shown. 


The  reason  for  this  effect  is  shown  in  Figure  (3)  where  the  one*  dimensional  frequency 
spectra  and  each  of  the  source  terms  is  shown  for  the  two  spectra  of  Figure  (2).  Although 
these  two  spectra  have  the  same  total  energy  and  similar  values  of  /p,  the  shape  of  the 
spectra  are  quite  different.  The  spectrum  with  the  diagnostic  tail  has  significantly  less 
energy  at  high  frequencies  and  is  also  much  more  peaked.  The  nonlinear  source  term,  Sni 
is  very  sensitive  to  the  peakedness  of  the  spectrum  and  is  consequently  much  larger  for 
the  peaked  spectrum.  It  is  the  increased  magnitude  of  S„i  which  is  largely  responsible  for 
tire  increased  growth  rate  observed  for  the  run  with  the  diagnostic  tail. 

As  a  result,  it  can  be  concluded  that  the  Komcn  et  al.  (1984)  result  is  heavily  biased  by 
the  inclusion  of  the  diagnostic  tail.  Models  which  use  the  source  terms  represented  by 
Equations  (2)  and  (3)  can  only  yield  reasonable  results  if  an  artificial  diagnostic  tail  is 
also  included. 

4.  Alternative  Representations  for  the  Source  Terms 

As  a  result  of  the  poor  performance  of  existing  source  terms,  an  effort  was  made  to  find 
more  satisfactory  representations.  Plant  (1982)  has  indicated  that  at  high  frequencies, 
S’,„  is  proportional  to  ( utfC )2  rather  than  (u«/C  -  1)  as  represented  by  Equation  (2). 
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Figure  (3)  The  one-dimensional  frequency  spectrum  as  well  as  each  of  the  source  terms.  Results  are  shown 
for  both  the  free  and  diagnostic  tails. 


Yan  (1987)  has  developed  a  polynomial  form  for  5,„  which  approximates  Equation  (2)  at 
low  values  of  u.jC  and  smoothly  transitions  to  a  (u./C)2  dependence  at  high  values  of 

u./C: 


Stn  =  0.04  cos  0  +  0.00544  cos  0 


+0.000055  cos  0  -  0.0003 1 1  w£(/,  0) 


(4) 


Equations  (2)  and  (3)  yielded  spectra  with  too  much  energy  at  high  wave  numbers.  One 
means  of  reducing  this  energy  would  be  to  adopt  an  5<j,  representation  with  a  higher 
power  dependence  on  u>  than  2. 

Runs  were  performed  with  the  power  n  in  Equation  (3)  set  at  3  and  4  and  with  S,n 
represented  by  Equation  (4).  The  growth  rates  are  shown  in  Figure  (4)  and  the  wind 
direction  slices  of  the  wave  number  spectra  in  Figure  (5).  As  expected,  increasing  the 
value  of  n  (which  increases  the  dissipation  at  high  frequencies  relative  to  lower  frequencies) 
decreases  the  energy  in  the  high  wave  number  region  of  the  spectrum.  As  a  consequence, 
S„i  is  increased  and  the  growth  rate  increases. 
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x 

Figure  (4)  Fetch  limited  growth  curves  for  a  wind  speed  Uio  =  10ms-1  and  dissipation  terms  proportional 
to  ( u)/u)n .  The  JONSWAP  and  PM  relationships  are  also  shown. 

A  value  of  n  =  4  produces  a  growth  rate  consistent  with  the  JONSWAP  (Hasselmann  et 
al.,  1973)  observations.  In  addition,  the  high  wave  number  region  of  the  wind  direction 
slice  is  approximately  proportional  to  k~ 4  with  a  proportionality  constant  consistent  with 
Banner  (1990).  Hence,  this  representation  for  Sja  in  conjunction  with  5,„  represented  by 
Equation  (4)  yields  results  in  far  better  agreement  with  observations  than  presently  used 
forms. 


ifc(cpro) 

Figure  (5)  The  wind  direction  slice  of  the  wave  number  spectrum  normalized  with  the  factor  kA,  Results  are 
shown  for  dissipation  terms  proportional  to  (w/w)n.  The  Banner  (1990)  result  is  also  shown. 
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The  present  model  can  also  be  used  to  provide  information  on  the  direction  spread  of  the 
spectrum  as  represented  by  the  directional  spreading  function  D(Q\  k) 

F(k,O)  =  F(k,0max)D{0-,k)  (5) 

where  F(k,  6)  is  the  directional  wave  number  spectrum.  Figure  (6)  shows  D{0\  k)  at  wave 
numbers  equal  to  kp ,  2kp>  3 kp  and  4 kp.  The  spreading  function  is  uni-modal  at  the  spectral 
peak  but  with  increasing  wave  number  it  becomes  bi-modal  with  more  energy  occuring 
in  ofl-wind  directions  than  in  the  wind  direction.  Such  a  result  is  quite  different  to  the 
traditional  uni-modal  distributions  proposed  by  Mitsuyasu  et  al.  (1980),  Hasselmann  et 
al.  (1980)  and  Donelan  et  al.  (1985).  It  is,  however,  questionable  whether  conventional 
directional  spectral  measurement  techniques  have  sufficient  directional  resolving  power 
to  yield  such  a  distribution.  The  directional  spectra  presented  by  Holthuijsen  (1983) 
which  were  obtained  using  stereo  photography  do,  however,  reveal  a  similar  bi-modal 
distribution. 

The  bi-modal  distribution  is  an  extremely  robust  feature  of  the  directional  spectra  pro¬ 
duced  by  the  model.  Numerous  source  term  combinations  have  been  tested  and,  although 
other  features  of  the  spectrum  can  be  altered,  the  bi-modal  directional  distribution 


9 

figure  (6)  The  directional  spreading  function  at  different  wave  numbers. 


always  remains.  The  side  lobes  are  caused  by  5„;.  Young  and  van  Vledder  (1991)  have 
shown  that  interactions  between  wave  number  components  at  the  spectral  peak  and  ap¬ 
proximately  30°  to  the  mean  spectral  direction  are  particularly  strong.  Indeed,  source 
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term  combinations  which  produce  more  peaked  spectra  and  hence  large  values  of  5„j,  also 
have  larger  side  lobes  in  D(0;  k). 

Due  to  the  robust  nature  of  the  side  lobe  structure,  it  is  reasonable  to  assume  they 
are  not  simply  an  artifact  of  the  adopted  source  terms.  Consequently,  this  may  reveal  a 
shortcoming  of  existing  directional  spreading  models. 

5.  Conclusions 

As  a  result  of  the  numerical  experiments  performed  with  the  model  it  can  be  concluded 
that  the  Komen  et  al.  (1984)  results  are  heavily  biased  by  the  diagnostic  tail  used  for  the 
high  frequency  portion  of  their  spectra.  Consequently,  the  dissipation  term  derived  from 
their  study  and  used  in  present  day  wave  prediction  models  is  not  appropriate. 

A  source  term  combination  consistent  with  observations  involves  an  atmospheric  input 
term  proportional  to  (u,/C)2  at  large  values  of  u+/C  (Plant,  1982)  and  a  dissipation  term 
proportional  to  to4  (ie.  k2  scaling). 

The  model  also  yields  directional  spreading  functions  which  are  uni-modal  at  the 
spectral  peak  frequency,  but  become  bi-modal  at  higher  frequencies.  This  distribution 
appears  very  robust  and  hence  challenges  proposed  spreading  models. 

6.  References 

1.  Banner,  M.L.,  1990,  “Equilibrium  spectra  of  wind  waves”,  J.  Phys.  Oceangr.,  20, 
966-984. 

2.  Donelau,  M.A.,  J.  Hamilton  and  W.II.  Ilui,  1985,  “Directional  spectra  of  wind- 
generated  waves",  Phil.  Trans.  Roy.  Soc.  London,  A315,  509-562 

3.  Hasselmann,  D.E.,  M.  Dunckel  and  J.A.  Ewing,  1980,  “Directional  wave  spectra  ob¬ 
served  during  JONSWAP  1973”,  Jnl.  Phys.  Oceanogr.,  10,  8,  1264-1280. 

4.  Ilasselmann,  K.,  et  al.,  1973,  “Measurements  of  wind-wave  growth  and  swell  decay 
during  the  Joint  North  Sea  Wave  Project  (JONSWAP)”,  Dtsch.  Hydrogr.  Z.,  AS(12). 

5.  Holthuijsen,  L.H.,  1983,  “Observations  of  the  directional  distribution  of  ocean-wave 
energy  in  fetch-limited  conditions”,  J.  Phys.  Oceanogr.,  13,  2,  191-207. 

6.  Komen,  G.J.,  S.  Ilasselmann  and  K.  Hasselmann,  1984,  “On  the  existence  of  a  fully 
developed  wind-sea  spectrum”,  J.  Phys.  Oceanogr.,  14,  8,  1271-1285. 

7.  Mitsuyasu,  H.,  et  al.,  I960,  “Observations  of  the  power  spectrum  of  waves  using  a 
cloverleaf  buoy”,  J.  Phys.  Oceanogr.,  10,  286-296. 

8.  Pierson,  W.J.  and  L.  Moskowitz,  1964,  “A  proposed  spectral  form  for  fully  developed 
wind  seas  based  on  the  similarity  theory  of  S.A.  Kitaigorodskii”,  J.  Geophys.  Res., 
69(24),  5181-5190. 

9.  Plant,  W.J.,  1982,  “A  relationship  between  wind  stress  and  wave  slope”,  J.  Geophys. 
Res.,  87,  1961-1967. 


275 


10.  Resio,  D.  and  W.  Perrie,  1991,  “A  numerical  study  of  nonlinear  energy  fluxes  due  to 
wave-wave  interactions.  Part  1.  Methodology  and  basic  results”,  J.  Fluid  Mech.,  223, 
603-629. 

11.  WAMDI  Group,  1988,  “The  WAM  Model  -  A  third  generation  ocean  wave  prediction 
model”,  J.  Phys.  Oceanogr.,  18,  1775-1810. 

12.  Yan,  L.,  1987,  “An  improved  wind  input  source  term  for  third  generation  ocean  wave 
modelling”,  KNMI,  Report  WR-NRS7-8,  10pp. 

13.  Young,  I.R.  and  G.  Ph.  van  Vledder,  1991,  “A  Review  of  the  central  role  of  nonlinear 
interactions  in  wind-wave  evolution”,  in  preparation. 


Theoretical  Study  of  Breaking  Wave  Spectrum  and  its 
Application 
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ABSTRACT 

Based  on  breaking  wave  statistical  model,  we  deduced  the  relation  of  original  and  breaking  wave 
spectra.  The  anlysis  to  this  expression  shows  that  wave  breaking  produces  the  spectral  energy  loss,  which  in¬ 
creases  with  frequency,  and  peak  frequency  shifting  to  lower  equency.  Considering  that  mean  frequency 
between  extrema  is  a  logical  time  interval  in  a  wave  event,  we  obtained  a  new  theoretical  dissipation  source 
function  which  has  been  successfully  used  in  LAGFD  third  generation  numerical  wave  model. From  the 
view-point  that  the  spectral  form  in  the  equilibrium  range  is  induced  by  the  balance  of  wind  input, 
nonlinear  transfer  and  dissipation  by  wave  breaking,  we  derived  a  new  equilibrium  spectrum,  which  shows 
that  the  power  of  frequency  of  the  spectrum  changes  with  frequency  and  the  main  part  of  it  is  -  4.5. 


1.  Introduction 

Wave  breaking  studies,  like  the  general  wave  studies,  can  basically  be  put  into  two 
categories.  One  is  its  dynamical  study,  which  involves  the  strong  nonlinear  process  of 
wave  and  its  breaking  machenism.  Many  study  results  of  them  can  be  used  as  the  basis  of 
establishing  breaking  wave  statistical  model.  The  other  is  statistics  study  based  on  break¬ 
ing  wave  statistical  model.  Obviously,  because  of  the  complicacy  of  wave  breaking,  the 
combination  of  two  studies  will  provide  a  useful  method. 

As  an  important  breaking  criterion,  Longuet-Higgins  (1963)  demonstrated  that 
when  the  progressive  Stokes  wave  reaches  the  limit  state,  its  vertical  acceleration  should 
be  g/  2.  Considering  that  wave  breaking,  in  fact,  can  only  occur  around  the  extreme  of 
the  surface  elevation  (£"<  -g/  2),  Yuan  et  al.  (1988)proposed  a  new  breaking  wave  sta¬ 
tistical  model 

-*/2)+tf(c’  +g/2)  (i.i) 

£  «  /  +• 

in  which  H(  •  )  is  Heaviside  unit  step  function.  It  shows  that,  when  breaking  occurs  on 
wave  crest  (("<  -g/2),  in  the  case  of  Z>  0,  the  breaking  makes  surface  elevation  ap¬ 
proaching  the  average  sea  level  ((  =  0)and  decreasing  in  proportion  of  (g  /  2)  /  J  Z"  j ;  in 
the  4.  se  of  (  <  0,  the  breaking  makes  surface  elevation  straying  from  the  average  sea  level 
and  the  absolute  value  of  surface  elevation  increasing  in  proportion  of  |  Z"  |  /(g/2). 
On  the  basis  of  it,  Yuan  et  (1988)  derived  some  important  statistical  mean  quantities 
about  air-sea  exchange  and  i  jng  et  al.  (1989)  deduced  the  probability  function  of  surface 
elevation.  Both  results  agree  better  with  observation  data. 

As  is  known  to  all,  an  important  subject  of  sea-wave  statistical  study  is  spectral  form 
of  wind  wave  in  the  equilibrium  range.  Phillips  (1958),  by  means  of  similarity  analysis 
(gravity  being  the  main  dominating  parameter),  derived  a  spectral  form  in  the 
equilibrium,  as  follows 
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F(a>)  =  ag1  to  S  (1.2) 

Proceeding  from  extreme  theorem  of  energy  loss  by  wave  breaking,  Yuan  also  de¬ 
rived  this  spectral  form  in  his  1986  work.  It  is  obvious  that  the  spectrum  in  the  equilibri¬ 
um  is  not  dominated  only  by  gravity  or  wave  breaking,  as  supposed  earliner  by  Phillips 
and  Yuan. 

Just  as  indicated  by  Phillips  (1985), it  should  result  from  the  balance  state  of 
synthetical  effects  including  wind  input,  nonlinear  transfer  and  dissipation  by  wave  break¬ 
ing.  From  this  view-point, Phillips  (1985)  derived  new  results  different  from  his  1958 
work, 

E{K)  =  cosP  0  and  F{co)  =  yu  .  *<u ' 4  (1.3) 

which  are  able  to  fit  in  with  laboratory  and  field  observation  (Toba  1973,  Kawai  et  al. 
1977,  Donelan  et  al.  1984).  However,  in  his  deduction,  Phillips  (1985),  in  fact,  supposed 
that  dissipation  by  wave  breaking  is  in  accordance  with  nonlinear  transfer  in  form  in  the 
equilibrium  range. 


2.  Statistical  Model 


In  view  of  consideration  in  section  one,  a  suitable  breaking  wave  satatistical  model 
should  be  (1 .1) 

A  nonlinear  original  waves  can  be  considered  stationary  in  the  range  of  order  0(  §  ) 
(  is  wave  slope).  Marking  £jrs((t,),C*=£r(tj),i  =  1.2,  according  to  the  theorem  of  proba¬ 
bility  theory,  the  united  stationary  probability  density  function  can  be  written  as 


XC1,C2,C1.CI)  =  P(Cl,CIl{;i{;  )p(C,,C2) 

The  above  conditional  probability  function  can  be  written  as 


Vr  Ca-«aC, -*aCa> 


(2.1) 

(2.2) 


where  a , ,  b ( ,  a2  and  b  2  can  be  determined  under  the  condition  that  the  linear  combina¬ 
tions  {f-a^-b^and  (j-a^-bjCj  all  are  irrelevant  to  both  (jand  (2,  It  *s  easy  t0  be 
proved  that  a,  =b2=a  ,  a2  =  b,^b. 


3.  Breaking  Wave  Spectrum 


(D  Breaking  Wave  Spectrum 

The  spectrum  can  be  derived  through  Fourier  transform  on  the  correlation  function 
R^t)  =  EfCb(t,)Cb(C2)}  of  Cb(t),  in  which  t  =  t2-t,.  From(2.1),  we  can  get 

» 

£  i 
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f  -  H{ C2)  +  ^  tf(  -  C2))//(  -  C*  -  R  /  2)  +  //(c'  +  «  /  2)]} 

^2 


*F„(t)M  (5)  (3)^(5)+  4-/Ja(t)A/  («5) 

^4  M4 

in  which  5  =  %  /  la 4 .  So  the  breaking  wave  spectrum  is 

F. (to)  =  (A/2  -2—  + 

F4  /t4 


(3.1) 


=  [M  -  <—  )JJV]JF(cu)  -  'F(a>)Ffc>) 


(3.2a) 


‘P(ro)-fM-(-^)JA1J  (3.26) 

in  which  cob  =  (/i4//i2)’ 7  2  is  mean  frequency  between  extrema,  F(eo)  is  original  wave 
spectrum. 

'P(cu)  in  (3.2)  can  be  defined  as  a  breaking  filter  function,  which  affects  the  relation 
between  spectra  in  front  and  behind  of  breaking.  It  exhibits  the  fact  that  the  rate  of  energy 
loss  increases  with  frequency. 

©  Peak  Frequency  Shifting 

In  order  to  discuss  the  effect  of  breaking  on  peak  frequency  shifting,  we  take  the  par* 
tial  derivative  of  Fb(aj)  with  respect  to  to 


*FA<o) 


3f(a>)  ,  ¥(«) 


=  (3.3) 


3(0  3(0  3(0 

Supposing  that  curois  the  peak  frequency  of  original  waves,  we  have 


3F((0) 


L*(u 


Win) , 


F(<y)  <  0  (3.4) 

3(0  "-<%  3(0  "-"m 

Because  the  derivative  of  spectrum  on  frequency  is  positive  in  the  right  side  of  peak 
frequency  or  negative  in  the  left  side,  (3.4)  shows  that  the  peak  frequency  cob  ^of  Fb(a>)  is 
smaller  than  that  comof  F(a>).  It  means  that  breaking  makes  the  spectral  peak  frequency 
shifting  to  lower  frequency. 

(3)  Dissipation  Souce  Function. 

51  2 

Omitting  the  term  of  expf  —  —  }/  6  and  the  higher  order  from  (3.2)  we  have 


F6(<o)  =  tf(<u)F(  <»)  ,  *(<o)  =  (\-(~)2(p)2  (3.5) 

"  (O. 

0 

in  which 

(3'6) 

Considering  that  the  mean  period  between  extrema  Tb  =  2 n/(/r4/  n2)w  2  is  a  logical 
time  interval  in  a  wave  event,  so  we  obtain  the  dissipation  sounce  function  Sdl(co)  as  fol¬ 
lows: 
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F(io)  ~  F  (oj) 
SJo»=- - jr^- 

1  k 


-  (y ,  o>2  -y2(oA)F((o) 


(3-7) 


where 


2  <p 


T  oj  2 

b  b 


^~2  1/2  (  K  > 

— 7T^2 
n:  g 

3/2 


V 2  =  V  */  Tta>/  =  ~ — ■ ex/»{  -  f~ ) 

n  g  H 4 


(3.8a) 


(3.86) 


At  present,  the  well-adopted  dissipation  sousce  function  is  derived  by  means  of  the 
method  of  data  fitting  in  computer  according  to  n  theorem  of  dimensional  analysis 
Komen  et  al.  (1984).  However,  the  dissipation  source  function  we  have  derived  is  ex¬ 
pressed  theoritically  and  deduces  the  energy  loss  in  the  higher  wave  slope,  which  has  been 
successfully  used  in  LAGFD  numerical  wave  model  of  the  third  generation  (Yuan  et  al. 
1990). 


4.  Spectral  Form  in  the  Equilibrium  Range 


JONSWAP  (Hasselmann,  1973)  experiments  make  it  clear  that,  in  the  case  of  having 
energy  input  from  wind  to  wave,  wave  components  around  spectral  peak  frequency  (or 
wave  number)  increase  along  with  time  until  wave  is  fully  developed.  However,  the  spec¬ 
tral  increment  in  the  range  of  higher  frequency  is  far  slower,  and  the  distribution  in  phase 
space  is  gentler.  This  range  is  so  called  equilibrium  range.  The  balance  equation  of  action 
spectral  density  there  can  be  simplified  as 

(4.1) 

It  is  the  balance  of  these  three  terms  that  contral  the  spectral  form  in  the  equilibrium 
range. 

The  generally-adopted  expression  of  wind  input  Sinis  given  by  Snyder  (1980)  accord¬ 
ing  to  field  data.  In  this  paper,  we  adopt  Plant's  (1982)  result 

(K)  =  m(cos0)2’a)(~  )2N(K)  =  m(cosO)2” gk  f  B(K)  (4.2) 

c  c 

which  gives  a  good  fitting  with  measured  data  in  the  range  of  higher  frequency  (or 
wavenumber).  B(A!)  is  defined  as  the  degree  of  saturation, 

B{K)  =  kAE(K)  =  g~W2k',/1N(K)  (4.3) 

According  to  (3.7),  the  corresponding  dissipation  source  function  can  be  written  as 

N(K)-NAK)  2  4  2, 

SJK)=  -  —f(0)- - “-<?,«  ~y2<«  )cos  f0N(K) 

=  —  (y ,cu  —  y1w*)cos2R0gk  *B(K)  (4.4) 

The  complicated  theoretical  expression  of  Sn,was  represented  by  Hasselmann  (1962, 
1963).  Kitaigorodskii  (1983)  and  Phillips  (1985)  gave  an  approximate  expression  of 
nonlirear  transfer  in  the  equilibrium  range 

S',  «  g  k  N  (K)  —  tig  k  N  (K)  =  qgk  B  ( K) 


(4.5) 
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rj  is  a  positive  constant.  (4.5)  shows  that  the  nonlinear  wave-wave  interaction  produces 
the  net  gain  of  action  spectral  density  in  the  equilibrium  range.  It  is  in  accordance  with 
Hasselmann's  (1962)  discussion.  Substituting  (4.2),  (4.4)  and  (4.5)  into  (4.1),  we  have 

rjgk~*Bi  (K)  +  mcos2'0gk  t(—j-)1B(,K)~(ys<i}  —  yJO}i)cos1’0gk  *B(K)~  0  (4.6) 

The  degree  of  saturation  can  be  obtained  from  (4.6) 

B(K)  = J  y^-y^a)3  -  m(u  ,  /  c)2  cos’O 

n 

=  (~)'/1u,Jkl'2ll-'-(k/ki)<p]-k'/2  kW4cos'0  (4.7) 

2 

2  y  f> 

in  which  k  =  cu  /  g,  co  = — - — -r-.From  (4.3)  and  (4.7),  we  gain  a  wave  number 
’  *  ’  mu 

• 

spectrum  in  the  equilibrium  range  of  the  form 

E(K)  —  k  ~*B(K)  =  (  fy'”*  .  J  k  ‘/’H  ~  5  (*  /kt)<p]  ~k/l  k'UA cos’O  (4.8) 
and  the  frequency  spectrum 

F{oi)  =  2  J  kE(k)[  ~j~})d0K.ut /*  =0Lu.kJ 03 .  [1  -~(a>/ajy<p]-(Dco  9/2  (4.9) 

in  which 

a  =  4(m  /  rj)W1  I{p),  I(p)=  J  cos’ OdO  -  (P  +  1)  ]  . 

B(m,n)  is  beta  function.  (4.9)  illustrates  that  the  power  of  frequency  of  the  equilibrium 
changes  with  frequency.  The  value  of  the  spectum  depends  on  not  only  a  and  u . ,  but  also 
toband  5. 

Because  the  algebraic  expression  in  the  radical  sign  in  (4.9)  is  a  slowly  decreasing 
function,  the  main  part  of  the  equilibrium  spectrum  is 

F(co)  -  au  ,  gj  w  t  o)  9/1  (4.10) 
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Summary 

A  surface-wave  soliton,  propagating  in  a  shallow  basin  with  periodic  or  random 
bottom  irregularities,  is  considered.  It  is  demonstrated,  that  if  the  wave 
amplitude  is  sufficiently  big,  the  soliton  is  unstable  due  to  the  resonance 

between  the  transverse  perturbations,  propagating  along  the  crest  of  the  wave,  and 

the  "collisions"  of  the  soliton  with  the  bottom  irregularities. 

1.  Introduction  and  statement  of  the  problem 

Long  weakly-nonlinear  waves,  propagating  in  a  basin  with  an  uneven  bottom, 
can  be  described  by  the  modified  Kadomtsev  -  Petviashvili  equation: 

(2ux  +  3Hmuu^  +  '/2H,/2u^  +  VaH'H^  +  H,/2uyy  =  0  (1) 

Here  u  is  the  elevation  of  the  water  surface;  H  is  the  depth  of  the  basin;  x  and  y 
are  the  horizontal  spatial  coordinates  and  $  =  f  H'1/2(x,y)  dx  -  t,  where  t  is  the 
time,  is  the  phase  variable  in  the  dominant  direction  of  wave  propagation  (all 
quantities  are  made  non-dimensional  via  the  acceleration  due  to  gravity  g  and  the 

average  depth  of  the  basin  H).  This  equation  is  valid  if  the  the  wave  field 
consists  of  waves  propagating  approximately  in  the  same  direction  (close  to 

x-axis),  what  also  enables  us  to  assume  (without  any  loss  of  generality)  that  H 
does  not  depend  on  y.  In  other  words,  we  can  consider  solitons  locally  in  the 
vicinity  of  some  straight  line  y  =  yQ  (cf.  [1]). 

If  H  s  const,  Eq.  (1)  describes  plane  solitary  wave  (soliton)  propagating 
"obliquely”  at  a  phase  speed  (v,.v2): 

U  =  2  H3/2V  cosh'2[(3/2H‘,/2V),/2  9],  (2) 
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where  V  =  2v(  -  H3/2v22,  5  =  d  -  VjX  -  v^y.  The  soliton  (2)  is  stable  in  respect 
to  transverse  perturbations  (cf.  [2]). 

Consider  now  a  periodic  bottom  topography  and  a  soliton,  propagating  along 
the  x-axis  with  its  crest  being  parallel  to  the  y-axis  (v^  =  0).  Introducing  the 
frequency  ft  of  the  "collisions"  of  the  soliton  with  the  periodic  bottom 

irregularities,  one  can  see  that  the  transversal  perturbation  with  the  frequency 
equal  to  Vzft  is  'tuned'  to  a  parametric  resonance  with  the  bottom  irregularities. 

The  amplitude  of  this  perturbation  grows,  what  can  can  eventually  destabilize  the 

soliton  itself.  Obviously,  this  qualitative  consideration  can  be  applied  to  the 

case  of  random  topography  as  well,  where  instead  of  a  single  unstable  frequency, 
there  is  a  wide  spectrum  of  unstable  perturbations,  corresponding  to  continuous 
spectrum  of  the  random  bottom  irregularities. 

The  present  paper  is  devoted  to  the  investigation  of  the  instability  of 
shallow-water  solitons  over  random  bottom  topography.  Since  the  wave  length  of  the 
transverse  perturbations  is  much  greater  than  the  width  of  the  soliton,  the  latter 
is  likely  to  be  unstable  in  respect  to  the  smooth  irregularities: 

H  =  H(ex),  (3) 

where  0  <  e  «  1  is  the  small  parameter. 


2.  Easic  equations 

Having  changed  the  variables:  x  =  ex,  y  =  ey,  5  =  0  -  e'1-  S(ex,£y),  where  S 
has  the  physical  meaning  of  the  wave  phase;  we  seek  the  solution  to  (1),  (3)  in 
the  form  of  a  series:  u  =  u(0)  +  eu(0)  +  ...  .  The  zeroth  order  of  the 
perturbation  theory  yields:  u(0>  =  U,  where  U  is  determined  by  (2)  with 

v=§-wiir  <4> 

(here  and  hereafter  tilds  over  x  and  y  are  omitted).  Solution  (2),  (4)  describes  a 
surface-wave  soliton  with  the  phase  S,  the  speed  V  and  the  amplitude  A  =  2  H3/2V, 
depending  on  x  and  y.  The  first  order  of  the  perturbation  theory  determines  u(l> 
and  relates  S  to  V: 


(5) 


(for  more  details  cf.  [1]).  Eqs.  (4)  and  (5)  form  a  closed  system  describing  the 
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evolution  of  the  soliton  over  smooth  bottom  topography.  They  have  an  exact 
solution  depending  on  x  only: 

VQ(x)  =  v  H5'2,  S0(x)  =  v  }  H’s/2(x/)  dx';  (6) 

xo 

corresponding  to  the  law  of  inverse  proportionality  of  the  soliton  amplitude  to 
the  depth  of  the  channel: 

A(x)  =  2H3/2V  ~  H" *(x) 

(cf.  [3,4]). 

Our  goal  is  the  investigation  of  the  stability  of  the  solution  (6). 

3.  Instability  of  the  soliton 

For  small  harmonic  perturbations  of  the  solution  (6): 

S  =  SQ(x)  +  3<x)  e-,ky, 

where  k  is  the  wave  number  of  the  transverse  perturbations;  the  linearized  system 
(4).  (5)  yields: 


XV"  +  [H‘ V  -  5/4H  ‘h"  -  s/u>H  2H'2PF  =  0,  (7) 

where 

G>  =  (2/W)1/2|k|,  (8) 

and  'F  =  H  5/2  3  and  the  prime  '  denotes  the  differentiation  in  respect  to  x. 
Ordinary  differential  equation  with  random  coefficients  (7)  can  be  easily  analyzed 
if  die  depth  variations  are  small : 

H  =  1  +  h(x),  j  h  |  «  1 

(cf.  [5,1]).  In  this  case  the  solution  oscillates  with  the  frequency  co,  while  iis 
amplitude  grows  exponentially  with  the  increment 

Y+  =  ’/«  O)2  N(2w),  (9) 

where  N(to)  is  the  Fourier  transform  of  the  correlation  function  of  h(x): 
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N(<o)  =  J*  <h(x)h(x  +  xO>  ej?)(i<i)x')  dx', 

oo 

where  <■>  denotes  the  average  over  the  ensemble  of  realizations.  Expression  (9) 
indicates  the  parametric  character  of  the  instability  -  indeed,  the  increment  of 
the  harmonic  wave  with  the  frequency  0)  depends  on  the  spectral  density  of  the 
irregularities  with  the  doubled  frequency  Q  =  2co. 

4.  Damping  of  the  unstable  perturbations 

Since  the  above  perturbation  theory  was  based  on  the  smallness  of  e  =  d JX  (d 
is  the  width  of  the  soliton  and  X  is  the  wave  length  of  the  transverse 
perturbations),  the  expressions  (8)  and  (9)  are,  in  fact,  the  first  and  the  second 
terms  of  the  expansion  of  the  "true1’  frequency  of  transverse  waves  in  powers  of  e: 

to  =  to  +  e  rr.  +  e2  iy  +  ...  (10) 

Note,  however,  that  y+  depends  on  the  amplitude  of  the  irregularities,  and  if  the 
latter  is  sufficiently  small  (|h|  <e),  the  third  term  in  the  series  (10)  becomes 
important.  This  term  describes  the  energy  loss  due  to  the  radiation  of  the 
perturbations  from  the  soliton  and  the  corresponding  damping  of  the  transverse 
waves.  Evidently,  y_  does  not  depend  on  the  irregularities  and  could  be  calculated 
with  the  help  of  the  "classical”  Kadomtsev  -  Petviashvili  equation  (cf.  [2]): 

Y_  =  -  (27/2v)'m  k2.  (11) 

The  (stabilizing)  effect  of  damping  "competes"  with  the  influence  of  the  bottom 
topography  -  comparing  (9)  and  (11),  one  can  obtain  the  following  criterion  of  the 
stability: 


max[N(<fl)]  £  (32/243)l/V3'2.  (12) 

This  is  the  main  result  of  the  present  paper. 

In  order  to  illustrate  the  usage  of  (12),  we  consider  the  model  expression 
for  the  correlation  function  of  the  irregularities 

<h(x)h(x  +  x0>  =  a2exp(-x'2/ R2), 

where  a2  =  <h2>  and  R  is  the  correlation  radius  of  the  irregularities.  For  this 
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case,  the  criterion  (12)  yields: 


o2R  v3/2  £  V9(2/3it)1/2  -  0.2  . 


In  terms  of  dimensional  variables  (marked  with  overbars),  this  inequality  can  be 
rewritten  as 


£  £  H3(02  K)'2/3, 


where  £  is  the  amplitude  of  the  soliton  and  H  is  the  mean  depth  of  the  basin. 

Thus,  bottom  topography  effects  basically  the  stability  of  the  large- 
amplitude  solitons. 
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Abstract 

Very  steep  unsteady  water  waves  are  modelled  by  an  accurate  numerical 
computer  program.  Recent  work  is  discussed  with  particular  emphasis  on 
waves  that  are  nearly  breaking  as  they  approach  a  vertical  wall.  Extremely 
violent  water  motion  is  calculated  in  full  detail,  with  water  accelerations 
exceeding  1000  g,  and  transient  pressures  exceeding  30  times  the 
hydrostatic  pressure. 


Introduction 

Inviscid,  incompressible,  irrotational  fluid  flow  has  long  been 
considered  to  be  a  useful  approximation  to  unbroken  water  waves,  in  the 
absence  of  wind.  It  is  only  in  recent  years,  commencing  with  the  study  by 
Longuet- Higgins  and  Cokelet  (1976),  that  it  has  become  possible  to  model, 
with  detailed  computations,  the  early  stage  of  wave  breaking  in  which  waves 
overturn  and  form  a  plunging  jet.  Detailed  examples  of  such  flows  are 
given  in  New,  Mclver  and  Peregrine  (1985).  A  substantially  faster,  more 
accurate  and  more  stable  computational  method,  described  in  Dold  and 
Peregrine  (1986),  has  made  it  easier  to  study  these  motions.  Two  examples, 
in  particular,  have  increased  confidence  in  the  program.  These  are 
described  in  Tanaka,  Dold,  lewy  and  Peregrine  (1987)  and  Cooker,  Dold, 

Vidal  and  Peregrine  (1990). 

When  modelling  waves  breaking  against  a  wall  we  expected  to  find 
initial  water  velocities  suitable  for  further  studies  of  impact.  However, 
an  unexpected  type  of  water  motion  is  encountered  when  the  conditions 
required  for  the  most  intense  impact  pressures,  as  reported  by 
experimenters,  are  modelled.  Accounts  of  experiments  indicate  that  the 
highest  pressures  occur  when  the  face  of  the  breaking  wave  is  parallel  to 
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the  wall  just  before  impact.  In  attempts  to  reproduce  this  case  in 
computations,  we  find  that  there  is  no  direct  impact  of  the  water  surface 
in  these  cases.  Violent  acceleration  of  the  water  line  up  the  wall  causes 
the  surface  to  "flip- through"  to  an  upward  splash.  The  pressures  which 
drive  this  flip- through  also  act  on  the  wall  and  are  found  to  be  similar  to 
the  highest  pressures  reported  from  experiments.  A  preliminary  report  of 
this  work  is  in  Cooker  and  Peregrine,  1990a. 

On  coasts  and  in  laboratory  experiments  waves  that  break  on  walls  and 
structures  are  usually  forced  to  break  by  shoaling  water  depth;  see  the 
sketch  in  figure  1.  Although  there  is  no  difficulty  in  computing  with  a 


Figure  1  Sketch  of  a  typical  wave  impact  situation 


range  of  different  bed  geometries,  we  considered  it  best  to  make  the  waves 
break  using  a  simpler  approach.  In  view  of  our  computational  results  and 
further  theoretical  work,  which  is  briefly  reported  in  Cooker  and  Peregrine 
(1990b),  we  are  confident  that  the  mechanisms  of  wave  impact  depend 
primarily  on  the  immediate  neighbourhood  of  the  impact  region  and  not  on 
large-scale  geometrical  features  or  vorticity.  This  is  also  borne  out  by 
the  similarities  between  Chan  and  Melville's  (1988)  experimental  results  on 
the  impact  of  deep-  water  waves  and  the  many  "shallow  water"  observations 
and  experiments. 

Computations  of  wave  impact 

The  boundary  geometry  is  a  flat  horizontal  bed  and  a  vertical  wall.  In 
the  computations  the  wall  is  simulated  by  colliding  two  identical  waves 
which  have  a  line  of  symmetry  at  the  wall.  The  initial  data  is  a  long 
smooth  wave  which  is  a  gradual  increase  in  water  depth  from  h  to  h  +  Ah. 
Initially  the  wave  is  long  enough  for  finite- amplitude  shallow-water  theory 
to  be  applicable.  This  theory  is  used  to  given  an  initial  velocity 
distribution  such  that  the  wave  only  propagates  toward  the  wall.  The 
unimpeded  motion  of  one  such  wave  wnich  shows  steepening  to  breaking  in  the 
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absence  of  a  wall  is  shown  in  figure  2.  The  wave  propagates  into  still 
water  with  no  wall  present  and  has  a  height  Ah  =  1.5h.  The  same  initial 
wave  is  used  for  the  later  illustrations  uith  a  wall. 


Figure  2  The  evolution  towards  breaking  of  a  long  wave  of  increasing 

water  depth.  In  this  example  Ah/h  =  1.5.  t  =  051,2,3,4,5  v^7g  y  =  0 
is  the  still  water  level. 


With  such  initial  conditions  and  a  still  water  surface  in  front  of  the 
wave,  the  wall  can  be  placed  at  any  chosen  point.  In  our  computations  we 
place  the  wall  at  a  chosen  place,  -x0  in  figure  2.  The  range 
6h  <  x0  <  9h  is  the  most  interesting  for  this  wave. 

To  identify  our  initial  wave  with  those  in  experiments,  note  that  the 
still  water  in  front  of  the  wave  corresponds  to  the  wave  trough.  Unless  a 
wave  has  a  particularly  sharp  crest,  we  suspect  that  the  important 
parameters  governing  impact  are  depth  of  water  at  the  trough,  the  maximum 
height  of  the  wave  and  its  shape  just  before  impact.  Our  set  of  initial 
conditions  allows  an  exploration  of  such  a  parameter  space.  With  such  a 
large  parameter  space  it  is  difficult  to  be  confident  that  one  is  examining 
typical  examples.  However,  the  following  example  Ah/h  =1.5  with 
x0  =  7.5h  is  interesting  and  not  atypical.  Other  computations  for  larger 
and  smaller  values  of  Ah/h,  and  a  number  with  other  waves,  support  our 
statements  below.  From  consideration  of  figure  2  one  can  estimate  that 
x0  =  7.5h  could  give  the  case  where  an  almost  flat  impact  with  no  air 
pocket  might  occur.  Figures  3(a,b)  shows  the  motion  of  the  free  surface. 

As  may  be  seen,  the  wave  face  does  not  become  vertical.  The  time  from 

1 

maximum  wave  steepness  of  81.3°  at  t  =  4.1(h/g)7  to  the  formation  of  the 

upward  jet,  at  say  t  =  4.18(h/g)T  is  0.08(h/g)^,  which  is  only  8 
milliseconds  for  a  15  cm  wave  on  10  cm  of  water.  Spreading  out  the  motion 
by  using  the  short  time  intervals  in  figure  3(b)  is  deceptive,  the  motion 


from  a  steep  sided  depression  at  the  wall  to  a  vertically  moving  jet  js 
rapid  and  the  most  descriptive  words  we  have  found  are  "f 1  ip- through" . 

That  is  the  surface  flips  through  between  the  wall  and  the  horizontally 
moving  near- vertical  surface. 

The  most  violent  motion  is  at  the  point  of  jet  creation.  Maximum 

! 

acceleration  of  the  surface  water  is  I850g  at  t  =  4.185(h/g)7  and  is 
associated  with  a  pressure  peak  at  this  time  of  26  pgh.  This  is 
illustrated  in  figure  4.  It  can  be  seen  that  the  peak  pressure  region  is 

l 

very  small:  about  0.1  h  in  height.  It  la  ts  only  about  0.0l(h/g)7. 

As  was  noted,  this  wave  with  xD  =  7.5h  does  not  have  a  vertical  face. 
The  same  wave  with  x0  =  8. Oh  does  have  a  vertical  face  in  the  final  flow 
towards  the  wall,  but  as  the  trough  rises  up  the  wall,  towards  the  wave 
face,  the  result  is  a  convergence  of  the  free  surface  to  a  tiny  region  of 
the  wall.  This  case,  x0  =  8. Oh,  gives  the  most  violent  water  motion  we 
have  computed,  an  energetic  jet  is  formed  which  shoots  up  the 
wall.  Among  the  values  of  x0,  x0  =  8h  gives  the  smallest  convergent 

trough  and  the  latest  appearance  of  the  vertical  jet.  The  maximum  computed 

1  1 

rate  of  change  of  pressure,  and  maximum  water  acceleration,  arc  3000  /)g7h7 
and  ten  thousand  g,  respectively.  These  values  are  still  increasing  at 
the  last  time  computed. 


It  was  a  surprise  to  find  that  such  violent  motions  could  occur  without 
direct  impact  of  the  water  surface  against  the  rigid  wall.  Among  reports 
of  experiments  there  is  only  one  which  may  confirm  this  type  of  water 
motion:  Chan  and  Melville  (1988)  show  a  deep-water  wave  striking  a 
vertical  plate.  Surface  profiles  are  shown  in  their  figure  6(a).  In 
addition  they  describe  the  water  motion  as  follows: 

"It  is  observed  that  wave  impact  occurred  through  the  focussing  of  the 
incident  wave  front  onto  the  wall;  that  is  through  a  convergence  of 
the  wave  crest  and  the  surface  intersection  point  at  the  wall." 

Chan  and  Melville  used  photography  at  1100  frames  per  second. 

Another  experimental  report,  by  Arami  and  llattori  (1989),  shows 
instances  where  there  is  single  sharp  peak  of  pressure,  and  the  associated 
video  frames  indicate,  at  first  sight,  that  a  vertical  wave  face  hits  the 
wail.  However,  the  corresponding  theoretical  time  scale  of  a  flip- through 


[«1». 


V 


Figure  4  As  for  figure  3(a), (b).  Pressure  distribution  at 

t  =  4.19(h/g)^  the  instant  of  maximum  pressure.  The  contour  interval 
is  2pgh.  The  irregularities  are  related  to  limitations  in  the 
contouring  process 
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is  less  than  the  time  between  their  video  frames.  Preliminary  attempts  to 
make  a  comparable  computation  are  described  by  Passoni,  Cooker,  and 
Peregrine  (1990).  An  interesting  aspect  of  our  results  is  that  there  are 
also  relatively  high  pressures  on  the  bed  near  the  wall.  We  know  of  no 
measurements  in  this  area,  but  consider  that  the  effect  of  such  a  short 
high  pressure  pulse  on  bed  material  is  of  interest.  Sec  Cooker  and 
Peregrine  (1991). 


Financial  support  from  S.E.R.C.  grants  CR/F/28298  and  GR/G/21032  is 
gratefully  acknowledged. 
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Shear  Stress  Distribution  in  the  Surf  Zone 


Rolf  Deigaard 

Institute  of  Hydrodynamics  and 
Hydraulic  Engineering 
Technical  University  of  Denmark 


Sunmiacy 

The  vertical  distribution  of  shear  stress  in  the  surf  zone  is 
described.  The  significance  of  the  vertical  convection  of  hori¬ 
zontal  momentum  is  discussed.  It  is  explained  how  this  mechanism 
contributes  to  the  shear  stress  in  case  of  energy  dissipation 
near  the  surface,  near  the  bed  and  in  case  of  no  energy  dissipa¬ 
tion. 

In  a  surf  zone  the  wave  height  decreases  towards  the  shore  due  to 
the  strong  energy  dissipation.  The  gradient  in  the  wave  height 
gives  a  gradient  in  the  radiation  stress,  which  Is  largely  balan¬ 
ced  by  a  slope  of  the  mean  water  surface,  the  wave  set-up.  It  was 
recognized  by  Dyhr  Nielsen  and  Sdrensen  [1]  that  the  radiation 
stress  gradient  Is  not  evenly  distributed  over  the  vertical,  and 
a  balance  cannot  be  obtained  without  Introducing  shear  stresses. 
These  shear  stresses  was  explained  to  be  the  main  driving  force 
for  a  mean  circulation  current  in  the  vertical  plane. 

The  shear  stress .  flist gibuf ion 

The  mean  stress  can  be  determined  by  an  Eulerian  analysis,  consi¬ 
dering  the  momentum  balance  for  the  control  surface  shown  in  Fig. 
1.  This  technique  was  applied  by  Dally  and  Dean  [2].  The  effect 
of  surface  rollers  was  included  by  Svendsen  [3],  and  Deigaard  and 
Freds 0e  [4]  included  the  contribution  from  the  organized  convec¬ 
tion  of  momentum  through  the  bottom  of  the  control  surface. 

In  the  present  formulation  the  wave  motion  is  assumed  to  be 
described  by  linear  shallow  water  wave  theory.  The  wave  celerity 
is  then  c  =  VgB,  where  g  is  the  acceleration  of  gravity  and  D  is 
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the  mean  water  depth.  The  pressure  is  hydrostatic  and  the  hori¬ 
zontal  and  vertical  orbital  velocities  u  and  w  are  respectively 
constant  over  the  depth  and  varying  linearly  with  the  distance 
from  the  bed 


w 


z  dn 
D  ~5t 


(1) 


z  is  the  vertical  coordinate  measured  from  the  bed  and  n  is  the 
instantaneous  water  surface  elevation,  measured  relative  to  the 
man  water  surface.  77  can  be  written 

77  =  ^cos(kx  -  cot)  (2) 

where  H  is  the  wave  height,  k  is  the  wave  number  and  u  is  the 
angular  frequency.  The  wave  height  varies  due  to  the  energy 
dissipation.  Within  a  short  distance  a  linear  approximation  can 
be  applied:  H  =  H0  +  xHx' . 


Fig.  1.  The  control  surface  for  the  momentum  equation. 

When  the  wave  conditions  are  not  uniform  (or  stationary),  the 
water  surface  elevation  and  the  horizontal  orbital  velocity  are 
not  in  phase.  A  small  phase  difference  exists,  because  water  must 
be  transferred  from  the  wave  tops  to  the  wave  troughs.  The  hori¬ 
zontal  velocity  can  be  found  from  the  continuity  equation 


/  »  \ 
:l  cos  { kx  -  <ot )  -  -JL_.  s  in  ( kx  -  ut )  j 


where  it  has  been  assumed  that  the  dissipation  is  weak  : 

-Hx’/kH  <<  1. 

In  addition  to  the  wave  motion  surface  rollers  are  present.  These 
have  been  described  by  Svendsen  (3]  as  lumps  of  water  that  travel 
with  each  wave  front.  The  flow  velocity  is  thus  equal  to  c  in  the 
roller.  The  cross  sectional  area  of  each  roller  is  A.  In  addition 
to  the  wave  motion  the  mean  water  surface  has  a  slope  S.  The 
magnitude  of  S  is  not  given  apriori,  but  it  is  assumed  to  be  a 
second  order  term,  proportional  to  the  gradient  of  the  wave 
height  squared. 

The  momentum  equation  is  written  by  use  of  integrals  over  the 
volume  and  the  area  of  the  control  surface 

|p|^dV  =  -jpu(u*  dA)  -JpdA  +Jp§dV*JdT  (4) 

where  T  is  the  force  from  the  shear  stress  on  a  unit  surface 
element.  The  momentum  equation  is  averaged  over  a  wave  period, 
and  projection  on  the  horizontal  is  made.  Only  the  lowest  order 
terms  are  maintained.  The  averaging  makes  the  left  hand  side  zero 
due  to  periodicity,  and  the  gravity  term  is  zero  as  §  is  verti¬ 
cal.  The  different  elements  can  then  be  summarized  as  follows  {an 
overbar  signifies  time  averaging  and  §  is  the  unit  vector  in  the 
x-direction) . 


a.  The  momentum  flux 


6-  rpd(a-  dA)  =  pj-l(IF<D-z)  ,_£.j££)-uw'dx 


The  first  term  is  due  to  the  gradient  in  the  horizontal  orbital 
motion,  the  second  term  is  Svendsen’s  roller  contribution,  the 
third  is  convection  of  momentum  through  the  bottom  of  the  control 
surface.  This  latter  becomes  non-zero,  and  of  the  same  order  as 
the  others,  because  the  small  phase  shift  is  included  in  the 
horizontal  orbital  motion,  cf.  eq.  {3).  Inserting  the  expressions 
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for  the  orbital  motion,  eqs .  (1)  and  (3)  gives  the  following 

momentum  flux 


8-Jpa(0'dS)  •  p4(“HKH-'(i--s£) 


The  pressure  force  is  found  from  the  hydrostatic  pressure  dis¬ 
tribution.  It  has  been  demonstrated  by  Svendsen  [3]  that  the 
pressure  contribution  from  the  rollers  is  negligible.  The  pres¬ 
sure  force  contains  therefore  two  terms,  one  (constant  over  the 
vertical)  due  to  the  wave  height  gradient  and  a  linearly  varying 
term  due  to  the  set-up 

d-  pdA  =  pg|/j^I? +S(D-z)jdx  =  pg|  +  S  ( D  -  z )  jdx  (7) 


The  force  due  to  shear  stresses  is  only  containing  a  contribution 
from  the  shear  stress  acting  on  the  bottom  of  the  control  surface 

d-  dT  =  -r^dx  (8) 


Equations  (6)  to  (8)  gives  an  expression  for  the  time  averaged 
shear  stress  distribution 

—  =  -fiPOnD-z-  P9dH2(wP-z\  pd(cA)  = 

“  D  TTUxl  D  I  T  dx 


-SpgD 


D-z  _  1 
D  c  dx 


>-z\_  P 
D  /  T 


d(cA) 

dx 


where  Elw  is  the  energy  flux  associated  with  the  wave  motion. 

The  shear  stress  distribution  is  illustrated  in  Fig.  2  for  the 
special  case  where  the  wave  set-up  S  balances  the  radiation 
stress  gradient  exactly,  giving  a  mean  bed  shear  stress  of  zero. 
It  is  seen  from  Eq.  (9)  that  it  is  not  possible  for  any  magnitude 
of  the  set-up  to  obtain  an  equilibrium  without  shear  stresses, 
and  these  shear  stresses  determine  the  velocity  distribution  of 
the  mean  current  cf.  Dally  and  Dean  [2]  and  Svendsen  [3J.  The 


near  surface  shear  stress  r,  (at  the  wave  trough  level)  is  inde¬ 
pendent  of  the  set-up 


r  =  1  dEt«  _  p  dcA  _  Piss  _  p  d(cA)  (io) 

*  c  dx  T  dx  c  T  dx 

where  Diss  is  the  rate  of  loss  of  wave  energy  per  unit  bed  area. 


Wave  mol  ion 


+  Surface  rotter  +  Set-up 


r/D 


Resulting  shear 
stress  distribution 


z/D 


Fig.  2.  Example  of  the  shear  stress  distribution. 

The  role  of  the  vertical  momentum  convection 

The  vertical  convection  of  horizontal  momentum,  the  term  puw  is 
important  for  the  distribution  of  the  mean  shear  stress.  In  the 
present  case  with  energy  dissipation  near  the  water  surface  it 
contributes  with  one  half  of  the  first  term  on  the  r.h.s.  of  eq. 
(10)  • 

In  case  of  no  energy  dissipation,  or  energy  dissipation  in  a  near 
bed  wave  boundary  layer,  the  puw  term  changes  sign  and  cancels 
out  the  pressure  gradient  term  near  the  surface  to  give  a  rs  of 
zero  (Deigaard  and  Fredsde  [4])  .  In  case  of  wave  shoaling  this  is 
obtained  simply  by  using  a  wave  description  with  the  correct 
phase  shift  between  /?  and  ux  in  the  momentum  equation,  and  gives 
the  result  that  the  shoaling  process  will  not  in  itself  produce 
shear  stresses.  In  case  of  dissipation  in  a  wave  boundary  layer 
the  vertical  motion  due  to  the  displacement  in  the  non-uniform 
wave  boundary  layer  (Longuet-Higgins  [5])  must  be  included  in  the 
flow  field.  It  is  found  that  r„  can  be  zero  over  the  entire  water 
column  outside  the  wave  boundary  layer  for  a  wave  set  up  that 
balances  one  third  of  the  radiation  stress  gradient  {the  rest  is 
balanced  by  the  puw  term).  Inside  the  wave  boundary  layer  the 
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mean  shear  stress  will  increase  to  the  value  determined  by  the 
streaming  at  the  be J .  Longuet-Higgins  [5J. 

Conclusion 

The  mean  shear  stresses  can  be  determined  by  Eulerian  analysis, 
considering  the  momentum  balance  for  a  control  surface.  The 
convection  of  horizontal  momentum  is  important  for  obtaining  a 
correct  shear  stress  distribution.  The  location  of  any  energy 
dissipation  is  important  for  the  shear  stress  distribution.  The 
mean  near  surface  shear  stress  will  only  be  different  from  zero 
in  the  case  of  energy  dissipation  near  the  surface. 
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Random  Wave  Forces  on  a  Vertical  Cylinder  in  the  Free 
Surface  Zone  at  High  Reynolds  Numbers 
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Abstract 

Large-scale  random- wave  experiments  ( H ,  —  1.3  m,  /p  =  0.17  Hz,  d  =  5-0  m)  on  a  vertical 
circular  cylinder  (D  =  0.5  m),  having  a  roughness  of  about  60  pm,  were  performed  to 
study  the  wave  loading  in  the  free  surface  zone  at  high  Reynolds  numbers  (up  to  7-  10s). 
Some  first  results  of  the  data  analysis  are  presented,  showing  characteristic  time  histories 
of  velocities,  pressures,  and  in-line  forces.  Also  the  energy  density  spectra  and  exceedance 
curves  for  both  the  maximum  and  the  minimum  inline-force  are  compared  at  two  levels, 
z  ~  0  m  and  z  —  —2.3  rn. . 

1  Introduction 

The  wave  forces  near  the  free  surface  give  a  relative  large  contribution  to  the  total  wave 
forces  and  overturning  moments  of  offshore  structures.  However,  our  knowledge  about 
these  forces  is  limited,  and  also  few  experimental  data  sets  are  available.  Field  measure¬ 
ments  have  been  reported  by  Dean,  Dalrymple  and  Hudspeth  (1981).  Results  of  labora¬ 
tory  experiments  are  described  by  Isaacson  h  Baldwin  (1990),  T0rum  (1989),  Kjeldsen, 
Tprum  &  Dean  (1986). 

Chaplin  et  ai.  (1991)  performed  tests  in  a  large-scale  wave  channel  under  ’freak’  wave 
conditions,  resulting  in  overturning  plunging  bn  kers  at  the  location  of  the  cylinder.  This 
paper  describes  some  first  results  of  the  data  analysis  of  an  experiment  in  random  waves, 
using  their  experimental  set-up. 

2  Experimental  Arrangement 

The  experiment  was  carried  out  in  the  large-scale  wave  channel  of  Delft  Hydraulics,  having 
a  length  of  230  m  and  a  width  of  5.0  m.  During  the  tests  the  water  depth  was  5.0  m.  Wave 
forces  on  a  vertical  cylinder  of  D  —  0.5  m  diameter  were  measured  by  a  circumferential 
ring  of  24  pressure  transducers,  located  near  the  still  water  level  (SWL),  and  two  force 
sleeves  of  0.25  m  height,  located  below  trough  level.  The  cylinder  was  placed  in  a  2  m 
deep  pit  in  the  channel  floor.  By  moving  the  cylinder  vertically,  wave  pressures  and  forces 
could  be  measured  at  several  elevations.  The  cylinder  surface  was  covered  with  emery 
cloth,  resulting  in  a  small  roughness  height  of  approximately  60  pm.  Flow  kinematics 
were  recorded  by  three  perforated  ball  velocity  meters,  at  the  elevations  of  the  pressure 
transducer  ring  and  the  two  force  sleeves,  and  a  one-component  laser  flow  meter. 
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The  cylinder  was  subjected  to  random  waves  with  a  narrow-banded  spectrum,  having 
a  significant  wave  height  of  1.3  m  and  a  spectral-peak  frequency  of  fp  —  1/7),  =  0.1?  Hz. 
The  resulting  Reynolds  numbers  Re  —  ( u-D)jv  and  Keulegan-Carpenter  numbers  K  = 
(t i-Tp)/D  at  the  mean  water  level,  based  on  the  maximum  velocity  are  Remat  =  7- 10s  and 
Kmax  =  18.  Based  on  the  standard  deviation  of  the  velocity,  they  become  Re,td  =  3- 10s 
and  K,ti  =  8. 

Tests  were  performed  with  the  cylinder  at  two  different  elevations:  the  first  elevation 
wnh  the  pressure  transducer  ring  located  at  SWL,  the  second  one  with  the  transducers 
at  SWL  +0.5  m.  All  signals  were  sampled  at  a  rate  of  25  Hz. 

3  Results  and  Discussion 

Here  we  will  only  present  results  of  the  test  with  the  pressure  transducer  ring  at  SWL, 
with  a  duration  of  53  minutes.  Before  further  analysis,  all  pressure  transducer  signals 
were  corrected  for  a  low-frequency  drift  of  low-amplitude. 

Figure  1  and  2  show  time  histories  of  the  pressure  transducers  respectively  al  the 
front  and  the  rear  of  the  cylinder.  The  inline  force,  derived  by  integration  of  the  pressure 
signal  around  the  cylinder  circumference,  is  given  in  figure  3.  This  figure  shows  that  the 
maximum  and  minimum  forces  are  of  comparable  magnitude,  contrary  to  the  horizontal 
velocity  signal  (figure  4),  as  obtained  from  the  perforated  ball  at  SWL.  Based  on  the 
Morison  equation  the  ratio  of  the  maximum  drag  force  to  the  maximum  inertia  force  is 
expected  to  be  about  0.5  for  the  shown  time  interval  of  100  s.  This  will  not  yet  result  in 
an  increase  of  the  maximum  force  due  to  drag,  due  to  the  phase  lag  between  drag  and 
inertia. 

The  spectral  density  of  the  capacitance-type  wave  gauge,  located  5  m  in  front  of  the 
cylinder,  is  shown  on  figure  5.  Figure  6  compares  the  inline  force  spectra  at  SWL  -2.3 
m  (force  sleeve)  and  at  SWL  0.0  m  (integrated  pressures).  Characteristic  features  of  the 
force  spectrum  at  SWL  are  the  high  energy  densities  at  high  frequencies  and  the  high 
peak  at  2  fp. 

The  exceedance  probability  curves  of  above  mentioned  signals  are  plotted  in  such  a 
way  that  a  Rayleigh  distribution  results  in  a  straight  line  (figures  7-9).  The  exceedance 

probability  curves  of  the  maximum  and  minimum  wave  force  shows  that  even  for  the 
highest  waves  (up  to  Kmat  —  IS)  the  effect  of  drag  on  the  force  is  not  yet  apparent. 
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Figure  1:  Time  history  of  the  pressure  at  a  =  0®  (front) 
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Figure  2:  Time  history  of  the  pressure  at  a  =  180°  (rear) 
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Figure  3:  Time  history  of  the  inline  force  at  SWL 
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Figure  4:  Time  history  of  the  horizontal  velocity  at  SWL 
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?igurc  5:  Spectral  density  of  the  free  surface  elevation 
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Figure  6:  Spectral  density  of  the  inline  force;  —  SWL  +0.0  m\  ■  -  -  SWL  -2.3  m 
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Figure  7:  Exceedance  probability  curve  of  maximum  water  elevation 


Figure  8:  Exceedance  probability  curve  of  maximum  and  minimum  inline  force  at 
SWL  +0.0  m ; maximum  forces;  -  -  -  minimum  forces 


Figure  9:  Exceedance  probability  curve  of  maximum  and  minimum  inline  force  at 
SWL  -2.3  m;  —  maximum  forces; - minimum  forces 
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ABSTRACT 

Evolution  and  transformation  of  plunging  breaking  waves  are  numerically 
simulated  directly  on  the  physical  plane,  accounting  for  the 

effects  of  surface  tension.  With  velocity  and  acceleration  fields 
given  we  have  calculated  the  induced  force  by  breakers  and  made  comparison 
with  those  by  steep  periodic  waves.  Based  on  long  crest  .frozen  flow 
field  and  total  loss  of  normal  momentum  hypotheses,  a  momentum  theorem 
is  suggested  for  the  first  time  to  derive  less  experiential  formulae 
to  evaluate  impact  forces  on  structures  above  MSL. In  the  end, we  have 
studied  and  analyzed  the  impact  pressure  by  breakers  of  different 
amplitude  in  the  ocean  with  variety  of  wave  spectra  statistically. 

INTRODUCTION 

As  is  well  known,  breaking  waves  have  aroused  more  and  more  attention  by 
scientists  owing  to  their  evergrowing  importance  in  the  area  of  ocean  en¬ 
gineering  design,  sediment  transport  and  ripple  formation,  coastal  ero¬ 
sion,  wind  wave  prediction,  air-sea  interaction  and  remote  sensing.  Al¬ 
though  they  are  commonly  observed  natural  phenomenon  when  you  go  to 
beach  or  travel  by  ship,  some  aspects  of  breaking  waves  dynamics,  among 
which  are  the  induced  and  impact  force  by  breaking  waves  ,  seem  to 
remain  unsolved.  The  main  difficulties  arise  not  so  much  from  the  govern¬ 
ing  equation  as  from  the  unknown,  time  dependent  position  of  the  free 
surface  and  the  relatively  complicated  boundary  conditions  imposed 
there.  Of  course,  observations  on  severe  sea  isn’t  an  easy  thing  either. 
Since  the  accidents  of  structure  collapsing  or  of  ship  capsizing  due  to 
enormous  force  by  breakers  are  very  common  rather  than  exceptions,  the 
problem  we  are  facing  at  present  has  been  proved  of  vital  significance. 

1.  FLOW  FIELD  OF  BREAKING  AND  NONLINEAR  PERIODIC  WAVES 

It  was  merely  until  1976  when  Longuet-Higgins  succeeded  In  describing  the 
evolution  of  breakers  for  the  first  time  the  overturning  process  of 
plunging  breaking  waves  had  been  poorly  understood.  However,  he  did 
not  provide  any  information  about  velocity  and  acceleration  In  the  flow 
field.  Recently,  we  have  simulated  the  evolution  of  plunging  breaking 

waves  directly  on  the  physical  plan  instead  of  mapping  one  with  the 
advantages  that  the  numerical  Instability  Longuet-Hlgglns  happened  to  meet 
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in  his  research  don't  emerge  .  We  not  only  follow  how  the  wave  shape  is 
changing  but  also  calculate  both  velocity  and  acceleration  in  the  whole 
field  (see  Fig. 1)  according  to  the  following  formulae  with  velocity 
potential  and  stream  function  given: 


w(z,  t)  *  -  ® 

2ft  l  J 


b(zo>t  } 

(z-z  }2 
0 


dz_ 


(1) 


5  w  3  w 

a  -  1  a  =  -  +  w  -  (2) 

x  y  3t  3  z 

where  b(z,t)  indicates  complex  potential,  w(z,t)  complex  velocity 
and  a(z,t)  complex  acceleration.  We  have  investigated  in  details  the 
breaking  of  sinusoidal  waves  with  amplitude  ak  being  0.42  and  0.44  and 
found  that  the  maximum  velocities  and  accelerations  turn  out  1.31  c  and 
1.84  g  for  the  former  and  1.45  c  and  3.3  g  for  the  latter.  The  particle 
velocity  seems  always  larger  than  phase  celerity  and  the  acceleration  in 
the  front  part  is  larger  than  g,  while  that  at  the  rear  part  always  smaller 
than  g/3,  which  is  in  good  accord  with  Peregrine’s  conclusion. The  purpose 
to  study  the  flow  field  of  nonlinear  periodic  waves  is  twofold.  On  the 
one  hand,  we  are  going  to  see  what  is  the  difference  between  breaking 
waves  and  nonlinear  periodic  ones.  On  the  other  hand,  there  are  some 
reports  on  the  measured  velocity  in  laboratories  such  as: 

"Recent  measurement  of  wave  kinematics  show  among  other  things  that  the 
absolute  magnitude  of  the  horizontal  velocity  under  the  wave  crest  is 
less  than  that  under  the  wave  trough  at  the  same  depth. " (refer  to  [5)). 
"Recent  measurements  of  wave  kinematics  indicate  that  the  horizontal 
wave  velocity  is  smaller  at  the  crest  and  higher  (more  negative)  in  the 


(a)  (b) 

Fig. 1  velocity  and  acceleration  distributions 
in  plunging  breakers  for  ak  =  0.44,  d=L/2,  t=0.46 
(a)  velocity  (b)  acceleration 
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trough  than  predicted  by  the  Stokes  higher  order  theories  which  are 
normally  used  in  a  deterministic  design  process.  (refer  to  (6]). 
the  discrepency  in  Stokes  fifth-order  wave  theory  and  wave  flume 
experiments  direct  us  to  find  out  the  genuine  causes  why  it  s  so  In 
contrast  to  most  methods  available  .which  seem  to  be  somewhat 
experiential,  we  try  to  base  ourselves  on  more  theoretical 
arguments.  Start l ng  from  the  solution  by  Song  &  li,  we  sum  up  the  15th 
order  series  and  improve  its  behaviour  nearby  the  convergence 

circle  by  using  Pade  approximation.  The  results  are  proved  satisfactory, 
especially  at  the  crest.  The  following  facts  strongly  verify  the  theory. 

*  They  are  entirely  in  accord  with  Airy  theory  for  small  amplitude  cases. 

*  Horizontal  velocity  component  by  Pade  approximation  from  the  15th 
order  Stokes  wave  reduces  considerably  just  as  reported  by  Lloyd  Register 
of  Shipping.  Sometimes,  the  calculated  ones  are  slightly  smaller  than 
the  experimetal  ones.  It  seems  that  the  shallow  water  effect  is 
responsible  for  the  deviation. 

*  The  observation  that  the  horizontal  velocity  component  under  trough 
is  larger  than  that  under  the  crest  at  the  same  depth  in  absolute 
value  is  also  consistent  with  the  experiment  in  Delft  Hydraulic  Lab. 

•The  theory  predicts  the  crest  is  steeper  than  the  trough. 


2. INDUCED  FORCE  BY  BREAK INC  AND  NONLINEAR  PER.0D1C  WAVES 

With  velocity  and  acceleration  given,  It  is  not  difficult  to  evaluate  the 
forces  Induced  either  by  breaking  waves  or  by  nonlinear  periodic 
waves.  Here  by  induced  force  we  mean  that  imparted  on  the  submarine 
parts  in  the  wave-induced  flow  field.  However,  there  still  exists  some 
uncertainty  about  how  to  apply  Morison  equation  to  inclined  pi les. Although 
the  more  conservative  method  of  Ippens’  by  using  velocity  module  or  the 
less  conservative  one  of  Bogma's  by  using  component  normal  to  the  surface 
Instead  of  v - ocity  itself  can  be  selected,  we  prefer  a  compromised  one 
derived  from  the  Lighthill  principle, i . e. the  power  done  by  drag  should 
be  proportioal  to  the  energy  flux  in  the  wake:  D. U  «  pU  iU^IA  and  °nly 
the  acceleration  in  the  direction  normal  to  the  body  surface  plays  its 
role  in  the  estimation  of  inertial  force.  Thus, we  have 

1  n 

F  ( t )  =  - C  p  U  IU  t  +  - pC  DU  (3) 

2  d  x  x  4  H  X 

based  on  which  we  have  yielded  some  Interesting  results  as  shown  In  Fig. 2 
and  then  led  to  the  conclusions: 


i 
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•  As  the  amplitude  enhences,  the  curves  of  force  and  moment  exerted 
on  both  vertical  and  horizontal  piles  versus  time  depart  from  sinusoidal 
line  due  to  the  square  term  in  drag  and  the  subharmonic  components  in 
the  inertial  term. 

•  As  for  breaking  waves,  the  velocity  and  acceleration  in  the  flow 

field  above  MSL  are  large  enough  to  diminish  those  in  the  flow  field 
under  MSL  from  the  view  point  of  energy  conservat ion. Hence,  It  is 
not  surprising  that  the  force  imparted  on  the  structures  under  water  by 
breaking  waves  sometimes  is  even  smaller  than  that  by  periodic  waves. 

3. MOMENTUM  THEOREM  FOR  IMPACT  FORCE  BY  BREAKING  WAVES 

Although  the  impact  forces  from  breaking  waves  are  greatly  dominant 
over  the  induced  one,  most  methods  to  determine  them  are  still  based  on 
experiences.  The  earliest  one  according  to  the  measurements  by  Ross  &  Hall 
turned  out  modified  Mori son  equation  with  C^  *  2.5.  Whereas  Japanese 
Goda  applied  Von  Karman's  entry  theory  to  calculating  Impact  forces 

by  breakers,  which  is  basically  in  accord  with  those  exerted  on  the 
piles  from  breakers  to  a  certain  degree  with  unreasonable  pressure 
distribution.  In  a  word,  all  the  formulae  are  not  so  general  that  they 

have  to  be  investigated  from  case  to  case.  Since  we  are  capable  of 

knowing  the  flow  field  in  breaking  waves  in  advance,  it  is  very  likely 
for  us  to  suggest  a  method  to  calculate  the  Impact  force  stemming  from  the 
most  fundamental  law  in  mechanics  and  propose  a  momentum  theory  based  on 
the  following  hypotheses: 

HI,  Long  crest  assumption:  It  means  that  the  breaking  waves  are  assumed 
infinitely  long  in  the  lateral  direction  so  as  to  reduce  the  problem  to  a 
two-dimentional  one. Ceneral ly  speaking,  the  hypothesis  keeps  valid  for 
piles  with  small  diameter  in  the  wave  with  wavelength  around  tens  meters. 
H2,  Frozen  flow  field  assumption:  It  means  that  once  the  piles  are 
impacted  ,  the  wave  shape  and  flow  field  are  kept  unvaried  and  a  mass 
of  water  body  moves  forward  as  a  whole  at  the  same  speed  as  that  of  the 
particle  which  touches  the  piles  the  earliest.  It  is  because  what  we 
concern  most  is  the  maximum  impact  force  at  the  beginning.  The  process 
appears  so  short  that  no  considerable  changes  of  flow  field  are  detected 
during  the  process  due  to  g  t  <<  c  . 

H3,  Total  loss  of  normal  momentum  assumption:  It  means  that  the 
existence  of  the  piles  hinders  the  plunging  of  moving  water  particles  so 
as  to  transform  all  the  normal  momentum  Into  impact  force  with  viscous 
force  neglected. 
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Based  on  the  foregoing  mentioned  hypotheses, we  have  produced  a  formula 
exerted  on  a  verticle  cylinder  omitting  the  derivation: 

1)U)  w(U 

F(t)  =  J  dy  J  pu2  cos2S  dz  (4) 

o  -«<t) 

where  u  denotes  velocity  ,p  the  density  of  water  ,9  the  angle  between 
vevoclty  vector  and  the  normal  of  body  surface,  z  the  vertical 
coordinate,  w(t)  =  4  2RU0t  ~  u2t.2  the  half  width  of  immerged  cylinder  ,u 
that  of  moving  mass  of  water  and  y  the  wave  height.  With  the  flow  field 
given.lt  is  not  difficult  for  us  to  determine  the  Impact  force  anyway. 
Fig. 3(a)  shows  the  impact  force  versus  time  for  ak=  0.42  and  0.44.  We 
found  that  two  curves  manifest  themselves  with  salient  pulse  and 

extremely  short  rise  duration.  Furthermore,  the  more  steep  the 
amplitude,  the  earlier  the  curve  rises  and  the  larger  the  impact  force 
which  caui  be  attributed  to  the  fact  that  such  kind  of  wave  evolves 
faster, its  maximum  velocity  and  acceleration  larger  and  the  to.  gue  at  the 
front  longer.  The  ascend  and  descend  duration  are  proved  in  good 

agreement  with  Y.B.Li's  experiment.  In  Fig. 3(b), we  study  pressure 
profiles  .As  compared  with  Coda's  result,  triangular  profile  of  ours, 
which  is  quant itavely  consistent  with  Reddish’s,  seems  to  be  more 
reasonable  due  to  the  maximum  of  mass  multipled  by  velocity  in  the  middle. 


O 


5  1 


DIMENSIONLESS  FORCE  F*/(6.26fgD) 


(a)  (b) 

Fig. 3, Impact  force  of  breaking  waves  on  the  vertical 
column,  (a)  comparison  oftotal  forces  for  ak  *  0.42 
and  0.44  (b)  comparison  of  pressure  profiles 
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4. RANDOM  FORCE  5Y  BREAKING  WAVES  IN  THE  OCEAN 

In  reality,  ocean  waves  are  never  so  regular  as  those  produced  In 
the  lab.  As  one  kind  of  stochastic  phenomena,  they  are  described  in 
terms  of  ocean  wave  spectrum.  Similarily,  the  occurence  of  wave  breaking 
events  is  also  completely  random.  Up  to  now,  there  are  only  a  few  studies 
to  statistically  predict  the  magnitude  of  impact  pressure,  we  would  like 
to  deal  with  them  by  applying  Ochi’s  theory  to  the  situation  more 
suitable  for  China  sea,  making  use  of  the  Momentum  theorem  mentioned 
above.  The  approach  to  the  problem  Is  di  ided  into  three  steps;  (a) 
the  probability  density  function  of  period  associated  with  breaking 
waves  is  derived  from  the  Joint  probability  density  function  of 
excursion  and  time  interval  considering  the  wave  breaking  criterion; 
{bl  the  functional  relation  between  pressure  and  breaking  wave  period  Is 
subsequently  established  relying  on  the  Momentum  theorem; (cl  Finally, 
we  yield  the  probability  density  function  of  pressure  by  using 
random  variable  transformation  technique.  In  the  present  paper,  we 
have  analyzed  probability  density  functions  in  Fig. 4(a)  for  various 
conventional  ocean  wave  spectra  such  as  Neumann, Bretschnider  and  HZ 
spectra  for  China  sea.  Moreover,  the  comparisons  of  them  with  different 
wave  significant  height  are  also  made  in  Fig. 4(b). 
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Abstract 

The  energy  dissipation  mechanism  due  to  wave  breaking  is  modelled.  The  dissipation 
term  is  included  in  an  elliptic,  extended  mild--slope  equation,  developed  recently  by  the 
author  [9].  An  extension  makes  it  possible  to  handle  relatively  rapid  undulations  in  water 
depth.  The  resemblance  between  breaking  waves  and  hydraulic  jump  is  used  to  model  the 
energy  losses  due  to  breaking.  Three  various  types  of  wave  trai  ts  are  considered.  Results 
of  comparison  with  experimental  data  are  also  presented. 

Introduction 

It  has  become  evident  that  practical  and  realistic  results  on  the  wave 
motion  in  surf  zone  may  be  obtained  only  from  models  which  introduce 
a  dissipation  function  in  the  depth  averaged  equations,  i.e.  mild-slope 
equation.  This  approach  was  used  surcessfully  in  a  two  -  dimensional 
model  applying  the  parabolic  approximation  of  the  mild-slope  equation 
[6],  However,  because  of  the  parabolic  approximation  involved,  the 
information  on  the  reflection  wave  field  is  totally  lost.  On  the  other  hand, 
in  the  areas  with  the  substantial  reflecting  boundaries,  the  elliptic  mild- 
slope  equation  with  the  dissipation  term  should  be  considered.  Originally 
it  has  been  given  by  Booij  [4]  who  introduced  the  energy  dissipation  in 
the  classical  mild-slope  equation. 

In  this  prper,  the  dissipation  function  is  applied  to  the  extended  mild- 
slope  equation,  developed  by  the  author  [9].  Representation  of  the 
dissipation  mechanism  is  based  on  the  modified  periodic  bore  approach 
for  breaking  [1,13].  Three  different  types  of  shoaling  waves  are  discussed 
and  the  comparison  with  experiments  is  given. 

Problem  formulation 

Consider  the  coordinate  system  0 (x,y,z)  with  z-axis  positive  upwards 
and  equal  to  zero  at  the  free  surface,  and  the  ar-axis  normal  to  the  shore 
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line,  and  the  y-axis  extending  along  the  shore  line.  For  0  <  x  <  6  and 
— oc  <  y  <  oo  (Region  2),  the  water  depth  h(x,y)  is  a  varying  function 
of  x  and  y.  For  x  <  0  (Region  1)  and  x  >  b  (Region  3),  the  water  depth 
is  constant  and  equal  to  k\  and  fij,  respectively. 

A  plane  wave  train  arrives  at  an  angle  0 1  witn  respect  to  the  x-axis. 
The  wave  height  is  equal  to  H  and  the  wave  frequency  is  equal  to  u. 

In  Regions  1  and  3,  the  solutions  of  the  boundary  value  problem  are  quite 
straightforward  and  are  not  written  here. 

To  formulate  the  equation  for  wave  motion  in  the  area  of  slowly  varying 
bottom  contour  (Region  2),  Berkhoff  [3]  used  the  classical  perturbation 
scheme  and  after  averaging  the  equations  of  the  boundary  value  problem 
over  depth,  he  developed  a  well  known  mild-slope  equation  [8].  In 
the  author’s  solution  [9],  the  Bubnov-Galerkin  approach  [ll]  was  used, 
under  the  assumption  that  the  bottom  slope  is  not  necessarily  small. 
Particularly,  the  velocity  potential  fa (x,y,z,t)  is  taken  in  the  form: 

fa (x,y,*tt)  =  -  l9^-ip2(x,i i,z)e~'u\  (1) 

2ui 

where: 

fa{*,  y,  z)  -  E  V2(b,(*i  y)  Zn(x,  y,  *)•  (2) 

n— 0 


The  functions  (P2*\xty)  are  determined  from  the  requirement  that  the 
left-hand  side  of  the  resulting  equation  for  function  fa{x,y,z),  i.e.  the 
Laplace  equation: 


fa{x,y,z)  -  Cfa  =  0, 


(3) 


after  substituting  of  (2)  for  fa  herein,  is  orthogonal  to  the  coordinate 
functions  Zn.  Details  of  the  development  of  function  fa(x,y,z)  are  given 
m  [9].  Here  we  write  only  the  final  result  in  the  form: 


fa (x,y,z)  =  92 (x,y)  Z(h2>z) 


(4) 


where: 


Z{h2,z) 


cosh  k2(z  *f  h2) 
cosh  k2h2 


(5) 


M.  <p2 


*  +  Y!£££V+ 


k\  [l.0  +  /?i(^/i2)--^  +  «2(^^)(V/i2)2]U2  =0  (6) 

L  Ao  J 

where:i2-local  wave  number,  Ki,H2,m  are  functions  of  (/c2h2). 

Energy  dissipation  due  to  wave  breaking 

Usually,  the  energy  dissipation  due  to  wave  breaking  is  much  stronger 
than  that  due  to  bottom  friction.  Hence,  we  consider  only  the  dissipation 
due  to  wave  breaking.  The  following  representation  for  function  <p2  is 
assumed: 

{M  +  J^27}<i°2  =  0,  (7) 

where  7  -  damping  factor  which  should  be  determined  in  each  particular 
case. 

Determination  of  damping  factor  (7) 

A)  Single  nave  train 

To  estimate  the  damping  factor  7  we  apply  the  resemblance  between  surf 
zone  waves  and  bores.  It  is  well  known  that  the  dissipation  in  actual 
measurements  is  larger  than  in  a  hydraulic  jump  of  the  same  height. 
However,  Svendsen  and  Madsen  [14]  have  found  that  the  deviation  from 
the  hydraulic  jump  dissipation  is  less  chan  20%.  Therefore,  in  order  to 
keep  the  model  as  simple  as  possible,  the  hydraulic  jump  expression  for 
energy  dissipation,  with  some  modifications  given  by  Svendsen  [13],  is 
used.  Final  result  is: 


7  =  1  +  0.65- 


1  -  0.35 


nC„  h,2 


B)  Harmonic  wave  train  contaminated  by  random  components 
The  laboratory  wave  generators  usually  produce  regular  wave  trains  in 
which  the  wave  heights  are  not  exactly  constant.  They  are  varied  in  the 
random  manner  being  dependent  on  the  wave  maker  performance,  wave 
channel  condition,  human  error  etc. 

We  consider  the  wave  maker  producing  a  wave  train  in  which  the  target 
wave  height  H  is  in  a  certain  range  {Hi:  AH).  We  denote  the  probability 
of  that  by  P.  The  corresponding  probability  density  function  p{H)  is: 

rr\ _  A  JR  ^21 


P(H)  = 


yfnHA{n) 


•  exp  —  n 
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in  which:  n  -  constant  which  should  be  specified  and  <4{n)  -  normalization 
function.  For  n  =>  oo,  the  probability  density  p{H )  has  a  limit  in  the 
form  of  8  function  [7]. 

To  include  the  dissipation  due  to  wave  breaking,  we  use  a  sharp  cutoff 
of  the  distribution  (9)  with  ail  waves  that  are  breaking  or  have  already 
broken,  having  heights  equal  to  Hm  defined  by  Miche  criterion  with  70 
value  estimated  from  the  breaking  limit  calculated  by  Cokelet  [5j.  For 
the  damping  factor  7  we  obtain  [1 0]: 

U,/SKQt  (Hm\ 

7  X  CC,  bl  \h ,)  ■ 

where  $  is  a  function  of  Hm  and  /12,  and  Qfris  the  fraction  of  breaking  or 
broken  waves. 

C)  Totally  random  wave  train 

Consider  now  the  random  wave  train  propagated  shorewards.  We  assume 
that  in  Region  1,  the  probability  distribution  of  non  -  broken  waves  is 
given  by  Rayleigh  distribution.  The  derivation  of  damping  factor  7  is 
similar  to  that  given  above  and  will  be  not  repeated  here. 

Comparison  with  experiments 

To  verify  the  described  method  of  calculation  of  breaking  waves  we  use  the 
laboratory  and  field  data  [1,2,12].  Particularly  in  Fig.  1,  the  theoretical 
and  experimental  results  for  regular  waves  climbing  on  the  steep,  plain 
beach  of  the  varying  slopes  are  shown  [2j.  In  the  next  example  (Fig.  2), 
the  random  waves  propagate  over  schematized  bar-trough  bottom.  The 
significant  wave  height  Hs  —  0.194m  and  wave  period  Tp  =  2.22s  was 
assumed  [l] .  Finally  in  Figure  3,  the  theory  is  confronted  with  the 
data  taken  in  the  shallow  water  zone  of  the  North  Sea.  In  all  cases, 
the  agreement  is  quite  satisfactory. 
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Fig.l  Wave  breaking  over  plain  beach  with  changing  slope 
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Fig.2  Random  waves  breaking  over  schematized  bar-trough  bottom 


I 
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Fig.3  Wind  waves  breaking  in  shallow  water  zone  of  the  North  Sea 
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Summary 

Microwave  remote  sensing  of  the  ocean  surface  using  a  Synthetic  Aperture  Radar  (SAR)  is  of 
great  interest  due  to  its  potential  of  nearly  instantaneous  coverage  of  large  areas.  The  accumula¬ 
tion  in  recent  decades  of  experience  with  ocean  imaging  using  SAR  indicates  that  there  are  sub¬ 
stantial  difficulties  in  the  interpretation  of  the  obtained  images.  The  present  paper  presents  some 
results  obtained  in  imaging  of  the  nearshore  regions  of  the  Monterey  Bay  using  a  modification  of 
the  conventional  SAR  which  employs  two  spatially  separated  antennas.  This  allows  us  to  construct 
an  interferogram  of  the  image  which  provides  direct  mapping  of  the  observed  surface  velocities. 
The  advantages  of  this  novel  technique  in  imaging  of  the  ocean  surf  zone  are  demonstrated. 


Introduction 

Microwave  remote  sensing  of  the  ocean  in  general,  and  of  the  surf  zone  in  particular,  is  of  great 
interest  due  to  its  potential  of  nearly  instantaneous  coverage  of  large  areas.  The  application  of 
SAR  to  imaging  of  the  permanently  moving  ocean  surface  reveals,  however,  that  interpretation  of 
ocean  imaging  by  SAR  represents  considerable  difficulties. 

Recently  [1],  |2J,  an  interferometric  SAR  (INSAR)  was  suggested  for  imaging  of  the  ocean  sur¬ 
face.  In  this  modification  of  conventional  SAR  technique,  complex  SAR  images  are  obtained  by 
two  antennas  separated  along  the  platform  flight  path.  These  images  are  further  combined  inter- 
ferometrically  thus  providing  a  remote  sensing  tool  with  a  well  defined  mechanism  of  ocean 
imaging.  Due  to  the  direct  imaging  mechanism,  INSAR  can  measure  quantitatively  the  actual  vel¬ 
ocity  at  the  ocean  surface.  The  advantages  of  INSAR  over  regular  SAR  in  imaging  of  the  ocean 
were  discussed  in  [3J,  [4], 

In  contrast  to  conventional  SAR,  where  the  image  represents  the  map  of  the  absolute  value  of  the 
complex  reflectivity  of  the  ocean  (5),  in  INSAR  image  we  are  foremost  interested  in  the  phase 
component  of  the  interferogram,  which  contains  direct  information  about  the  radial  velocity 
component  of  the  ocean  surface. 
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Principle  of  operation  of  an  interferometric  SAR 

The  microwave  scattering  from  a  rough  surface  Tor  a  side-looking  radar  is  attributed  to  the 
Bragg  resonance  between  the  electromagnetic  wave  and  the  undulating  surface.  The  crests  of  the 
resonant  surface  waves  (Bragg  waves)  are  perpendicular  to  the  radar  viewing  direction,  and  there 
exists  the  following  relation  between  the  wave  vector  of  the  surface  Bragg  waves  k  and  the  radar 
wave  vector  k  is 

|kj  -  2)k)  sin-7,  (1) 

7  being  the  radar  beam  incidence  angle.  For  an  L-band  radar  and  q  »  30°,  the  length  of  the 
resonant  Bragg  waves  is  24.5cm.  These  surface  Bragg  waves  propagate  to  and/or  from  the  radar 
platform  with  the  phase  velocity  cp  -  '/g/tk|.  Bragg  wave  frequency  is  given  by  the  linear 
dispersion  relation  for  surface  gravity  waves  w  »  Vgjkf. 

Synthetic  Aperture  Radar  (SAR)  is  a  high  resolution  coherent  remote  sensor  carried  either  by  an 
aircraft  or  by  an  orbiting  platform.  The  high  along-track  resolution  is  achieved  by  using  the 
phase  history  of  the  Doppler-shifted  return  signal  over  the  finite  integration  time  in  which 
moving  with  the  constant  velocity  V  radar  forms  a  large  aperture  in  the  flight  direction.  The 
high  cross-track  resolution  is  obtained  by  modulating  the  transmitted  signal  (6).  The  theoretical 
background  for  the  INSAR  imagery  of  ocean  surface  is  given  in  [7].  In  the  present  study  the 
modification  suggested  in  { 1  ]  and  (2]  was  used.  The  NASA/JPL  DC-8  research  aircraft  equipped 
with  an  interferometric  SAR  system  operating  at  L-Band  with  a  full  digital  recording  capability 
and  an  inertial  navigator  system  for  three  dimensional  measurement  of  the  aircraft  attitude  was 
used.  The  backscattered  echoes  received  by  physically  separated  fore  and  aft  antennas  mounted 
on  the  left  looking  side  of  the  aircraft  fuselage  from  the  ocean  surface  are  recorded  and  pro¬ 
cessed  into  two  separate  complex  (magnitude  and  phase)  maps,  which  are  then  combined  inter- 
ferometrically  into  a  single  complex  image.  The  spatial  separation  between  the  antennas  B  - 
19.6m.  Pulses  are  transmitted  from  the  rear  antenna  and  are  received  simultaneously  by  both 
antennas.  The  frequency  of  the  backscattered  radar  signals  at  both  antennas  is  Doppler  shifted 
due  to  non-zero  surface  velocity  vector  U  by 

«D  -  2k-U  -  2kUr  (2) 

where  Ur  is  the  radial  component  of  U.  The  velocity  U  represents  the  vector  sum  of  surface 
currents,  orbital  velocity  of  the  ocean  waves  and  the  phase  velocity  cp  of  the  resonant  Bragg 
waves.  For  a  platform  moving  with  the  velocity  V,  the  image  of  the  identical  surface  area  by  the 
two  antennas  is  obtained  with  the  time  interval  At  -  B/2V.  The  phase  difference  a  between  the 
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return  signals  of  the  two  INSAR  antennas,  which  is  due  to  the  Doppler  shift  wp  and  the  time 
interval  At,  is  related  to  the  measured  radial  component  of  the  surface  velocity  Ur  by. 

“  *  D  At  ■  Y  Ur  (3) 

Equation  (3),  first  obtained  in  [2],  serves  as  a  basis  for  extracting  the  quantitative  information 
from  the  INSAR  images. 

Experiment 

The  experiment  was  carried  out  on  September  8,  1989  in  Monterey  Bay.  The  experiment  con¬ 
sisted  of  four  overflights  of  a  NASA/JPL  DC-8  airplane  carrying  an  L-band  interferometric 
SAR.  The  average  aircraft  altitude  was  about  8200m.  Additional  radar  system  and  flight  data  are 
reported  in  [3),  (4).  The  radar  overflights  were  conducted  around  1300  Pacific  Daylight  Savings 
Time,  close  to  the  time  of  maximum  tidal  flood  current  The  flight  pattern  and  the  scene  loca¬ 
tions  of  radar  data  acquired  are  illustrated  in  Figure  I. 

The  environmental  conditions  during  the  Marina  experiment  were  typical  for  late  summer  in 
Monterey  Bay.  Light  westerly  winds  (about  2  m/s),  surface  air  temperature  of  14°-16°C  and  clear 
skies  up  to  300  m  blocked  by  a  stratus  cloud  deck,  were  observed  during  experiment  period.  The 
mild  meteorological  conditions  during  this  period  resulted  in  almost  no  local  wave  generation  of 
sea.  The  sea  surface  was  predominantly  long  crested,  narrow-band  swell  waves  propagating 
shoreward.  The  surface  wind  had  mainly  an  eastward  component  with  a  weaker  ambiguous 
northerly  component.  Thus  in  flight  legs  360°  and  180°,  the  radar  was  looking  at  an  upwind  or 
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Fig.  1.  Flight  pattern  and  scene  locations. 


downwind  surface  roughness  while  in  legs  90°  and  270®  the  radar  looked  at  weakly  crosswind 
scenes.  The  resonant  Bragg  waves  at  the  ocean  surface  which  are  responsible  for  the  radar  reflec¬ 
tivity,  during  flight  path  90°  and  270®  travelled  in  both  directions  towards  and  away  from  the 
aircraft  due  to  wave  and  wind  spreading. 

Since  only  the  velocity  component  in  the  radar  viewing  direction  is  sensed  by  the  interferometric 
SAR,  the  images  of  180°  and  360°  flight  legs  make  it  possible  to  estimate  the  on-shore  or  off¬ 
shore  current  component,  while  the  flight  legs  of  90®  and  270®  provide  information  about  the 
longshore  currents.  For  this  reason,  in  the  present  study  we  mainly  are  interested  in  the  last  two 
images.  An  interesting  feature  of  the  imaged  scene,  as  can  be  seen  in  Fig.  1,  is  the  Salinas  river, 
which  at  that  time  of  the  year  is  a  reservoir  of  standing  water  blocked  from  the  ocean.  The  Sali¬ 
nas  river  is  visible  in  night  legs  of  360®  and  270®.  Due  to  the  absence  of  currents  and  long  grav¬ 
ity  waves  in  this  small  reservoir,  the  measured  scatterer  velocity  in  the  Salinas  river  corresponds 
to  the  Bragg  waves  phase  velocity.  This  allows  one  to  compare  the  measured  value  of  cp  with 
the  linear  theoretical  result. 


Salinas 

river 


Salinas 

river 


Fig.  2  INSAR  images  of  the  nearshore  region  in  a)  northbound  (360®)  night  leg,  image  size 
12.4km  by  3km,  b)  eastbound  (90®)  night  leg,  image  size  3km  by  8.4km;  and  c)  westbound  (270°) 
night  leg,  image  size  3km  by  6.2km. 
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Experimental  results 

The  nearshore  area  of  INSAR  images  obtained  in  the  flight  legs  360°,  90°  and  270°,  are  pre¬ 
sented  in  Fig.  2.  The  Salinas  river  is  clearly  seen  in  images  of  360°  and  270°.  In  the  360°  case, 
the  radar  was  looking  upwind,  the  Bragg  waves  therefore  propagated  toward  the  platform,  so  that 
the  pixels  in  the  Salinas  river  region  have  higher  values  than  in  the  surroundings.  The  apparent 
Bragg  wave  phase  velocity  estimated  using  (3)  from  the  Salinas  river  area  of  Fig.  2a  is  53  cm/s. 
Substituting  the  corresponding  incidence  angle  7  *  46°  into  (I)  yields  the  wave  number  |k|  for 
which  the  linear  theory  gives  cp  «  51  cm/s.  In  the  crosswind  270°  flight  path  the  resonant  Bragg 
waves  travelled  in  both  directions,  to  and  from  the  radar,  so  it  is  difficult  to  estimate  a  priori  the 
contribution  of  each  propagation  direction.  The  estimates  of  Bragg  phase  velocity  for  the  Salinas 
river  region  from  Fig.  2c  gives  the  value  of  -41  cm/s,  while  application  of  (1)  for  7  -  33°  yields 
Cp  »  58  cm/s.  It  thus  appears  that  Bragg  waves  in  crosswind  were  mainly  southbound,  away 
from  the  radar  in  270°  flight  path.  These  measured  values  of  the  Bragg  phase  velocity  are 
assumed  to  be  valid  also  for  the  open  sea  regions  in  the  image,  thus  making  it  possible  to  get 
absolute  estimates  of  longshore  current  velocities  for  both  90°  and  270°  flight  directions. 

The  image  of  the  surf  zone  in  Fig.  2a  (flight  leg  360°)  indicates  that  there  is  a  wide  range  of 
observable  surface  velocities  in  this  region.  This  is  in  agreement  with  earlier  results  which  indi¬ 
cate  that  the  bandwidth  of  the  radar  Doppler  spectrum  is  drastically  increased  by  breaking  waves 
[8].  The  dark  pixels  in  the  image  may  correspond  to  velocities  with  the  phase  shift  calculated 
according  to  (3)  exceeding  the  value  of  *  [7], 


Fig.  3  Current  distribution  obtained  in  the  westbound  (270°)  flight  leg.  Radar  beam  incidence 
angle  40°,  positive  current  direction  -  northbound. 

The  spectral  analysis  of  the  available  INSAR  images,  as  well  as  simultaneous  ground-based  meas¬ 
urements,  indicate  that  a  bimodal  wave  system  existed  in  Monterey  Bay  during  the  experiment 
(3].  [4j.  The  two  spectral  peaks  correspond  to  wave  periods  of  9.1s  and  J5.9  s,  where  longer  swell 
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propagates  from  west-southwest  (propagating  from  direction  of  about  255°),  while  the  shorter 
wave  comes  from  west-northwest  (direction  of  about  295°).  The  longer  swell  thus  generates  north¬ 
bound  longshore  current,  while  the  shorter  wave  can  result  in  a  southbound  current,  in  particular 
in  the  northern  part  of  the  imaged  area,  where  the  angle  of  approach  of  this  wave  is  larger  (cf. 
Fig.  1).  Both  these  currents  are  clearly  visible  in  the  current  distribution  in  the  off-shore  direction 
obtained  from  the  270°  flight  leg  (Fig.  3).  As  it  could  be  expected,  the  peak  of  the  longshore  cur¬ 
rent  corresponding  to  a  shorter  wave  is  located  considerably  closer  to  the  waterline  (at  offshore 
distance  of  about  40m)  than  that  of  the  longer  swell  ((about  100m).  Fig.  4.  depicts  the  current  dis¬ 
tributions  obtained  in  the  overlapping  regions  of  images  presented  in  Figs.  2b  and  2c.  The  agree¬ 
ment  between  both  Figures  is  reasonably  good. 


Fig.  4  Comparison  of  current  distributions  obtained  in  the  overlapping  region  of  a)  eastbound 
(90°)  and  b)  westbound  (270°)  flight  legs.  Positive  current  direction  is  southbound  in  90°  flight  leg 
and  northbound  in  270°  flight  leg. 

In  conclusion,  the  present  preliminary  results  indicate  that  the  interferometric  SAR  has  a  consider¬ 
able  potential  in  providing  information  about  spatial  distribution  of  ocean  currents,  which  can 
hardly  be  acquired  by  alternative  means.  In  particular,  longshore  current  distribution  correspond¬ 
ing  to  a  bimodal  wave  system  is  observed.  This  INSAR  capacity  to  measure  complex  spatial  pat¬ 
terns  ocean  currents  augments  its  capability  to  measure  directional  2D  spectra  of  ocean  surface 
elevation,  as  demonstrated  in  an  earlier  work  [4], 
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SUMMARY 

In  this  work  we  study  some  aspects  of  a  2D  free  surface  flow  produced  by  a  submerged 
cylinder  moving  close  to  the  bed  (see  Figure  1).  The  flow  evolution  depends  on  cylinder 
shape  and  on  the  Froude  number  of  the  undisturbed  flow.  According  to  these  we  find 
three  main  types  of  evolution  which  may  include  steady  or  transient  breaking. 

INTRODUCTION 

The  flow  around  a  moving  disturbance  on  or  near  a  free  surface  of  water  allways  catches 
the  attention,  because  of  the  variety  of  possible  outcomes  and  of  the  presence  of  different 
regimes  in  different  regions  of  the  same  flow.  In  two  dimensions  we  have  two  quite 
different  flows  one  upstream  and  the  other  downstream  of  the  disturbance.  There  may 
be  a  bore  upstream  and  a  more  complicate  wave  flow  downstream. 

As  the  disturbance  moves,  at  a  speed  smaller  than  a  certain  critical  value,  water  piles 
up  in  front  of  it;  from  this  mass  of  excess  water  a  bore  develops  and  moves  away 
from  the  disturbance.  Bores  are  produced  when  water  of  a  certain  depth  and  speed 
is  made  to  move  onto  shallower  slower  water,  see  Teles  da  Silva  and  Peregrine  (1]. 
Bores  can  be  produced  in  a  variety  of  ways:  moving  pistons,  pushing  plates  over  a 
surface  of  water,  Binnie  and  Orkney  [2],  displacing  floating  bodies,  Ertekin,  Webster 
and  Wehausen  [3],  moving  regions  of  applied  pressure,  Ertekin,  Webster  and  Wehausen 

[4]  or  moving  submerged  obstacles.  Bores  fall  into  one  of  three  types:  purely  undular, 
undular  breaking  and  turbulent  (which  does  not  develop  waves). 

Behind  the  moving  disturbance  there  appears  a  depression  at  the  free  surface;  this 
depression  gives  rise  to  a  flow  which  is  interesting  on  its  own.  Fomberg  and  Wliitham 

[5]  show  computations,  using  K  de  V’s  equation,  of  the  evolution  of  an  initial  well  on  a 
free  surface.  One  of  the  slopes  of  the  well  smoothes  away  and  the  other  at  first  steeppens 
and  develops  a  succession  of  waves  which  at  a  later  stage  start  to  get  lower  and  longer. 
Ultimately,  both  slopes  of  the  well  will  be  smoothed  but  one  of  them  go  first  through 
steeppening  and  wave  formation.  When  behind  the  moving  disturbance  a  well  first 
appears  it  may,  sometimes,  be  too  steep  to  obey  the  behaviour  predicted  by  K  de  V’s 
equation  and  breaking  of  the  downstream  slope  is  a  possible  outcome. 

The  problem  of  wave  generation  by  moving  disturbances  has  been  studied  mostly  by 
weakly  nonlinear  models.  Several  of  the  features  of  the  flow  have  been  described.  Mei 

[6]  classifies  four  main  types  of  flow  evolution;  \)highly  supercritical  with  no  bore  and 
downstream  waves  fastly  smoothed  and  washed  away;  ii)  critical  and  supercritical  with 
a  bore  and  downstream  waves  smoothed  and  washed  away;  iii)  and  iv)  are  respectivelly 
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subcriiical  and  low  subcrilical  where  bores  are  gentler  than  in  ii)  and  the  downstream 
waves  are  not  smoothed  and  trail  close  to  the  body.  Wu  (7],  calculates,  along  with  other 
results,  the  drag  coefficient  Cow  which  is  found  to  depend  on  the  upstream  bore;  peaks 
of  Cow  correspond  to  the  generation  of  new  waves  in  the  bore;  amplitudes  of  Cow 
oscillations  decay  with  tim^,  faster  for  smaller  FYoude  numbers.  Lee,  Yates  and  Wu 
(8j  model  the  same  problem  as  Wu,  [7],  by  both  K  de  V  and  Boussinesq’s  equations; 
they  show  among  other  results  that  periods  of  Cow  oscillations  increase  with  Froude 
number. 

For  subcritical  as  well  as  highly  supercritical  flows  fully  nonlinear  stationary  asymptotic 
solutions  have  been  calculated  by  Forbes  and  Schwartz  [8],  Wanden  Broeck  [9],  Dias  and 
Vanden  Broeck  [10].  A  steady  state  with  no  waves  has  been  calculated  by  Forbes  [11]. 

MATHEMATICAL  MODEL 

The  problem  of  a  moving  submerged  obstacle,  sketched  in  Figure  1,  as  a  potential  flow 
problem.  The  following  bovtndary  value  problem  for  the  potential  $,  with  the  reference 
frame  set  at  the  obstacle,  is  to  be  satisfied  at  any  time  along  the  flow  evolution: 


V2$  =  0 

(1) 

d<f>  1 

_  +  _v*<  +  ,r  =  o 

(2) 

DR 

= 

Dt 

(3) 

lim  Y  —  liin  Y  —  0  lim  V<^  =  lim  S7<j>  =  —U 

X— ♦  —  OO  2  —♦CO  Z  —  -00  z—+oo 


(4) 

(5) 


(1)  is  to  be  valid  inside  the  fluid  region.  At  the  free  surface  which  is  described  paramet- 
ricaly  by  R  =  (JY,K)  in  order  to  allow  for  overturning,  (2)  and  (3)  m  s  be  satisfied. 
At  the  bed,  placed  at  y  =  —  h,  and  on  the  body  (4)  is  to  apply,  where  n  is  a  normal 
to  bed  and  body  surfaces.  At  both  extremes  x  =  ±oo  the  free  surface  is  to  be  flat  at 
y  ~  0  and  the  speed  equal  to  -U  as  expressed  in  (5).  The  value  U  must  be  given  as 
part  of  the  problem  as  well  as  the  curve  C  describing  the  obstacle  shape.  As  initial 
condition  we  set  the  free  surface  flat  at  level  zero,  R  =  0,  the  potential  $  =  —Ux,  the 
cylinder  center  at  x  —  0  and  the  flow  is  started  impulsively.  Throughout  this  work  the 
undisturbed  depth  h  and  the  acceleration  of  gravity  g  are,  respectively  used  as  units 
of  length  and  acceleration;  the  unit  of  time  is  thus  Two  types  of  obstacle  have 

been  used:  half-circles  and  half-elipses  with  the  horizontal  semiaxis  a  fixed  to  a  =  1 
The  flow  depends  on  two  parameters:  F  and  either  the  radius  r  or  the  semi  axis  b.  We 
compute  flows  with  Froude  numbers  ranging  from  0.6  to  1.6.  The  free  surface  evolution 
is  calculated  through  a  boundary  integral  numerical  scheme  presented  in  Teles  da  Silva 
and  Peregrine,  [13].  Computations  have  been  made  with  IBM’s  3090  in  the  University 
of  Bristol,  England,  and  in  CENPES/PETROBRAS,  Brazil. 


NUMERICAL  RESULTS 

Nonbreaking  flows  behave  in  the  way  described  by  weakly  nonlinear  calculations.  If 
we  take  the  regimes  described  by  Mei,  an  interesting  feature  appears  as  a  result  of  the 
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finiteness  of  the  obstacle  size;  for  a  given  obstacle  size  there  exists  two  FVoudc  num¬ 
bers,  Fsb  and  Fsp,  Fst>  <  1  <  Fsp,  which  mark  the  boundaries  between  aubcritical/lo\a 
sttbcrtcctl  and  critical/  supercritical  and  between  critical/supercritical  and  highly  super¬ 
critical.  The  words  subcritical  critical  and  supercritical  will  be  from  now  on  used  in 
this  sense.  For  very  small  obstacles  they  both  get  near  one.  For  greater  obstacles  they 
depart  from  one.  For  instance,  for  a  half  circle  of  radius  0.1  F  —  11  is  already  high 
supercritical  whilst  for  a  half  elipse  with  «  —  1  and  6  —  0.1  it  is  supercritical ;  see  Figure 
2  a).  Figure  2  a)  and  b)  show  two  long  computations  for  the  flow  evolution  with  a  half 
elipse;  with  «  --  1,  b  —  0.1  both  and  F  —  1-1  and  F  =  0.95  respectively.  With  lower 
Fronde  numbers  there  is  more  iu;lss  accumulation  upstream  of  the.  obstacle.  Mass  accu¬ 
mulates  in  pulses;  Figure  3  shows  a  graph  of  the  rate  of  mass  accumulation  with  time 
for  the  two  computations  above  ;  the  troughs  correspond  roughly  to  the  beginning  of  a 
new  wave  at  the  back  of  the  bore.  Figure  4  shows  graphs  of  force  components  against 
time  for  the  same  computations.  The  oscillations  in  Figures  3  and  4  are  out  of  phase 
and  appear  to  decay  with  time,  more  conspicuously  for  lower  Froude  numbers. 

Breaking  occurs  both  upstream  and  downstream  of  the  cylinder.  Downstream  breaking 
appears  to  be  a  more  complicated  phenomenon.  Some  computations  have  been  made 
with  a  single  trough  on  the  free  surface  and  a  flat  bed.  The  trough  takes  the  shape  of 
e  scch(ax).  Figure  5  shows  the  flow  evolution  for  this  initial  state  with  c  =  0.2;  it  can  be 
seen  that  on  the  downstream  side  waves  form,  get  steep  and  then  smooth  continually; 
in  this  situation  breaking  may  occur  during  the  steepenning  stage;  depending  on  the 
magnitude  of  c  breaking  may  occur  at  the  very  first  stages  of  steepenuing  as  in  Figure 
6.  In  all  the  critical  and  supercritical  regimes  downstream  waves  first  get  steep  and 
then  smooth,  that  happens  in  both  cases  of  Figure  2;  for  these  cases  the  deficit  of 
mass  downstream  is  smaller  compared  with  the  subcritical  regimes  and  the  well  model 
may  approximately  apply  to  them.  Figure  7  shows  two  downstream  breakers  where 
breaking  occurs  at  two  different  stages  of  the  steepenning  process.  The  subcritical  flow 
regimes  however  present,  in  the  well  region,  downstream  of  the  obstacle  an  equilibrium 
between  steepennig  and  stretching;  in  the  sense  that  what  characterise  these  flows  is 
the  formation  of  a  steady  wave  train  that  does  not  smooth  nor  gets  washed  away.  YVe 
conjecture  that  this  effect  may  be  reproduced  with  the  single  well  computations  if  mass, 
in  some  way,  is  taken  from  the  well.  Figure  8a)  and  b)  shows  a  subcritical  breaker 
which  is  somewhere  near  two  frontiers:  between  breaking  and  nonbreaking  and  between 
subcritical  and  critical  regimes.  If  cither  the  obstacle  increases  in  size  or  the  Froude 
number  is  reduced  breaking  happens  earlier.  In  fact  for  lower  subcritical  Froude  numbers 
breaking  occurs  for  smaller  obstacles.  The  breakers  of  Figure  7  will  be  eventually  washed 
downstream  whilst  fubcritical  breakers  will  probably  stay  close  to  the  obstacle. 

Upstream  breakers  are  bore  breakers  which  are  discussed  in  some  detail  in  [lj.  As 
computations  stop  after  breaking,  and  breaking  downstream  is  a  far  more  likely  event, 
upstream  breakers  are  computed  only  for  moderately  large  obstacle  sizes  and  for  higher 
Froude  numbers,  somewhere  above  one  (one  excluded);  only  for  these  cases  the  down¬ 
stream  waves  will  survive  the  steepenning  stage  of  their  evolution.  Moreover  if  big 
obstacles  cannot  be  used  to  produce  greater  breaking  bores  smaller  ones  will  do  if  the 
period  of  wave  formation  is  increased;  which  means  to  use  higher  Froude  numbers;  as  in 
the  breaker  in  Figure  8.  Figure  10  shows  a  breaker  that  appears  to  be  a  steady  solitary 
breaker. 

The  occurrence  of  downstream  breakers  for  subcritical  flows  for  any  but  very  moderate 
obstacle  sizes,  poses  a  limitation  on  the  existence  of  laminar  subcritical  solutions  of  the 
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steady  problem  for  obstacles  that  are  not  small  enough.  By  another  side  breaking  in  the 
subcritical  regime  is  steady  breaking;  meaning  that  there  is  a  turbulent  wake  training 
at  a  short  distance  behind  the  obstacle.  These  are  the  cases  discussed  by  Duncan  (14), 
where  he  finds  incresed  resistance  due  to  steady  breaking  in  the  wake  of  a  hydrofoil.  At 
these  lower  Froude  numbers  the  rate  of  accumulation  of  mass  upstream  of  the  obstacle  is 
greater  but  the  period  of  wave  formation  in  the  bore  is  shorter  meaning  that  individual 
waves  in  the  bore  are  very  gentle. 

REFERENCES 

[1)  Teles  da  Silva,  A.  F.  &  Peregrine,  D.  H.  Nonsteady  computations  of  unduiar  and 
breaking  bores,  Proc.  of  the  22nd  Int.  Conf.  Coastal  Eng.,  Delft,  1990. 

(2}  Binnie,  &  Orkney  Exper.  on  the  flow  of  water  from  a  reservoir  through  an 
open  channel.  II.  The  formation  of  hydraulic  jumps.,  Proc.  Roy.  Soc.  A230. 

[3]  Ertckin,  R.  C.,  Webster,  W.  C.  &  Wehausen,  J.  V.  Ship-generated  solitons,  Proc. 
of  15th  Symp.  Naval  Hydrodynam.,  Hamburg,  1984. 

[4]  Ertekin,  R.  C.,  Webster,  W.  C.  &  Wehausen,  J.  V.  Waves  caused  by  a  moving 
disturbance  in  shallow  channel  of  finite  width,  J.  Fluid  Mech.  169,  1986. 

[5]  Fornberg,  B.  &  Witham,  G.  B.  A  numerical  and  theoretical  study  of  certain 
nonlinear  wave  phenomena,  Phil.  Trans.  R.  Soc.  Lond.  A289,  1978. 

[6]  Mei,  C.  C.  Radiation  of  solitons  by  slender  bodies  advancing  in  a  shallow 
water  channel,  J.  Fluid  Mech.  162,  1986. 

[7]  Wu,  T.  Y.  Generation  of  upstream  advancing  solitons  by  moving  disturbances, 
J. Fluid  Mech.  184,  1987. 

[8]  Lee,  S.,  Yates  G.  T.  &  Wu,  T.  Y.  Exp.  and  analysis  of  upstream  advancing  solit. 
waves  generated  by  moving  disturbances,  J.Fluid  Mech.  199,  1989. 

[9]  Forbes,  L.  K.  &  Schwartz  L.  W.  Free  surface  flow  over  a  semicircular  obstruction, 
J.Fluid  Mech.  114,  1982. 

[10]  Vanden-Broeck,  J.-M.,  Free  surface  flow  over  an  obstruction  in  a  channel,  Phys. 
Fluids  30,  1987. 

[11]  Dias,  F.  &  Vanden-Broeck,  J.-M.,  Open  channel  flows  with  submerged  obstruc¬ 
tions,  J.  Fluid  Mech.  206,  1989. 

[12]  Forbes,  L.  K.  Critical  free  surface  flows  over  a  semi-circular  obstruction,  J. 
Eng.  Math.  22,  1988. 

[13]  Teles  da  Silva,  A.  v.  Peregrine,  D.  H.  Nonlinear  perturbations  of  on  a  free  sur¬ 
face  induced  by  a  submerged  body:  A  Boundary  Integral  Approach,  special 
issue  of  the  J.  Eng.  Anal.  Bound.  Elem.,  1990. 

[13]  Duncan,  J.  H.  The  breaking  and  non-breaking  wave  resistance  of  a  two  dimen¬ 
sional  hydrofoil,  J.  Fluid  Mech.,  126,  1983. 

FIGURES 


Figure  1.  Wave  generation  problem. 
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Figure  2.  Evolution  of  free  surface  flows  past  half  elipses  with  semi  axis  a  —  1.0  and 
b  —  0.1  until  time  150:  a)  F  =  0.95,  above  b)  F  =  1.1,  below,  cylinders: 
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Figure  5.  Flow  evolution  for  an  initial  well,  y  =  0.20 sec/ix,  until  time  SO. 

Figure  6.  Detail  of  the  breaking  profile;  the  flow  is  started  with  an  initial  well,  y 
0.35  scchx,  at  time  G.75.  The  breaking  crest  is  0.21  high,  the  maximum  slope  is  156 
Figure  7.  Downstream  breakers  for  scmi-circular  cylinders,  a)  r  _  0.3  and  F ’  -  1 
time  55.8,  the  breaking  crest  is  0.390  high  at  i  -  -13.0,  the  maximum  slope  is  123.78 
b)  r  =  0.5  and  F  =  1.6  at  time  2.50,  the  breaking  crest  is  0.070  high  at  x  -  -3.7,  tl 
maximum  slope  is  145.41°  . 
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Figure  8,  a)  Flow  evolution  until  time  60  for  a  half  clipsc  with  a  =  1.0  and  b  —  0.1 
and  F  —  0.9.  b)  Detail  of  breaker  in  a)  at  time  60.4.  The  breaking  crest  is  0.39  high  at 
x  =  —8.1  and  the  maximum  slope  is  130°. 

Figure  9.  Upstream  breaker  for  r  =  0.4.  a)  F  —  1.1,  time  32,  the  breaking  crest  is 
0.987  high  at  x  =  4.5,  the  maximum  slope  is  113°. 

Figure  10.  Upstream  breaker  for  r  =  0.4,  a)  F  =  1.3,  time  time  53.8,  the  breaking 
crest  is  1.054  high,  at  x  =  1.7,  the  maximum  slope  is  184°. 
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Summary 

The  conventional  answer  is  no,  except  in  the  sense  of  allowing  approximate  discussion 
of  shock-like  post-breaking  events.  But  solutions  by  characteristics  of  the  nonlinear 
shallow-water  equations  do  give  a  rather  impressive  picture  of  an  apparent  plunger 
during  the  actual  breaking  itself,  and  one  wonders  if  there  is  anything  in  it,  never¬ 
theless.  Shallow-water  theory  should  demand  only  that  the  fluid  velocity  vector  be 
nearly  horizontal,  nothing  else.  In  particular,  it  should  not  make  any  assumption 
that  the  free-surface  slope  is  small.  The  fluid  particles  in  a  near-vertical  wall  of 
water  could  be  moving  nearly  horizontally.  However,  even  if  this  were  so,  unfortu¬ 
nately  there  is  still  a  kinematic  barrier  to  acceptance  of  shallow-water  theory  beyond 
the  point  where  the  free  surface  first  beomes  vertical,  since  most  derivations  assume 
that  the  free-surface  height  is  a  single-valued  function  of  the  horizontal  co-ordinate. 
There  are  alternative  derivations,  e.g.  Lagrangian,  that  do  not  demand  such  an  as¬ 
sumption.  An  apparent  singularity  occurs  when  the  free  surface  becomes  vertical, 
but  this  singularity  is  not  present  for  pure  simple  waves.  The  opportunity  is  also 
taken  to  discuss  similar  breaking-like  problems  for  lubrication  equations,  which  are 
the  viscous-fluid  equivalent  of  the  shallow-water  equations,  with  applications  such  as 
to  dripping  of  freshly-painted  vertical  surfaces. 


In  water  of  constant  small  depth  h,  the  two-dimensional  nonlinear  shallow-water  equa¬ 
tions  are 

tit  +  +  gt}x  =0 

Vt  +  O7)*  =0. 

Here  u(x,  f)  is  the  horizontal  velocity  and  y  =  t j(x,t)  is  the  equation  of  the  free  surface. 
These  equations  can  be  solved  by  characteristics,  see  [1].  In  particular,  there  exist  “sim¬ 
ple  waves”  such  that  u  —  2^/grj  is  constant,  and  these  waves  satisfy  the  uni-directional 
kinematic  wave  equation 

7<  +  CJ7*  =  0,  (2) 


with  wave  speed 

c(v)  =  Zy/sv  -  2\/gh- 


(3) 


The  solution  of  (2)  for  any  initial  disturbance  7(1,0)  is  given  implicitly  by 


7  =  »j(x  -c(r?)f,0), 

or  explicitly  as  a  formula  for  x  as  a  function  of  7  and  t,  namely 


(4) 


x  =  c(v)t  +  10(7), 


(5) 
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where  x<> (q)  is  the  function  inverse  to  rj0(x,  0).  For  example,  if  we  start  with  the  simple 
mound 

n<x,0)  -  —  ~/T,,  (6) 


*<>(*?) 


r 

=  ±L^/ 


*}  -  h 


the  resulting  explicit  solution  (5)  is  plotted  in  Figure  1  at  A/h  =  1  for  various  times  t 
(scaled  by  L/y/gH),  showing  plunger-type  breaking  behaviour. 


<5 


123456789  10 


Fig  1.  Breaking  wave  computed  by  shallow- water  theory. 


The  above  illustrates  the  simplicity  of  shallow-water  theory;  a  whole  discussion,  from 
statement  of  problem  and  equations,  to  plotting  of  results,  fits  into  one  long  but  straight¬ 
forward  paragraph.  However,  all  is  not  this  satisfactory.  It  is  conventional  wisdom  that 
shallow-water  theory  is  not  valid  for  breaking  waves,  so  one  must  discard  these  results, 
however  plausible  they  look. 

I  do  not  wish  here  to  make  a  case  for  shallow- water  theory,  but  simply  to  highlight  some 
of  the  issues.  It  may  be  that  the  conventional  wisdom  is  correct.  Some  things  that  look 
like  ducks  and  quack  like  ducks  and  fly  like  ducks  are  not  ducks. 

There  is  one  sense  in  which  the  above  shallow-water  results  are  widely  accepted,  and 
that  is  as  a  tool  for  approximate  study  of  the  bore  that  propagates  after  breaking.  This 
can  be  interpreted  as  accepting  validity  of  portions  only  of  Figure  1.  That  is,  at  post¬ 
breaking  times,  when  the  computed  free  surface  y  =  q  is  a  triple- valued  function  of  x, 
one  discards  the  “intermediate"  free  surface,  and  accepts  the  “upper”  free  surface  for 
x  <  zf( t)  and  the  “lower”  free  surface  for  x  >  Here  x  =  zp(t)  is  the  location  of 

the  bore  or  shock  front,  which  is  assumed  to  be  a  moving  step-function  discontinuity, 
determined  by  conservation  of  mass.  The  (false?)  nose  portion  of  the  computed  broken 
wave  lying  ahead  of  the  vertical  line  at  x  =  Xf(f)  is  discarded,  and  xp(<)  is  chosen  so 
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that  the  area  of  this  discarded  portion  is  identical  to  the  area  that  is  then  “filled  in” 
behind  the  front,  see  (2j,  p.  170. 

The  above  interpretation  is  familiar  in  other  contexts,  such  as  gasdynamic  shock  waves, 
and  is  not  controversial.  Essentially,  the  shallow- water  approximation  holds  separately 
for  x  <  Xf(t)  and  for  x  >  xp(t).  It  breaks  down  locally  near  the  shock  front,  and  if  one 
needs  to  know  details  of  the  flow  in  that  neighbourhood,  one  must  work  a  lot  harder, 
and  in  particular  may  have  to  abandon  the  shallow-water  assumption. 

As  an  aside,  note  that  in  this  and  other  similar  areas,  there  are  possibilities  for  studying 
shock-like  behaviour  by  a  shallow-water  approximation  that  remains  valid  even  in  the 
neighbourhood  of  the  shock  itself.  This  is  justified  if  the  horizontal  length  scale  near 
the  shock  is  small  compared  to  that  elsewhere,  but  still  large  compared  to  h.  One  way 
to  discuss  this  phenomenon  is  via  inclusion  of  surface  tension,  which  plays  a  role  only 
where  curvatures  are  high. 

For  example,  for  the  problem  of  streaming  of  a  thin  layer  of  viscous  fluid  down  a  verti  :al 
wall,  where  lubrication  theory  is  entirely  analogous  to  shallow-water  theory,  a  complete 
asymptotic  theory  has  recently  been  developed  [3].  In  this  theory,  a  kinematic  wave 
equation  like  (2)  is  solved  (without  surface  tension)  everywhere  except  close  to  the  shock 
front  itself,  generating  solutions  that  break.  These  solutions,  truncated  as  described 
above  to  a  single-valued  form,  are  then  matched  near  the  front  to  a  local  flow  that  does 
involve  surface  tension. 

The  equivalent  of  avoidance  of  breaking  in  this  class  of  viscous  flows  is  avoidance  of 
detaching  “drips”,  a  matter  of  importance  in  painting  and  coating  technology.  On 
the  other  hand,  there  are  also  generalisations  involving  “stripped”  coatings  [4]  where 
the  whole  purpose  of  the  exercise  is  to  cause  the  viscous  layer  to  break,  i.e.  to  force 
excess  fluid  to  drip  off  the  coating.  Again,  lubrication  theory  seems  able  to  describe 
this  phenomenon  to  adequate  industrial  accuracy,  in  spite  of  the  fact  that  it  makes 
approximations  equivalent  to  shallow-water  theory. 

Returning  now  to  classical  inviscid  water  waves,  the  question  remains  of  whether  there 
is  any  validity  to  the  original  continuous  but  multi-valued  Figure  1,  as  distinct  from  its 
single- valued  but  discontinuous  shock-like  corruption.  There  are  many  reasons  why  one 
is  inclined  to  doubt  the  validity  of  Figure  1,  but  some  of  these  are  illusory,  and  my  aim 
is  to  put  these  to  rest.  Other  serious  doubts  remain,  though. 

The  first  concern  with  Figure  1,  as  derived  in  the  first  paragraph  of  this  paper,  is  pre¬ 
cisely  about  its  triple-vaiuedness.  Whatever  basis  one  has  for  believing  or  not  believing 
the  shallow-water  equations  (1),  they  themselves  cannot  justify  Figure  1,  since  they 
assume  that  tj  =x  r)(x,t)  is  a  well-defined  (single-valued)  function  of  x.  In  some  ways, 
it  is  a  mystery  how  we  were  able  to  obtain  a  “solution”  of  these  equations  which  is 
triple-valued.  Note  that,  whenever  there  are  three  values  of  rj  for  a  given  x,  there  are 
also  three  values  of  u  at  the  same  x,  and  this  is  hard  to  reconcile  with  an  interpretation 
of  u(x,  t )  as  a  velocity  field. 

However,  there  are  other  forms  of  the  shallow-water  equations  that  do  not  suffer  this 
kinematic  paradox.  For  example,  one  could  formulate  the  problem  in  a  Lagrangian 
manner,  determining  the  trajectories  of  individual  particles.  A  feature  of  the  solution 


in  such  a  framework  is  that  the  independent  variable  is  not  a  horizontal  co-ordinate,  but 
rather  a  label  which  is  like  an  arclength  on  the  curves  of  Figure  1.  Hence  the  solution 
can  be  determined  in  terms  of  functions  that  never  become  multi-valued,  even  after 
breaking. 

Of  course  this  still  begs  the  question,  if  one  begins  with  the  Eulerian  shallow-water 
equations  (1),  since  these  do  demand  single- valuedness  with  respect  to  x.  Merely  con¬ 
verting  them  to  a  Lagrangian  form  that  does  not  demand  such  single-valuedness,  is 
not  sufficient,  if  multi-valuedness  was  ruled  out  in  the  first  place  by  the  “governing” 
equations. 

So  one  comes  back  inevitably  to  the  justification  of  shallow-water  theory,  i.e.  to  its 
formal  asymptotic  derivation  as  an  approximation  to  the  full  two-dimensional  equations 
of  water  wave  theory.  On  what  basis? 

Shallow- water  theory  is  given  many  justifications,  ranging  from  physical  (“assume  hy¬ 
drostatic  pressure”)  through  kinematic  (“neglect  vertical  acceleration”)  through  naive 
(“depth  averaged  equations”)  to  formal  geometrical  (“letting  h/L  — ►  0  in  the  exact 
equations”),  even  to  denial  of  its  true  name  in  favour  of  too- specialised  terminology  like 
“long-wave  theory”,  or  denial  of  the  need  for  any  justification  at  all,  as  in  intrinsically 
one-dimensional  (“Cosserat”)  flow  theories.  The  essence  is  however  that  the  vertical 
velocity  component  u  is  much  smaller  than  u,  i.e.  that  the  velocity  vector  is  nearly 
horizontal.  This  usually  occurs  because  the  depth  h  is  small  compared  to  the  horizontal 
length  scale  L,  so  a  formal  development  in  the  small  parameter  h/L  is  indeed  appropri¬ 
ate.  Such  a  formal  view  also  warns  us  that  there  may  be  trouble  near  breaking  if  the 
effective  horizontal  length  scale  shortens  dramatically. 

One  alternative  both  to  a  conventional  Eulerian  derivation  and  a  full  Lagrangian  deriva¬ 
tion  is  a  simple  reversion  of  dependent  and  independent  variables.  That  is,  suppose  the 
full  equations  of  motion,  for  u  =  u(x,y,f)  and  v  =  v(x,y,t)  are  re-written  as  equations 
for  x  =  x(u,u,t)  and  y  =  y(u,v,t).  Then  (since  v  —  0  on  the  bottom  and  v  «  u  ev¬ 
erywhere  in  the  flow),  the  shallow- water  approximation  is  nothing  more  than  a  Taylor 
expansion  for  small  u! 

The  derivation  goes  like  this,  again  just  about  one  paragraph’s  worth.  If  we  define 
X(u,<)  =  x(ti,0,f),  then  these  Taylor  series  must  begin  x  =  X(u,t)  +  0(v2),y  = 
-vX„(  u,f)  +  0(w3).  (The  second  of  these  equations  expresses  conservation  of  mass 
via  the  Cauchy-Riemann  equation  x„  =  -y».)  Now  if  the  free  surface  transforms  to 
K(u,f)  =  T](X(u, <),<),  we  have  Yx  =  rjt  +  r)xXt  and  Yu  =  rjtX «.  The  exact  kinematic 
free-surface  condition  states  that  v  =  r)t  +  urjx  on  y  =  t;,  To  leading  order  in  small  v 
(where  the  value  of  v  on  the  free  surface  is  given  by  Y  =  —vXu)  this  reduces  to 

YtXM  =-Y  +  (Xt-u)Y*  (8) 

In  order  to  revert  the  dynamic  free-surface  condition,  we  need  temporarily  to  use  the 
velocity  potential  ^(x,y,f),  writing  $(u,t)  =  <A(X(u,f),0,t).  Then  =  <f>t  +  uXt  and 
=  uXu.  Thus  the  exact  dynamic  free-surface  condition  <px  +  (u2  +  v2)/2  +  grj  =  0 
has  as  its  leading-order  approximation  for  small  v,  $t  —  uXt  +  u2/2  +  gY  =  0,  or  upon 
u-differentiation  to  eliminate  $, 

Xt  =  gYu  +  u  (9) 
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It  is  convenient  to  substitute  (9)  in  (8)  and  (for  the  first  time  in  this  derivation)  divide 
by  X%,  giving 

(10) 

Equations  (9)  and  (10)  are  written  in  the  form  of  time-evolution  equations  for  ( X ,  Y), 
and  fully  describe  nonlinear  shallow- water  theory.  These  equations  are  as  simple  as  the 
original  shallow-water  equations  (1);  indeed  they  tire  exactly  equivalent  to  (1),  as  is  seen 
by  identifying  Y  with  r/,  and  noting  that  u(  =  —XtjXUy  u,  =  l/X*,  rjt  =  Yt  —  XtYu/Xu 
and  q*  =  Yu/Xu.  Although  (9,10)  and  (1)  are  equivalent,  (9,10)  has  the  advantage  of 
being  derived  in  a  way  that  has  never  assumed  single- valuedness  of  flow  quantities  like 
u  and  t)  as  functions  of  the  horizontal  co-ordinate  x.  Rather  the  reverse,  it  has  assumed 
that  a:  is  a  single-valued  function  of  flow  quantities.  In  effect,  it  has  anticipated  the  form 
of  the  forward  face  of  the  curves  in  Figure  1,  which  have  x  as  a  single-valued  function 
of  q. 

Equations  (9)  and  (10)  also  have  the  advantage  that  the  simple- wave  solution  (5)  is 
immediate.  That  is,  suppose  that  Y  —  K(u)  is  independent  of  time  (at  fixed  u).  Then 
(10)  requires  that  gY*  =  Y,  an  ODE  which  solves  to  show  as  before  that  u  —  2\/gY 
is  constant.  The  right-hand  side  of  (9)  is  then  just  the  kinematic-wave  speed  c  given 
by  (3),  and  that  equation  then  integrates  with  time  immediately  to  give  the  explicit 
solution  (5). 

The  catch  is  that  there  is  a  formal  singularity  in  (10)  when  Xu  —  0,  and  this  happens 
when  the  free  surface  is  locally  vertical.  Hence  we  have  jumped  out  of  the  frying  pan 
into  the  fire!  A  derivation  that  formally  allows  multiple- valuedness,  nevertheless  yields 
an  equation  that  fails  precisely  when  such  multi-valuedness  first  appears.  Notice  that 
this  failure  is  only  at  the  last  hurdle,  when  we  obtained  (10)  from  (8)  by  dividing  by 
Xu,  and  in  one  sense  the  system  (8), (9)  is  preferable. 

However,  this  singularity  might  not  be  present  for  simple  waves.  That  is,  the  singular¬ 
ity  in  (10)  is  caused  by  a  denominator  function  Xu  vanishing.  If  the  numerator  also 
vanishes,  this  singularity  may  or  may  not  be  significant.  But  the  numerator  is  gY*  —  Y, 
and  this  is  identically  zero  for  simple  waves.  Obviously  there  are  many  interesting  issues 
to  be  resolved,  associated  with  this  0/0  situation. 
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Summary 

Numerical  simulations  using  a  computational  model  [1]  are  made  for  fully  nonlinear  two- 
dimensional  irrotational  free-surface  flows  over  beds  containing  arbitrary  submerged  ob¬ 
stacles,  to  clarify  the  criteria  of  breaking  of  solitary  waves  caused  by  depth  changes  and 
formulate  them. 

Comprehensive  discussion  based  on  the  simulated  results  is  made  on  the  breaking  criteria, 
so  that  they  are  found  to  be  governed  by  the  parameters  which  commonly  mean  the  rate 
of  the  depth  change  to  the  wave-height  and  formulated  as  functions  of  the  parameters  by 
applying  the  regression  analysis  to  the  simulated  results.  The  emphasis  in  the  following 
article  will  be  on  the  presentation  of  the  results. 


1  Introduction 

A  sound  knowledge  on  the  breaking  criteria  of  coastal  waves  propagating  over  a  submerged 
obstacle  is  clearly  important  for  planning  and  designing  submerged  coastal  structures. 
However,  the  knowledge  is  insufficient,  although  the  interaction  between  a  solitary  wave 
and  a  submerged  semi-circular  cylinder  and  its  resultant  breaking  are  investigated  by 
Cooker  et  al.  (2). 

It  has  often  been  remarked  that  waves  on  beaches  resemble  solitary  waves.  In  fact,  steep 
coastal  waves  are  demonstrated  to  be  representable  as  a  random  train  of  solitons  [3]. 
Hence,  it  may  be  better  to  consider  each  individual  wave  as  a  solitary  wave  and  investigate 
its  breaking  criteria,  rather  than  to  examine  directly  that  of  steep  coastal  waves,  as  well 
as  Cooker  et  al. 

A  computational  model  (1)  to  be  used  here  does  not  utilize  a  conformal  mapping,  so  that 
can  work  in  the  physical  space  containing  a  submerged  obstacle  with  an  arbitrary  form, 
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Fig.l  Variation  of  the  breaker  height 
(H/h)t,  of  a  solitary  wave  over 
a  sloping  bottom  with  the 
parameter  . 


Fig. 2  Relation  between  the  breaker 

type  classified  by  Papanicoiaou- 
Raichlen  and  parameter  . 


while  adopting  many  of  the  developments  in  the  formulation  of  Dold  and  Peregrine  [4], 
The  validity  of  the  model,  that  can  not  only  describe  accurately  the  deformation  up  to 
breaking  but  also  predict  almost  exactly  the  breaking  point,  has  been  already  verified  by 
comparing  the  computed  results  with  the  experimental  measurements  of  breaking  solitary 
waves  [1,5]. 

2  Breaking  of  a  Solitary  Wave  over  a  Sloping  Bottom 

Many  studies  have  been  made  on  the  breaking  of  a  solitary  wave  over  a  sloping  bottom,  but 
they  are  yet  insufficient  to  clarify  the  governing  parameter  and  formulating  the  breaking 
criteria  as  a  function  of  the  parameter.  Here,  a  parameter  £,  =  tan  9l{H\/hx)0A  is  defined 
for  a  solitary  wave  having  the  initial  wave-height  H\  on  a  plane  bottom  with  the  still  water 
depth  hi  and  travelling  over  a  sloping  bottom  with  a  gradient  of  tan  0.  This  parameter  is 
derived  on  the  basis  of  the  rate  of  the  perturbed  term  by  depth  change  to  the  nonlinear 
term  of  the  variable  coefficient  KdV  equation. 

Figure  1  shows  the  relation  between  the  nondimensionalized  breaker  height  ( at  the 
onset  of  breaking  of  a  solitary  wave  over  a  sloping  bottom  and  the  parameter  £*.  The 
onset  of  breaking  in  the  present  model  is  defined  as  the  instant  when  the  front  face  at  the 
top  of  the  solitary  wave  becomes  just  vertical  and  is  experimentally  confirmed  to  agree 
almost  with  the  time  when  the  formation  of  a  jet  at  the  crest  is  initiated  in  the  real  fluid. 
The  solid  line  in  the  figure  indicates  the  regression  curve  computed  by 

(H/k)  i  =  3.24{,0-275  +  0.005.  (1) 

Further,  the  asterisk  *  denotes  the  numerical  results  and  the  experimental  (P-R)  indicated 
by  the  symbols  (triangle  A  ,  square  □  and  rhombus  o  )  points  at  the  experimental  results 
obtained  by  Papanicolaou  and  Raichlen  [5].  Both  the  breaker  heights  ( H/h)b  of  the 
numerical  and  experimental  results  agree  considerably  well  with  the  regression  curve  and 
are  found  to  be  governed  by  the  parameter  alone. 

Figure  2  shows  the  relation  between  the  breaker  type  of  the  measured  waves  classified  by 
Papanicolaou  and  Raichlen  [5]  and  the  parameter  <£,.  It  is  found  from  this  figure  that  the 
breaker  type  is  also  governed  by  the  parameter  as  well  as  the  breaker  height.  These 
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(a)  Breaking  wave  (b)  Reflected  wave 

Fig. 3  Comparisons  of  water  surface  profiles  of  breaking  wave  and  reflected  wave 
between  a  solitary  wave  over  a  sloping  bottom  and  that  over  a  rectangular 
step. 

results  state  that  the  breaking  of  a  solitary  wave  over  a  sloping  bottom  is  governed  by  a 
single  parameter  and  can  be  formulated  as  a  function  of  it. 

3  Breaking  of  a  Solitary  Wave  over  a  Step 

In  order  to  investigate  the  effect  of  depth  change  on  the  breaking  due  to  a  slope,  some 
comparisons  of  deformation  up  to  breaking  are  made  between  the  solitary  wave  with 
gradient  H\jhx  =  0.332  over  a  sloping  bottom  with  tan#  =  1/118  and  the  one  with 
Hi/hi  —  0.320  over  a  rectangular  step  with  height  Rfhx  —  0.40  .  Figure  3  shows  the 
comparisons  with  regard  to  the  wave  profiles  of  the  breaking  wave  and  the  reflected  wave. 
While  the  breaker  depth  ht/hx  on  the  sloping  bottom  is  0.55,  that  on  the  step  is  0.60. 
And,  the  accumulation  S  of  water  depth  change  up  to  the  breaking  point  is  11.90  over 
the  sloping  bottom  and  is  8.99  over  the  rectangular  step.  The  accumulation  S  means  the 
total  depth  change  which  an  incident  wave  suffers  during  its  propagation  process  up  to 
breaking.  The  values  of  Hx/hx,  S  and  hi/hx  do  not  agree  closely  between  both  the  waves, 
in  spite  of  efforts  to  obtain  close  agreement.  However,  it  is  found  from  the  figures  that 
the  difference  in  wave  profile  between  both  the  waves  is  almost  negligible  with  regard 
to  a  primary  portion  of  the  transmitted  wave  except  for  the  shelf  and  reflected  wave,  in 
spite  of  the  disagreement  of  Hxjhx  and  S.  From  this  result,  the  breaking  of  a  solitary 
wave  is  supposed  to  be  not  so  dependent  on  the  qualitative  bottom  topography,  but  on 
the  quantitative  one,  that  is,  the  aforementioned  accumulation  S.  However,  it  should  be 
noticed  that  the  reflected  wave  and  shelf  are  remarkably  influenced  by  the  qualitative 
bottom  topography. 

Furthermore,  the  effect  of  a  step  face  slope  on  the  breaking  is  in%estigated.  Figure  4  shows 
the  comparison  with  the  wave  profile  at  the  breaking  point  over  a  rectangular  step  and 
steps  with  a  face  slope  of  gradient  tan#  =  i/5  and  1/10  .  The  breaker  profile  coincides 
well  with  each  other  except  on  the  shelf.  Hence,  it  could  be  said  that  the  face  slope  at 
front  of  the  step  is  unimportant  for  breaking. 

Figure  5  shows  the  relation  between  the  breaker  height  Ht,/hx  of  a  solitary  wave  over  a 
rectangular  step  or  a  step  with  an  inclined  face  slope  and  the  similar  parameter  — 
{Rjhx)o  x  j{H\fh\)0A  with  .  (I  means  the  rate  of  the  depth  change  due  to  the  step  with 
the  height  of  R/hx  to  the  incident  wave  height  Hx/hx  .  It  is  found  that  all  the  breaker 
heights  agree  well  with  the  regression  curve  given  by  following  equation,  independent  of 
the  gradient  of  the  face  slope  (tan#  =  1/10  ~  oo). 
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Fig. 4  Comparisons  of  breaking  wave 
profiles  over  a  rectangular  step 
and  steps  with  face  slopes  of 
gradient  tan#  =  1/5  and  1/10  . 

Hyfhi  =  5.885 


10  1.5  /.o 

Fig. 5  Relation  of  the  breaker  height  of 

a  solitary  wave  over  a  submerged 
step  having  a  vertical  face  slope 
or  inclined  one  of  tan  8  =  1, 1/5 
and  1/10  to  the  parameter  . 


5.0904;0133,  (2) 


4  Breaking  of  a  Solitary  Wave  Passing  over  a  Submerged  Dike 

Intensive  investigations  are  made  on  the  breaking  of  a  solitary  wave  caused  by  a  submerged 
rectangular  or  trapezoidal  dike. 

Figure  6  shows  examples  of  the  computed  shape  of  the  free  surface  at  some  evolution  times 
up  to  breaking.  While  the  breaker  shape  shown  in  Fig.6  (a)  seems  to  be  a  spilling  breaker, 
the  wave  profile  shown  in  Fig.6  (b)  could  be  regarded  clearly  as  a  plunging  breaker  because 
its  horizontal  asymmetry  is  large.  Although  both  of  them  break  forwards,  the  surface  of 
the  wave  on  the  shelf  shown  in  Fig.6  (c)  breaks  backward  onto  the  dike.  This  breaking 
found  firstly  by  Cooker  et  al.  (2j  is  characterized  by  backward  breaking  occurring  before 
any  other  l making  event  and  is  called  a  backward  breaker.  Further,  it  is  noticed  from 
Fig.6  (d)  and  (e)  that  the  complicated  deformations  up  to  brea»ving  occur  in  the  case 
of  a  solitary  wave  passing  over  a  trapezoidal  dike.  Especially  the  breaker  profile  shown 
in  Fig.6  (e)  is  remarkably  different  from  usual  breaker  types  and  requires  more  intensive 
investigations  including  experimental  work. 

Figure  7  indicates  the  regions  of  forward  breakers  (o,  circle),  backward  breakers  {f///y 
hatching)  and  nonbreaking  (x,  cross)  for  solitary  waves  incident  on  rectangular  dikes 
having  arbitary  heights  R/hx  and  the  widths  of  B/hx  =  1.0,  3.4  and  5.0  .  From  these 
figures,  the  conditions  where  forward  or  backward  breaker  occur  are  easily  found  with 
regard  to  H\/hi,R/hi  and  B/ht  , 

Figure  8  shows  the  limiting  initial  wave  height  HJhx  of  a  solitary  wave  incident  on 
rectangular  and  trapezoidal  dikes.  The  limiting  height  Hc/h i  means  that  the  solitary  wave 
with  initial  wave  height  Hi/ hi  exceeds  Hc/h i  can  not  be  transmitted  without  breaking 
forwards.  The  solid  line  in  the  figure  denotes  a  regression  curve  computed  by 

HJhi  =  0.952  -0.591V3'76,  7  =  [(B/hi)  +  (R/hi)/2l&n6)OA{R/hi), 


(3) 


0.8  ft/«71i,*0 


t  /’i/S."  0. 


(a)  Hx/hx  =  0.40,  R/hx  =0.6, 
B/hx  =  3.4 
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B/hx  =  3.4 
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(e)  Hx/hx  =  0.46,  R/hx  =  0.7, 

B/hx  =  2.0,  tan  0  =  1/10 

Fig.6  Temporal  changes  of  water  surface  profile  of  a  solitary  wave  passing  over  a 
submerged  dike. 
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R/h, 


(c)  B/hi  =  5.0 

Fig. 7  Relation  of  the  presence  of  breaking  caused  by  a  submerged  rectangular  dike 

to  the  wave-height  H\/hi  of  an  incident  solitary  wave  and  the  relative  step- 
height  R/hx  . 


where  the  symbols  (A,*,D)  are  the  numerical  results  for  trapezoidal  dikes  and  the  cir¬ 
cles  are  those  for  rectangular  dikes.  It  is  found  that  the  limiting  heights  Hcfhx  for  the 
submerged  dikes  are  almost  governed  by  a  single  parameter  7  . 

Figure  9  shows  the  relation  between  the  breaker  heights  Hi/hx  of  solitary  wave  pass¬ 
ing  over  a  submerged  rectangular  or  trapezoidal  dike  and  the  parameter  =  [B/hl  -f 
(R/hi)/3.ot&n6]0i(R/hi)/(H\/h\)0'4  .  It  is  found  that  ail  the  breaker  heights  almost 
agree  with  the  regression  curve  given  by 


^  =  -0.463C0721 


+  1.039. 


(4) 
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Fig.8  Relation  of  the  limiting  wave 
height  Hc/h\  of  a  solitary 
wave  incident  to  a  submerged 
rectangular  and  trapezoidal  dike 
to  a  parameter  7  . 


Fig. 9  Relation  of  the  breaker  height  of 
a  solitary  wave  passing  over  a 
rectangular  submerged  dike  or 
trapezoidal  one  with  face  slopes 
of  tan  6  —  1, 1/5  and  1  /10  to  the 
parameter  . 


Nevertheless  the  deformations  of  wave  profile  are  remarkably  different  between  the  wave 
over  a  rectangular  dike  and  that  over  a  trapezoidal  one.  The  authors  wish  to  express  their 
thanks  to  Dr.  Tanaka  of  Gifu  Univ.  for  his  valuable  advice. 
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Summary 

Using  the  barotropu ,  nondivergent  model  for  flow  over  a  topographic  slope  adjoined  by 
a  coastal  barrier,  a  contour  dynamics  algorithm  is  developed  to  describe  wave  evolution 
on  an  interface  separating  two  regions  of  uniform  potential  vorticity.  We  find  that  wave 
steepening  due  to  advective  nonlinearity  is  partially  controlled  by  wave  dispersion;  the 
usual  outcome  for  even  small-amplitude  waves  is  filamentation.  A  kinematic  mechanism 
proposed  by  Pullin  et  al.  [1]  is  used  to  identify  criteria  for  when  filamentation  will  occur. 
Of  the  various  parameters  in  this  system,  the  most  important  is  found  to  be  the  ratio  of 
the  potential  vorticity  jump  across  the  interface  to  the  background  potential  vorticity. 


Introduction  and  formulation 

The  tendency  for  wave-like  perturbations  to  a  vorticity  interface  to  develop  into  fila¬ 
ments  is  now  well-documented  (e.g.  Dritschel,  (2j).  Filamentation  can  be  interpreted  as 
a  form  of  wave-breaking,  which  is  quite  different  from  that  associated  with  water  waves 
or  interfacial  waves.  The  essential  difference  is  that  at  a  vorticity  interface,  the  velocity 
field  is  continuous  but  the  vorticity  is  discontinuous,  whereas  for  water  waves  or  inter¬ 
facial  waves  the  tangential  velocity  is  discontinuous.  In  a  previous  paper  (Grimshaw 
and  Yi,  [3])  we  used  the  methodology  of  contour  dynamics  to  study  the  evolution  of 
an  interface  separating  two  regions  of  constant  potential  vorticity.  The  context  was 
that  of  barotropic,  nondivergent  flow  over  a  topographic  slope.  The  motivation  was 
to  study  a  nonlinear  mechanism  for  the  modeling  of  the  current  meanders  and  squirts 
often  observed  in  coastal  regions.  Related  work  in  the  oceanographic  context  are  the 
contour  dynamics  studies  by  Pratt  and  Stem  [4]  and  Send  [5],  the  main  differences  being 
that,  respectively,  we  do  not  make  the  quasi-geostrophic  approximation  of  a  weak  topo¬ 
graphic  slope,  and  we  consider  only  linearly  stable  basic  flows.  In  our  previous  paper  we 
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adapted  a  suggestion  of  Pullin  et  al.  [1],  and  proposed  that  fiiamentation  occurs  when  a 
hyperbolic  stagnation  point  (relative  to  the  wave  crest)  almost  coincides  with  the  wave 
crest;  that  is,  there  is  a  critical  layer  near  the  wave  crest.  Here,  we  complement  our 
previous  study  by  examining  this  mechanism  more  closely. 

First,  however,  it  is  necessary  to  recapitulate  briefly  the  contour  dynamics  algorithm 
and  our  previous  results;  for  further  details  see  Grimshaw  and  Yi  (3].  For  barotropic, 
non-divergent  flow  the  z—  and  y-components  of  velocity,  u  and  v  respectively,  are  given 
in  terms  of  the  transport  streamfunction  ip  by 


hu  =  ipy,  hv  —  — 0*. 

The  equation  for  conservation  of  potential  vorticity  q  is  then 


qt  +  +  vqy  =  0,  where  q  =  — , 

h 

(2) 

and 

(3) 

Here  /  is  the  constant  Coriolis  parameter,  and  h(x)  is  the  topographic  slope,  which 
we  shall  assume  is  given  by  h  —  hi  exp{s(z  —  £)}.  The  coastal  and  offshore  boundary 
conditions  are  that 


0  =  0,  at  i  =  0,  and  0„  =  0,  as  x  — »  oo.  (4) 

Next  we  suppose  that  x  =  L(y,  t)  denotes  the  interface  between  two  regions  of  constant 
potential  vorticity,  where  L  >  0  and  L  ~ ♦  £  as  y  — >  —  oc.  Hence  q  =  Q  i  for  0  <  x  <  L 
and  q  =  Q0  for  x  >  L.  To  allow  for  the  development  of  folds  and  filaments,  we  assume 
that  L(y,t)  can  be  a  multi-valued  function  of  y.  The  boundary  conditions  on  the 
interface  are  the  kinematic  condition 

Lt  +  vLy  =  u,  on  x  —  L  (5) 


and  the  continuity  of  u,  v.  For  the  purposes  of  contour  dynamics  we  can  replace  these 
conditions  with  the  equivalent  Lagrangian  conditions  for  each  point  (L,y)  on  the  inter¬ 
face, 

—  u(L,y,  <),  ^ =v(L,y,t ). 


(6) 
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Next,  we  introduce  the  basic  flow,  which  consists  of  a  longshore  flow  with  stream- 
function  ^o(z)  and  current  v0(z)(hvo  =  where 

v0(x)  =  -AQft,{^j-^{l-exp(-s(^-x))]  +  7i(x-0}.  (7) 

and  71  =  f  j  AQh\,AQ  =  Qi  —  Qo-  Here  x  =  £  is  the  undisturbed  position  of  the 
interface,  and  we  have  put  t>0(0  =  0.  Note  that  this  basic  flow  has  a  discontinuity  in 

potential  vorticity  of  -AQ  across  x  =  £.  Then  we  put  ip  =  t/>0(x)  -f  <p,  and  deduce  from 

(3)  that 

{—AQh,  for  £  <  x  <  L, 

AQft.  for  L  <  x  <  f,  (8) 

0  ,  elsewhere. 

Also  <f>  =  0  at  x  =  0  and  as  x2  +y2  — >  oo.  To  solve  (8)  we  introduce  the  Green’s  function 
G(x,x',y  -  y')  by 

+  %  =  <»> 

G  =  0  at  x  —  0,  and  G  — »  0  as  x2  +  y2  — ♦  oo.  (10) 

With  /i  given  by 

G  =  {A(*)A(*')}*{ff(Jl)  -  (11) 

where  H(R)  =  -~I<0(%sR),  and  /?,/?/  =  {(x  ^  *’)2  +  (y  -  y')2}  *  -  (12) 

Note  that  H(R)  has  a  logarithmic  singularity  as  R  -»  0.  The  solution  of  (8)  is  now 
given  by 

roo  /£(  y',0 

<t>  =  -AQ  dy  /  G(x',  x;  y'  —  y)h(x’)dx'  (13) 

.'-oo  Jt 

Finally  we  obtain  the  velocity  components  u,v  from  (1)  and  (13).  After  various  inte¬ 
gration  by  parts  we  obtain  for  u 

u  -  “tt  [°°  {h(L')}i  W*)  ~  dV ’  (u) 

h 7  J — oo 

where  R',  R)  —  {(x  ^  L')2  +  (y  -  y')2}’,  and  L'  =  L(y',t). 

The  corresponding  expression  for  u  is 

®  "  Vo  -  -  TT  r  +  H{#i)W 

h  3  J  —  oo 

~  (exP(~ 2'slx  “  *1)  +  exp(-§s|x  +  £()} 

+  ~T-  l  {h(x')}i{2H(R)  +  H(Rt)}dx'. 


(15) 
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Combined  with  (6)  we  now  see  that  (14)  and  (15)  form  an  integro-differential  equation 
for  the  evolution  of  the  interface. 

Contour  dynamics  algorithm  and  results 

The  essence  of  the  contour  dynamics  method  is  to  represent  the  interface  by  N  points 
(L,(t),  y,(<))  for  t  =  1, . . . ,  N  in  a  discretized  formulation 

^  =u(L„yi),  ^=v(L„y<),  (16) 


where  u,v  are  given  by  discretized  versions  of  (14),  (15)  respectively.  Here  we  use  a 
trapezoidal  rule  so  that  (14)  is  approximated  by 

AO  N+1  - 

«(£,-, y.)  =  ~  -r  £'(£>  -  Lj-i)hJ H(Rij) 

hi  i=t 

+  £(^i  -  L^)h)H{RIi})  -  ^  lL'+l{h(L')}*>H(r')dL',(U) 

hf  i  hf  1 

where  Rij, Raj  =  {(Li  ^  Lj)2  +  ( yi  -  y>)2}  * , 

and  hi  =  h(Li),  7;  =  \{fj  +  /,-»)•  (18) 

El 

denotes  the  sum  over  j  with  the  terms  j  —  i,  i  +  1  omitted;  for  notational 
convenience  we  introduce  the  fixed  end-points  (Lo,yo)  and  (L/v+1 ,  j/n+i  )  where  L0  = 
Lh+i  =  £,  and  we  assiune  that  the  contour  is  not  displaced  for  y  >  y0  and  y  <  yw+i- 
The  last  term  in  (17)  is  a  singular  integral,  and  is  evaluated  by  first  extracting  the 
singular  part  (for  details,  see  Grimshaw  and  Yi,  [3]).  The  corresponding  approximation 
for  (15)  is 


v(L„yi)  -  v0(Li )  =  £  (yj  -  yi^1)hjH(Rij) 

h]  j=  i 

-  ~T  £^>  ~  Vi-tWiRia)  '  /  {h(L')^H(R')dy' 

hf  j=i  hf  Jyi-i 

mr\r 

if  ( J-OO  JtN+\ 


A  Qh\ 


\H(Ri)  +  H(Rt 


,w}-^ 

J  *»? 


{exp(-ls|L<  -  £|) 


N 


+  exp(— jsjZr,  +  f|)}  +  £(w  ~  yy-i){2/Ci  +  #/.->}, 


(19) 
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where  K^Kuj  =  {Kx,)}*H(R'ijiffiii)dx\ 

RuRu  =  {(^  =f  if  +(yi  ~  y ')*}*>  and  R^R'nj  =  {(X,  T  x')2  +  (y.  -  y;)2}*.  (20) 

The  third  term  is  a  singular  integral  and  is  evaluated  in  an  analogous  way  to  the  singu¬ 
lar  integral  in  (18).  The  fourth  term,  comprising  two  “tail”  integrals,  are  evaluated  by 
Simpson’s  rule  over  a  range  large  enough  to  ensure  that  the  Bessel  function  integrands 
have  achieved  exponential  smallness.  Finally  the  integral  terms  Kij,  Km  are  also  evalu¬ 
ated  by  Simpson’s  rule.  Altogether,  these  discretizations  convert  (16)  into  2N  ordinary 
differential  equations  for  the  nodal  points.  They  are  stepped  forward  in  time  using 
a  standard  fourth-order  Runge-Kutta  method.  As  tii  ie  progresses  the  nodal  points 
tend  to  clump  together  in  some  places  and  to  diverge  in  other  places.  Hence  we  also 
use  a  node  insertion/deletion  scheme  to  maintain  adequate  resolution  (for  details,  see 
Grimshaw  and  Yi,  [3]).  In  a  typical  calculation  we  begin  with  about  100  nodal  points 
and  allow  this  to  increase  to  a  maximum  of  200  to  300  nodal  points. 

In  the  numerical  calculations  we  choose  the  length  and  time  scales  so  that  t  =  1 
and  AQ/ii  —  — 1,  where  we  note  that  a  change  of  sign  of  A Qhx  is  equivalent  to  a  change 
of  sign  of  y.  The  available  parameters  are  then  71  —  f  / which  is  an  inverse 
measure  of  the  strength  of  the  potential  vorticity  front,  and  the  topographic  slope  s, 
together  with  parameters  associated  with  the  initial  condition.  In  Grimshaw  and  Yi  (3) 
we  considered  as  the  initial  condition  small-amplitude  isolated  disturbances  of  the  form 

X(y,  0)  =  1  +  a0sech  20y.  (21) 

A  typical  result  is  shown  in  Figure  1  where  71  =  2,s  =  1,  ao  =  0.1  and  /?  =  5.  We 
see  that  the  wave  steepens  in  the  forward  direction  and  evolves  into  a  thin  filament. 
In  Grimshaw  and  Yi  [3]  the  tendency  for  filamentation  from  the  initial  condition  (21) 
was  examined  as  a  function  of  the  available  parameters.  Summarizing  it  was  found 
that  for  ao  >  0,  filamentation  was  enhanced  as  either  71  increases,  s  increases  or  /3 
increases  when  ao  >  0.  For  ao  <  0  there  are  analogous  results  due  to  the  approximate 
resemblance  between  the  cases  ao  <  0  and  71  >  0(<  0)  with  a0  >  0  and  71  <  0(>  0). 

In  Grimshaw  and  Yi  J3j  we  proposed  that  a  possible  explanation  of  these  tendencies 
could  be  provided  by  a  kinematic  mechanism  put  forward  by  Pullin  et  al.  JlJ. 
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Figure  1;  A  typical  result  for  the  initial  condition  (21).  The  x-axis  is  horizontal  over 
the  range  (0.9,  1.3)  and  the  y-axis  is  vertical  over  the  range  (—2,6). 


They  suggested  that  filamentation  will  occur  when  a  hyperbolic  stagnation  point  (in  a 
suitable  frame  of  reference)  almost  coincides  with  an  interface  extremum.  To  show  this 
concept  here  we  display  in  Figure  2  the  velocity  field  at  <  =  0  for  the  case  shown  in  Figure 
1 ,  viewed  from  a  frame  of  reference  in  which  the  crest  is  at  rest.  We  see  that  the  resulting 
stagnation  point  is  hyperbolic,  and  note  that  the  crest  speed  is  0.29.  Further  Pullin  et 
al.  [1]  conjecture  that  criterion  for  filamentation  can  be  approximately  determined  by 
considering  waves  on  the  interface  of  phase  speed  c  and  identifying  critical  layer  sites 
where  i>o(xc)  =  c  with  interface  extremum.  In  Pullin  et  al.  [1]  the  waves  considered 
were  modulationally  unstable  disturbances  on  a  basic  periodic  wave.  Here,  since  we  are 
dealing  with  small-  amplitude  initial  disturbances,  it  is  sufficient  to  consider  the  critical 
layer  determined  by  the  basic  wave  itself.  Thus  we  consider  infinitesimal  waves  with 
wavenumber  k  propagating  on  the  otherwise  undisturbed  interface.  These  have  phase 
speed  c  given  by 


c  =  — 


2  (it2  +  |s2)* 


(22) 


Our  hypothesis,  then,  is  that  a  wave  will  filament  when  its  initial  amplitude  <jq  is  such 
that  a0  >  xe  _  t  >  0  (or  °o  <  xc  ~  l  <  0)  where  xc  is  the  critical  layer  position  given  by 
u0(ic)  =  c.  However,  the  expression  c  is  for  a  periodic  wave,  while  our  initial  state  (21) 
is  isolated.  Hence  there  is  no  definitive  mechanism  for  determining  the  wavenumber 
k.  Nevertheless  we  choose  k  =  3  as  a  representative  value  when  0  =  5,  and  find  that 
(with  AQhj  =  -l,s  =  1  and  t  =  1)  c  =  0.164  so  that  xc~i  =  0,033,0.097,-0.024  and 
—0.033  for  7j  =  5, 1.7, 0.2  and  —5  respectively.  These  values  of  71  correspond  to  cases 
considered  by  Grimshaw  and  Yi  [3].  We  conclude  that  with  ao  —  0.1,  we  would  expect 
filamentation  to  occur  when  71  >  1.7  and  to  be  inhibited  when  71  <  1.7.  This  is  indeed 
what  was  found.  Further  c  increases  as  either  71  increases,  s  increases,  or  k  decreases, 
and  hence  xc  —  £  also  increases.  With  ao  >  0  the  critical  layer  hypothesis  implies  that 
these  same  trends  should  enhance  filamentation  and  this  is  indeed  what  we  found. 
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Figure  2:  A  close-up  view  of  the  velocity  field  near  the  crest  for  the  case  of  Figure  1 
at  t  =  0,  for  a  frame  of  reference  where  the  crest  is  at  rest. 


To  obtain  a  more  definitive  estimation  of  k  we  consider  two  further  initial  condi¬ 


tions, 


L(y,  0)  =  1  +  -3JaosechVy  tanh/?y, 


or  L(y,Q)  =  l  +  ao  cos  ky  exp(—02y2).  (24) 

The  first  of  these  (23)  is  an  antisymmetric  critical  disturbance,  and  a  typical  result  is 
shown  in  Figure  3  for  71  =  5,  a  =  1,  ao  =  0.1  and  0  =  5.  The  positive  displacement, 
whose  initial  maximum  is  0.1,  evolves  into  a  filament  but  not  so  the  negative  displace¬ 
ment.  This  is  consistent  with  the  critical  layer  hypothesis  since  the  critical  layer  is 


such  that  rc  —  £  >  0.  Here  k  can  be  determined  from  the  distance  between  the  two 
initial  extremum  which  gives  k  «  3.85,  and  then  xe  —  £  =  0.026.  Next,  for  the  ini¬ 
tial  condition  (24)  which  is  a  wave  packet,  a  typical  result  is  shown  in  Figure  4  for 
7i  =  5,s  =  l,ao  =  0.1,  k  =  3  and  —  0.5.  For  these  parameters  the  main  pea.’-  has 
an  amplitude  of  0.1,  and  the  second  positive  peak  an  amplitude  of  0.033.  With  k  =  3, 
xc  —  £  =  0.033  and  indeed  both  these  positive  peaks  produce  filaments,  whereas  there 
are  no  filaments  produced  from  the  negative  peaks. 


Figure  3:  A  typical  result  for  the  initial  condition  (23).  The  x-axis  is  now  (0.7, 1.3) 
and  the  y-axis  is  (—6,6). 
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Figure  4:  A  typical  result  for  the  initial  condition  (24).  The  x-axis  is  now  (0.7, 1.3) 
and  the  y-axis  (-6,6). 


To  conclude,  the  critical  layer  hypothesis  seems  to  provide  a  robust  criterion  for 
the  onset  of  filamentation.  Here  we  have  tested  the  hypothesis  against  the  initial  wave 
amplitude,  which  provides  a  criterion  for  immediate  filamentation.  However,  if  this 
criterion  is  not  met,  the  filamentation  may  still  eventually  occur  if  there  is  a  mecha¬ 
nism  for  wave  growth  so  that  the  wave  extremum  can  reach  the  critical  level.  Possible 
mechanisms  are  modulational  instability  of  the  basic  wave  (Pullin  et  al.  [1]),  or  linear 
instability  of  the  basic  flow  (Send,  (5]).  But  note  that  here  our  basic  flow  (7)  is  linearly 
stable. 
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Summary 

Large  amplitude  internal  waves  at  semi-diurnal  tidal  frequency  (internal  tides)  are  ob¬ 
served  to  be  generated  over  the  slope  region  of  the  Australian  North  West  Shelf  and 
propagate  shoreward  over  shoaling  bathymetry.  In  df>ep  water  the  waves  are  nearly  linear 
in  shape  and  arc  seen  to  steepen  and  become  strongly  non-linear  as  they  propagate.  The 
waves  steepen  at  the  leading  edge  to  the  point  where  an  internal  hydraulic  jump  or  shock 
forms.  The  shocks  arc  generally  downwards  and  are  weak  shocks  seen  as  undular  bores. 
At  times  a  second,  and  weaker,  backward  shock  forms  on  the  trailing  edge  of  the  wave. 
The  undular  bores  are  followed  by  a  train  of  oscillations  that  can  be  reasonably  described 
as  solitons.  An  analytical  model  using  a  perturbed  extended  Korteweg-de  Vries  equation 
is  used  to  describe  the  evolution  of  an  initially  sinusoidal  wave  as  it  progagates  over  an 
exponential  depth  profile,  in  the  presence  of  a  background  current  of  constant  shear,  and 
breaks  to  form  a  shock.  The  model  predictions,  of  the  distance  the  wave  propagates  be¬ 
fore  forming  a  shock,  and  of  the  height  of  the  shock  as  it  propagates,  compare  well  with 
observations. 


Introduction 

Barotropic  tidal  currents  oscillating  stratified  water  over  the  steeply  sloping  bathymetry 
of  a  continental  slope  region  can  generate  a  long  internal  wave  (known  as  an  internal 
tide).  Most  favourable  conditions  for  the  generation  seem  to  be  when  the  slopes  of  the 
bathymetry  and  internal  wave  characteristics  arc  of  similar  magnitude.  For  sub-critical 
slopes  (sea  floor  is  steeper  than  the  characteristics)  the  internal  wave  propagates  forward 
i.c.  towards  tlic  coast,  whereas  for  super-critical  slopes,  the  waves  are  reflected  off  the 
bathymetry  and  propagate  seawards.  A  number  of  studies  have  modelled  these  processes 
e.g.  Baines  [l]  and  Craig  [2]. 
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Observations  from  the  Australian  North  West  Shelf  (NWS)  show  that  as  the  long  semi¬ 
diurnal  internal  tide  (typical  wavelength  of  30km)  progagates  shoreward,  the  initially 
sinusoidal  shape  is  distorted  and  eventually  the  leading  face  of  the  wave  breaks  to  form 
an  undular  bore,  or  shock,  as  discussed  by  Smyth  and  Holloway  (3j.  In  most  occurrences 
the  bore  further  breaks  up  into  a  packet  of  short  period  waves  that  can  be  reasonably  de¬ 
scribed  as  solitons,  Holloway  (4j.  As  the  solitons  propagate  shorewards  they  are  gradually 
dissipated,  presumably  by  turbulent  and  viscous  processes,  see  Holloway  [5]. 


Figure  1.  Bathymetry  and  mooring  locations  on  the  Australian  North  West  Shelf 

Observations 

Current  meter  observations  from  4  moorings  and  various  depths  from  around  the  shelf 
break  region  on  the  NWS  (Figure  1)  are  plotted,  in  Figure  2,  as  time  series  of  currents 
in  the  cross-shelf  direction,  positive  in  the  direction  135°  east  of  north,  which  is  the 
approximeate  direction  of  wave  propagation.  All  the  records  show  an  approximately  12 
hour  peroid  oscillation  which  is  a  combination  of  both  the  barotropic  and  internal  tides. 
At  the  deeper  mooring  (G3)  the  velocity  has  a  relatively  smooth  sinusoidal  shape  with  few 
shocks  and  short  period  waves.  However,  as  the  internal  waves  propagate  into  shallower 
water  they  are  seen  to  steepen  and  form  shocks  or  bores  on  the  leading  face.  These  records 
are  less  sinusoidal  than  from  the  deeper  mooring  and  in  some  cases  a  backwards  shock 
is  seen  on  the  trailing  edge  of  the  waves  as  well  as  the  forward  shock  e.g.  around  1000 
19  February  at  Gl  3m  above  the  sea  bed.  Following  many  of  the  shocks  at  the  shallower 
moorings,  packets  of  short  period  waves  are  evident  with  typically  5  waves  per  packet, 
with  the  leading  wave  of  largest  amplitude.  The  variation  of  these  short  waves  with  depth, 
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is  defined  as  an  initial  depth  of  400m  with  an  exponential  slope  giving  K  —  5-5  x  10~3. 
Buoyancy  frequency  is  0.014s-'  and  wave  frequency  is  1.41  x  10-4s-1.  Shock  strength  is 
plotted  as  a  fuction  of  distance  from  the  origin  of  the  wave  for  an  initial  wave  amplitude 
of  20m  and  for  three  values  of  non-dimensional  shear.  The  distance  to  breaking  can  be 
seen  to  be  a  strong  function  of  the  shear,  decreasing  from  approximately  60km  to  12km 
for  an  increase  in  the  shear  from  k  =  0.1  to  0.5.  The  initial  shock  strength  also  decreases 
for  increasing  shear.  It  can  be  seen  that  some  shear  is  essential  for  producing  a  shock  in 
a  physically  reasonable  distance  i.e.  around  40km  in  this  example.  The  corresponding 
solutions  for  negative  shear  (and  negative  mode  number)  give  large  distances  to  breaking 
(approximately  80km)  with  the  distance  only  weakly  dependant  on  the  magnitude  of  the 
shear. 

The  observations  presented  in  this  paper  have  background  shears  that  vary  through  the 
water  column  and  over  the  measurement  period  from  positive  to  negative  giving  values  of 
k  ranging  from  0.35  to  -0.12.  The  values  are  not  constant  with  depth  as  assumed  by  the 
model,  but  are  of  the  required  strength  to  give  reasonable  agreement  with  the  model. 

Short  Period  Waves 

Figure  4  shows  an  expanded  view  of  a  packet  of  waves  from  the  NR  mooring  at  different 
depths.  Waves  have  periods  of  approximately  25  minutes  with  3  or  4  well  defined  waves 
followed  by  weaker  and  poorly  defined  oscillations.  The  picture  is  very  similar  to  theoret¬ 
ical  solutions  for  the  breakup  of  an  initial  step,  e.g.  Gurevich  and  Pitaevskii  (7j,  where 
the  step  from  one  level  to  another  is  constructed  from  an  initial  shock,  of  strength  twice 
the  step,  followed  by  a  train  of  waves  of  decreasing  amplitude.  The  first  waves  are  solitons 
with  trailing  cnoidal  waves  gradually  become  sinusoidal  waves.  Certainly  the  observations 
show  the  initial  wave  of  at  least  twice  the  step  strength.  The  observed  initial  waves  arc 
also  clearly  strongly  distorted  from  a  sinusoidal  form  and  show  a  soliton  like  shape. 

This  paper  has  shown  the  evolution  of  long  internal  waves  as  they  steepen  to  the  point 
of  breaking.  The  mode  of  breaking  is  the  formation  of  a  shock  or  undular  bore  which  is, 
at  times,  followed  by  a  packet  of  short  period  cnoidal  waves.  These  waves  are  dissipated, 
as  they  propagate,  through  turbulent  and  viscous  processes.  No  large  scale  overturning 
of  waves  is  observed. 


e.g.  at  NR  around  2300  21  February,  are  consistent  with  the  modal  solutions  for  internal 
waves,  in  particular  showing  the  180°  phase  change  from  surface  to  sea  bed. 


Model 

Smyth  and  Holloway  [3]  used  a  perturbed  extended  Korteweg-de  Vries  equation  to  describe 
the  evolution  of  an  initially  sinusoidal  internal  wave  of  amplitude  a  progagating  shoreward 
over  an  exponential  depth  profile,  h  =  k0e~KX  where  X  is  distance,  in  an  ocean  of  constant 
buoyancy  frequency  N.  In  non-dimensional  variables,  the  shock  height  is  then  given  as, 

A rj  —  2 aeKX  sin  0  4>{z)  ( 1 ) 


where 


(2  + a  ff)K 


In  1  + 


(2  4-  a(3)K hlke~i"/T{r2  +  |)^> 
2Afraw(e^r  —  1)(1  —  (— l)je~3j,r/2r)  sin 


and  the  modal  function,  in  the  vertical  coordinate  z ,  is  given  by, 

<f>{z)  ~  M  ^1  +  j  *  s5n 0  (3) 

where 

/  1  ftan_1{2r)  (j  —  \j\)* 

M  =  (1  +  Jh)  eXp  l- 2T-2  +  4^“] 

and 

(  =  rln(l  +  «i±*2)  . 

The  distance  the  initial  wave  propagates  to  the  point  of  breaking,  and  formation  of  the 
shock,  is  given  by  (2)  with  ip  =  0.  The  shock  strength  in  terms  of  velocity  can  also  be 
defined  and  is  given  as, 

Av  —  2aeKX  sinip  Cq  <f>t(z)  (4) 


where  the  modal  function  for  velocity  is  given  by, 


The  phase  speed  of  the  waves  is  given  a s  Cq  =  kh  where  r  =  ~ 

Other  non-dimensional  variables  are  the  initial  wave  amplitude  ao,  wave  frequency  w,  and 
k  is  the  background  shear  defined  from  the  background  velocity  profile  of  Uo  =  —k(z  +  h). 
All  variables  are  re-dimensionalised  by  a  depth  scale  H0  and  a  buoyancy  frequency  N0. 
We  define  a  —  oo/Hq  and  0  =  Ho/L  where  dimensional  quantities  are  wave  amplitude  oq, 
and  wavelength  L.  Typical  values  from  the  continental  slope  region  make  a  and  0  small, 
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Figure  2.  Time  scries  of  currents,  positive  in  the  direction  135°  east  of  north,  from 
four  moorings  at  heights  above  the  sea  bed  as  indicated.  Water  depths  at  moorings 
NR,G1,G2  and  C3  are  123,115,122  and  202m  respectively 
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justifying  the  weakly  non-linear  assumption  for  the  use  of  the  extended  KdV  equation, 
see  Gear  and  Grimshaw  [6] . 


Figure  3.  Plot  of  shock  strength  against  distance  from  the  origin  of  the  wave  for  an 
initial  wave  amplitude  of  20m  and  for  three  values  of  non-dimensional  shear  ( k ).  Ap¬ 
proximate  mooring  locations  of  the  observations  presented  in  this  paper  are  marked 
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Figure  4.  Onshore  current  components,  from  four  heights  above  the  sea  bed  at  the  NR 
mooring,  showing  detail  of  short  period  oscillations.  Water  depth  is  123m 


Using  parameter  values  that  are  representitive  of  the  conditions  on  the  NWS,  shock 
strength  in  terms  of  velocity  is  calculated  from  (4)  and  plotted  in  Figure  3.  The  bathymetry 
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Summary 

Ice  covered  lakes  are  insulated  from  the  usual  turbulence 
sources  such  as  near-surface  shear  and  breaking  gravity  waves. 
Insolation  that  penetrated  the  ice  and  snow  produced  weak 
stratification  and  a  weak  gravity  current  between  the  main  body 
of  a  lake  and  a  shallow  confined  bay.  At  the  mouth  of  the  bay, 
the  gravity  current  formed  a  two-layer  flow  with  outflow  from 
the  bay  at  the  bottom  and  inflow  near  surface.  The  inflow 
layer  was  well  mixed.  The  largest  temperature  gradients  occur¬ 
red  in  a  2.5  m  thick  layer  at  the  bottom  that  was  dominated  by 
internal  waves.  The  amplitude  of  the  internal  waves  decreased 
overnight  and  with  increasing  cloud  cover.  The  temperature 
structure  change  rapidly  with  the  arrival  of  front-like  events. 
Nonlinear  effects  were  also  evident  in  the  asymmetry  of  the 
internal  waves  and  in  a  train  of  two  solitary  waves  with  6  m 
wavelengths.  Internal  waves  were  an  order  of  magnitude  shorter 
in  wavelength  and  period  than  previously  reported  in  open  water 
conditions. 


Introduction 

Kenney  [1]  reported  weak  gravity  currents  in  early  spring  that 
were  produced  by  solar  radiation  penetrating  the  ice  and  snow 
cover  of  Southern  Indian  Lake.  The  heating  generated  density 
differences  (and  horizontal  pressure  gradients)  between  the 
lake  and  a  confined  bay  with  significantly  different  mean 
depths.  At  -he  narrow  mouth  of  the  bay,  the  gravity  current 
took  the  form  of  a  two-layer  flow  with  outflow  from  the  bay 
near  bottom  and  return  flow  near  surface.  The  present  paper 
reports  on  the  under- ice  temperature  structure  and  the  short 
internal  waves  observed  in  the  narrow  strait  that  separates 
Waskesiu  Lake  from  an  elongated  bay. 

Experimental  Site  and  Methodology 

The  main  body  of  Waskesiu  Lake  is  14  km  long  and  4.5  km  wide. 

A  bay  that  is  typically  1  km  wide  ext  •  is  12  km  north-west  from 
the  major  axis  of  the  lake.  The  bay  is  approximately  half  as 
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deep  as  the  lake  to  which  it  is  connected  by  the  Narrows,  a 
channel  about  400  m  long,  130  a  wide  and  6.65  a  deep. 

The  temporal  variation  of  the  vertical  temperature  structure  in 
the  Narrows  was  measured  with  a  chain  of  ten  thermistors, 
spaced  0.5  m  apart.  Temperatures  were  measured  at  3  second 
intervals  from  14:37  to  21:14  Central  Standard  Time  (CST)  on 
March  14  and  at  1  second  intervals  from  9:00  to  10:40  on  March 
15,  1991.  Horizontal  gradients  in  the  vertical  temperature 
structure  were  determined  from  measurements  at  6  stations  along 
the  major  axes  of  the  lake  and  bay. 

Horizontal  wavelengths  and  phase  speeds  were  subsequently 
measured  with  the  same  thermistor  chain  suspended  horizontally 
5  m  below  the  water  surface  {1.65  m  above  the  bottom)  and 
aligned  with  the  axis  of  the  Narrows.  The  variation  of  the  ten 
thermistors  from  a  horizontal  line  was  estimated  to  be  less 
than  +  2  mm.  Sampling  (from  12:36  on  March  27  to  10:37  on 
March  28,  1991)  was  at  intervals  of  3  seconds  during  the  day 
and  6  seconds  overnight. 

The  10  thermistors  were  calibrated  simultaneously  in  a  well- 
mixed,  constant-temperature  bath  against  two  platinum  resis¬ 
tance  thermometers  with  an  absolute  accuracy  of  +  0.01  C. 

Vertical  Temperature  Structure 

The  entire  water  column  was  below  the  temperature  of  maximum 
density  of  fresh  water  (4  C) .  The  mean  temperature  structure 
was  similar  at  all  6  stations  with  layers  of  weak  stability  at 
the  surface  and  at  the  bottom,  separated  by  an  isothermal 
region.  The  mean  temperature  gradient  measured  in  the  Narrows 
was  largest  in  the  bottom  layer  (minimum  Brunt-Vaisala  period 
-8.3  minutes) .  The  temporal  variation  of  these  layers  shows 
that  the  bottom  layer  was  dominated  by  short-period  internal 
waves  (Fig.  1) . 

The  depth  of  the  mean  isotherms  in  the  bottom  layer  sloped 
upwards  from  the  lake  towards  the  head  of  the  bay  with  the  most 
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MARCH  14.  1991 


Fig.  1.  Temporal  variation  of  the  vertical  temperature  struc¬ 
ture  in  Waskesiu  Narrows  showing  a  central  isothermal  layer 
between  stable  layers  at  the  surface  and  bottom.  The  bottom 
layer  was  dominated  by  short-period  internal  waves.  Ice  0.39  m 
thick  covered  water  that  was  6.7  m  deep. 


rapid  change  occurring  in  the  Narrows.  The  concomitant  gravity 
current  was  directed  out  of  the  bay  near  bottom  with  return 
flow  near  the  surface.  Kenney  [1]  estimated  that  penetration 
of  1%  of  the  incident  radiation  tf .ough  the  ice  was  cessary 
to  drive  the  circulation  observed  in  Southern  Indian  Lake. 

This  estimate  is  supported  by  measurements  on  Waskesiu  Lake 
where  3  watts/m2  of  the  425  watts/m2  incident  flux  penetrated 
the  ice  and  snow  cover  at  noon  on  March  15th  (Chew,  personal 
communication) .  Diurnal  and  longer  term  variation  in  the 
amplitude  of  the  internal  waves  that  dominate  the  bottom  layer 
also  demonstrates  the  importance  of  the  incident  radiation  to 
under-ice  dynamics  (Fig.  2).  The  largest  amplitude  internal 
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Fig.  2.  Time  history  of  temperature  in  the  Waskesiu  Narrows 
March  14-15  and  March  27-28,  1991.  The  amplitude  of  the 
internal  wave  activity  varied  from  day  to  night  and  from  week 
to  week  with  changes  in  the  incident  radiation. 


waves  were  observed  during  bright  sunshine  on  March  14th  (7.8 
hours  of  bright  sunshine).  The  amplitudes  were  notably  lower 
during  the  overcast  conditions  of  March  27th  (2,3  hours  of 
bright  sunshine) .  A  diurnal  variation  in  amplitude  occurred  on 
both  days  with  the  largest  waves  occurring  in  the  late 
afternoon. 

The  vertical  temperature  structure  can  be  explained  by  three 
processes:  1)  gravity  flow  of  warmer  water  downslope,  2) 
convective  instability  and  turbulence  caused  by  heating  water 
(<  4  C)  from  above,  and  3)  near-surface  fluxes  of  sensible  and 
latent  heat  upwards  toward  the  ice  due  to  low  air  temperatures 
and  melting  at  the  bottom  of  the  ice  sheet.  The  first  process 
produces  stable  bottom  layers  by  downslope  advection  of  warm 
water  from  the  shallow  littoral  zones.  The  warm  bottom  layer 
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in  the  bay  flows  as  a  gravity  current  through  the  Narrows  down 
into  the  lake  with  return  flow  near  surface.  The  second  pro¬ 
cess  is  mainly  responsible  for  the  generation  of  isothermal 
water  in  the  central  part  of  the  lake  (i.e.  wherever  the  water 
is  deep  relative  to  the  light  extinction  coefficient) .  The 
isothermal  water  is  then  advected  into  the  Narrows  by  the 
return  flow.  The  third  process  generates  the  stable  layer 
immediately  below  the  ice. 

Internal  Waves 

Most  of  the  internal  waves  in  the  bottom  layer  propagated  from 
the  bay  to  the  lake.  On  one  occasion,  a  wave  propagating  from 
the  bay  appeared  to  stall.  When  it  collapsed  a  train  of  waves 
was  seen  to  propagate  back  into  the  bay.  On  other  occasions, 
several  thermistors  at  only  one  end  of  the  horizontal  array 
would  fluctuate  suggesting  that  not  all  of  the  internal  wave 
modes  were  propagating  along  the  axis  of  the  Narrows. 

The  internal  waves  wete  generally  asymmetrical  with  a  very 
sharp  increase  in  temperature  followed  by  a  much  slower  return 
to  initial  values  (Fig.  2) .  Several  of  the  waves  had  a  double 
step  structure  on  the  front  (Fig.  3).  Many  waves  were  similar 
in  shape  to  internal  surges  previously  reported  in  the  ocean 
[2],  [3]  and  in  stratified  lakes  [4],  [5],  [6]  but  with  much 
shorter  wavelengths  and  periods.  The  internal  waves  on  the 
afternoon  of  March  14  had  a  dominant  period  of  52  minutes  (Fig. 
2)  compared  with  repetition  rates  of  open-water  fronts  that 
varied  from  several  hours  to  several  days  depending  upon  the 
nature  of  the  tidal  or  wind-driven  flows  that  provided  the 
forcing. 

A  train  of  two  solitary  waves  were  also  observed  with  sym- 
metical  front  and  back  sides  (Fig.  4).  The  first  wave  had  a 
phase  speed  of  4.1  cm/s,  a  wavelength  of  6  m  and  a  height  of 
0.75  m  (calculated  using  the  mean  temperature  gradient). 
Solitary  waves  previously  reported  in  the  literature  were 
typically  200-500  m  in  length  and  travelled  at  speeds  of  0.20  - 
50  cm/s. 


TEMPERATURE 


MARCH  27.  1991  (CST) 


Fig.  3.  Evolution  of  an  internal  front  past  a  horizontal  array 
of  10  thermistors  spaced  0.5  m  apart. 


Fig.  4.  Evolution  of  two  solitons  past  a  horizontal  array  of 
10  thermistors  spaced  0.5  m  apart.  The  length  and  height  of 
the  first  wave  were  6m  and  0.75m  respectively. 
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There  was  no  obvious  forcing  mechanism  for  either  the  solitons 
or  the  longer  internal  waves.  The  wave  speeds  were  low  because 
the  stability  of  the  water  column  was  weak.  For  example,  using 
the  measured  temperature  gradient,  the  reduced  gravity  in  a  2.5  m 
bottom  layer  was  0.00039  m/s2.  This  is  two  orders  of  magni¬ 
tude  less  than  is  generally  found  in  stratified  regions  of 
lakes  and  oceans.  The  theoretical  phase  speed  for  long  waves 
is  3.1  cm/s.  The  observed  (fixed  frame)  phase  speeds  varied 
from  1.9  cm/s  to  5.1  cm/s. 

No  velocity  measurements  were  made  during  this  experiment  that 
would  permit  separating  the  phase  speed  of  the  waves  relative 
to  the  speed  of  the  current.  A  detailed  study  of  the  impor¬ 
tance  of  the  gravity  current  to  the  generation  of  finite- 
amplitude  internal  waves  (as  well  as  to  the  hazardous  thinning 
of  ice  at  the  mouths  of  bays  and  to  under-ice  nutrient  cycling) 
awaits  the  development  of  a  current  meter  that  is  accurate  at 
speeds  <  3  cm/s. 
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Summary 

A  stable  and  accurate  numerical  method  to  calculate  the  motion  of  an  interface 
between  two  fluids  is  used  to  calculate  two-dimensional  standing  water  waves. 

The  general  method  calculates  arbitrary  time-dependent  motion  of  an  interface, 
possibly  including  interfacial  tension  and  different  density  ratios  between  the 
fluids.  Extremely  steep  standing  waves  axe  determined,  significantly  steeper 
than  has  been  previously  reported.  The  peak  crest  acceleration  is  used  as 
the  determining  parameter  rather  than  the  waveheight  as  the  wave  steepness 
is  found  to  have  a  maximum  short  of  the  most  extreme  wave.  Profiles  with 
crest  accelerations  up  to  98%  of  gravity  are  calculated  and  the  shape  of  these 
extreme  st;  ding  wave  profiles  are  discussed.  The  stability  of  the  standing 
waves  is  examined  and  growth  rates  of  the  unstable  modes  are  calculated.  It  is 
found  that  all  but  very  steep  standing  waves  are  generally  stable  to  harmonic 
perturbations.  However,  standing  waves  are  typically  unstable  to  subharmonic 
perturbations  via  a  side-band  type  instability. 

Introduction 

Two  dimensional  standing  waves  in  deep  water  were  first  studied  by  Rayleigh  [1]  who 
calculated  a  perturbation  series  to  third  order  using  the  wave  amplitude  as  the  small 
parameter.  Later  Penny  and  Price  [2]  improved  this  perturbation  series  to  fifth  order 
and  noted  that  at  no  time  is  the  interface  ever  flat.  More  recently  Schwartz  and  Whitney 
[3]  have  used  a  conformal  mapping  method  to  simplify  the  perturbation  series  which 
they  then  calculated  to  25tl>  order. 

We  choose  not  to  use  a  perturbation  series  method  to  calculate  standing  waves  but 
instead  use  a  generalisation  of  the  method  given  in  Roberts  [4]  allowing  for  a  standing 
wave  configuration.  This  method  is  based  on  the  semi-Lagrangian  approach  which  has 
been  used  for  periodic  waves  by  Longuet-Higgins  and  Cokelet  [5].  Others  [6,7]  have 
also  developed  similar  algorithms  to  numerically  calculate  free  surface  flows  and  their 
stability.  The  full  details  of  the  method  used  here  are  described  in  Mercer  and  Roberts 
[8].  In  summary,  it  consists  of  distributing  vortices  along  the  unknown  interface  and 
from  this  determining  the  motion  of  the  interface.  By  integrating  this  profile  forward  in 
time  and  using  this  to  calculate  a  profile  that  replicates  itself  after  an  unknown  period 
standing  wave  profiles  can  be  found.  It  can  be  shown  that  this  is  equivalent  to  solving 
a  system  on  N  nonlinear  equations  in  N  unknowns. 

Extreme  standing  waves 

Previous  methods  of  calculating  standing  waves  on  deep  water  have  been  unable  to 
accurately  calculate  standing  waves  with  a  waveheight  ( h ),  defined  to  be  half  the  crest 
to  trough  height,  greater  than  h  —  0.62.  Here  we  choose  not  to  use  the  waveheight  as 
the  determining  parameter  but  instead  use  the  initial  crest  acceleration,  Ac,  which  is 
scaled  such  that  the  acceleration  due  to  gravity  corresponds  to  4C  =  1.  The  reason 
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for  choosing  this  parameter  to  describe  the  standing  waves  is  that  there  is  a  maximum 
in  the  w&veheight  of  h  =  0.6202  at  Ac  =  0.9264  (see  Figure  1).  This  is  why  methods 
using  perturbation  series  based  on  the  waveheight  [3]  could  not  obtain  convergence  past 
h  =  0.62.  Previous  estimates  of  the  maximum  waveheight  are  therefore  not  a  reliable 
estimator  of  the  most  extreme  standing  wave  due  to  the  non-monotonic  nature  of  the 
waveheight.  The  limiting  standing  wave  is  better  referred  to  in  terms  of  the  limiting 
crest  acceleration,  which  in  the  absence  of  surface  tension  is  limited  by  the  acceleration 
due  to  gravity  ( Ac  =  1). 


Figure  1.  Waveheight  (h)  versus  the  crest  acceleration  ( Ac )  showing  the  maximum 
waveheight  h  =  0.6202  at  Ac  =  0.9264. 

We  were  able  to  accurately  calculate  standing  waves  with  a  crest  acceleration  up  to  Ac  — 
0.98.  Figure  2  is  a  plot  of  4  profiles  two  of  which  have  the  same  waveheight  ( h  —  0.6166) 
but  different  crest  accelerations.  These  profiles  were  checked  using  different  integration 
stepsizes  and  different  meshpoint  distributions  and  were  found  to  be  consistent.  Certain 
integral  invariants,  defined  in  [8],  were  also  calculated  and  these  varied  by  less  than  3 
in  1010  which  compares  well  with  the  integration  tolerance  used.  In  all  the  profiles 
calculated  the  wave  replicated  itself  after  one  period  with  a  relative  error  of  less  than 
1  X  10-8  and  thus  we  are  confident  they  are  indeed  standing  waves. 


Figure  2.  Standing  wave  profile  for  4  different  crest  accelerations  with  the  corresponding 

waveheight.  Ac  =  0.9800  [ h  =  0.6166]  ( - ),  Ac  =  0,8885  [h  =  0.6166]  ( - ), 

Ac  =  0.5390  [h  =  0.4000]  ( - ),  Ac  =  0.2384  [A  =  0.2000]  ( . ). 

The  most  extreme  profile  calculated  has  some  interesting  features  to  note.  The  profile 
has  a  sharp  crest  and  a  long  broad  trough  with  a  pronounced  hump  in  the  profile  near 
x  =  1.  There  is  more  than  one  inflexion  point,  a  fact  first  noted  by  [3],  and  in  fact  as 
the  crest  acceleration  is  increased  the  number  of  inflexion  points  increases  (see  Figure 
3). 
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Figure  3.  Surface  inclination  (6)  of  the  profiles  given  in  Figure  2. 

The  shape  of  the  limiting  profile  has  been  of  interest  for  many  years.  It  has  been 
conjectured  [3j  that  the  limiting  profile  has  a  cusped  crest  with  an  enclosed  crest  angle 
of  90°,  although  this  result  was  extrapolated  from  below  the  waveheight  maximum  and 
hence  is  in  some  doubt.  Saffman  and  Yuen  [9]  argued  that  the  limiting  angle  was  less 
than  90°  but  their  conclusions  were  unclear  as  they  were  not  considering  pure  standing 
waves.  The  current  work  suggests  that  the  enclosed  crest  angle  is  considerably  less  than 
90°  (see  Figure  4).  A  surface  inclination  of  45°  corresponds  to  an  enclosed  crest  angle 
of  90°.  For  the  highest  crest  acceleration  we  calculate  the  maximum  surface  inclination 
is  45.3°.  Also  shown  in  Figure  4  are  some  possible  extrapolations  to  the  most  extreme 
profile  (the  dashed  lines).  The  most  likely,  but  my  no  means  definite,  extrapolation 
gives  an  enclosed  crest  angle  of  between  60°  and  70°  for  the  limiting  wave  ( Ac  ~  1). 
This  is  clearly  an  area  still  open  to  considerable  research  and  discussion.  The  shape  of 
the  limiting  profile  is  as  yet  undetermined. 


Figure  4.  Maximum  surface  inclination  versus  the  crest  acceleration  showing  some 
possible  extrapolations  to  the  most  extreme  profile 

Stability 

The  stability  of  steady  two  dimensional  gravity  waves  on  deep  water  has  been  exten¬ 
sively  studied  [10,  11,  12,  13]  in  contrast  to  this  the  stability  of  two  dimensional  standing 
waves  has  had  scant  attention.  Here  we  will  study  both  the  subharmonic  and  superhar¬ 
monic  instabilities  of  standing  waves.  The  method  used  is  described  in  full  in  [8].  To 
summarize,  the  analysis  is  based  on  Floquet  theory  which  reduces  the  problem  to  an 
eigenvalue  problem  for  the  complex  frequency  of  the  perturbation. 

We  first  consider  the  superharmonic  perturbations,  that  is  perturbations  having  the 
same  horizontal  length  scale  as  the  fundamental  wave  or  less.  For  all  standing  wave 
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profiles  with  Ac  <  0.893  (h  =  0.6175)  the  fundamental  wave  was  found  to  be  stable  to 
supcrharmonic  perturbations.  For  profiles  with  Ac  >  0.983  there  was  some  evidence  of  a 
physical  instability  although  the  exact  nature  of  this  instability  could  not  be  determined. 
Calculation  with  more  mesh  points  and  a  more  detailed  analysis  of  the  region  is  needed 
to  fully  ascertain  the  stability  criterion  and  type.  This  is  an  area  of  current  research. 

Secondly,  we  investigate  the  stability  of  the  subharmonic  perturbations,  those  pertur¬ 
bations  having  a  horizontal  length  scale  greater  than  the  fundamental  wave.  Using  a 
rescaling  similar  to  that  used  by  Longuet-Higgins  [11]  we  investigate  the  subharmonic 
perturbations  with  length  scales  up  to  8  times  that  of  the  fundamental  wave.  Shown  in 
Figure  5  is  the  eigenfrequency  of  each  mode  versus  the  waveheight  (/»).  Using  a  notation 
similar  to  [11]  we  recognize  the  modes  (7,9),  (6,10)  and  (5,11)  as  becoming  unstable  at 
h  —  0.382,  0.199  and  0.335  respectively.  These  3  instabilities  are  all  side-band  instabil¬ 
ities  resulting  from  the  interaction  of  the  base  wave,  mode  m  =  8,  with  modes  m  ±  £ 
where  l  is  integral.  The  shaded  area  is  the  region  of  instability.  Figure  6  shows  the 
average  growth  rates  of  the  unstable  modes.  As  the  waveheight  increases  the  maximum 
growth  rate  also  increases.  It  is  expected  that  for  higher  waveheights  more  of  these 
side-band  instabilities  will  occur,  for  example  (4,12)  and  (3,13). 


Figure  5.  Eigenfrequencies  of  the  modes  showing  their  coalescence  to  form  instabilities. 

A  different  instability  from  this  side-band  instability  is  evident  in  the  coalescence  of 
modes  14  and  22.  This  gives  rise  to  a  short  lived  (in  waveheight)  instability  with  an 
overall  growth  rate  lower  than  the  side-band  instabilities.  The  (14, 22)  instability  is  a 
resonant  triad  interaction  due  to  the  integral  linear  combination  of  the  mode  numbers, 
8  +  14  —  22,  coinciding  with  the  same  linear  combination  of  the  eigenfrequencies.  In 
this  instance  this  is  a  relatively  strong  instability.  There  are  many  apparent  crossings 
of  eigenfrequencies  not  all  of  which  lead  to  instability.  These  crossings  fall  into  the 
three  categories  as  defined  by  MacKay  and  Saffman  [13]:  avoided  crossings  where  the 
eigenfrequencies  do  not  actually  cross  but  avoid  each  other;  bubbles  of  instability  where 
the  eigenvalues  coalesce  and  move  off  the  imaginary  axis  resulting  in  an  instability; 
and  crossings  that  do  not  interact.  The  exact  nature  of  all  the  crossings  here  could  be 
determined  using  the  signature  method  as  described  by  MacKay  and  Saffman  (1986). 
Most  of  the  crossings  appear  to  be  the  ones  that  do  not  interact.  Some  of  the  crossings 
may  well  be  bubbles  of  instability  but  the  range  of  waveheights  that  they  are  unstable 
over  must  be  very  narrow.  The  side-band  instability  is  the  dominant  instability  for  all 
waveheights  we  have  considered. 
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Figure  6.  Average  growth  rates  of  the  unstable  modes 

The  instability  denoted  by  (7,9,25)  is  a  non-physical  instability  due  to  the  fact  that 
as  the  waveheight  is  increased  the  high  modes  become  unstable  due  to  computational 
error.  In  this  case  mode  25  is  interacting  with  modes  7  and  9  to  form  a  non-physical 
instability.  These  modes  restabilise  once  the  eigenfrequency  of  mode  25  has  readied 
zero. 
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